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Motivation

Motivation

% Example: Linear 2-
Compartment Model

Motivation: biological models

Measured drug

Drug % concentration

@ &y = =(koy + kg )xy + kypxg +y

X3 = kayxy — (ko2 + kq2)%2
Loss from blood |Luss from organ | y=2x

!Photo credit: Nicolette Meshkat
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Definitions

Definitions

Definition (Parameter)

Rate at which a substance enters and exits a compartment

Definition (Identifiability)

@ Globally: can determine a specific value for a parameter
@ Locally: can determine a finite set of values for a parameter

e Unidentifiable: cannot determine a specific/set of values for
a parameter

Definition (Catenary)

A type of bidirected tree model that consists of paths

K21 K32 Knj
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Statement of Purpose

Statement of Purpose

We focus on catenary models with 1 input, 1 output, and a
variation of leaks and develop a systematic method of determining
the identifiability of individual parameters. Biologically, the
information derived can indicate how substances move throughout
the body.
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Previous Theorem(s)

Proposition (Bortner, et al.)

A bidirected tree model with 1 input and 1 output is generically
distg(in,out) <1

locally identifiable <=
Fleaks < 1

Question: What is the identifiability of each individual parameter
in the model?
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Results
Our Approach

Our approach: Deal with the proposition in 3 cases

3 Cases:
Q distg(in,out) =0 and # leaks < 1
@ distg(in,out) =1 and # leaks =1
@ distg(in, out) =1 and # leaks = 0
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Results

Theorem 1

Theorem 1 (Edozie, Garcia-Lopez, Neri 2022)

Given a 3-compartment catenary model G with 1 input and 1
output where {Input}=j and {Output}=i. If distg(i,j) = 0 and #
leaks < 1, then all the parameters are globally identifiable?

2Special case: If i = j = 2, all the parameters are locally identifiable. If a
leak is (not) in the center, it is globally (locally) identifiable
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Results

Theorem 1 Example

Theorem 1 (Edozie, Garcia-Lopez, Neri 2022)

If distg(i,j) = 0 and # leaks < 1, then all the parameters are
globally identifiable.
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Results

Theorem 1 Example

1 (Edozie, Garcia-Lopez, Neri 2022)

If distg(i,j) = 0 and # leaks < 1, then all the parameters are
globally identifiable.

. —Globally identifiable
- Locally identifiable
. Unidentifiable

Theorem 1 E;
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Theorem 2

Theorem 2 (Edozie, Garcia-Lopez, Neri 2022)
Given a 3 compartment catenary model G with 1 input and 1
output where {Input}=j and {Output}=i. If distg(i,j) =1 and #
leaks = 1 where {Leak}=/.
o If distg(j, /) < distg(i,]): kos is locally identifiable.
Otherwise, it is globally identifiable.
o If distg(i,l) = 2: kj is globally identifiable. The rest of the
edge parameters are locally identifiable.
o If distg(i,/) < 1: kjj and ko3 are globally identifiable. The rest
of the edge parameters are locally identifiable3

3If i = 2 and | # j, the rest of the edge parameters are globally-identifiable
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Results

Theorem 2 Example

Theorem 2 (Edozie, Garcia-Lopez, Neri 2022)

If distg(j, ) < distg(i,!): ko is locally identifiable. Otherwise, it is
globally identifiable.
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Results

Theorem 2 Example

2 (Edozie, Garcia-Lopez, Neri 2022)

If distg(j, ) < distg(i,!): ko is locally identifiable. Otherwise, it is
globally identifiable.

[ [—
[
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Results

Theorem 2 Example

Theorem 2 (Edozie, Garcia-Lopez, Neri 2022)

If distg(i,1) < 1: kjj and ko3 are globally identifiable. The rest of
the edge parameters are locally identifiable, unless i = 2 and [ # j

(in which case, the rest of the edge parameters are globally
identifiable).

. —Globally identifiable
. —Locally identifiable
. —Unidentifiable
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Theorem 3

Theorem 3 (Edozie, Garcia-Lopez, Neri 2022)

Given a 3 compartment catenary model with 1 input and 1 output
where {Input}=j and {Output}=i. If dists(i,j) =1 and

# leaks=0, then all the parameters are globally identifiable*

*Special case: If i € {1,3}, then ko1 and ks are locally identifiable and the
rest are globally identifiable

Alexis Edozie, Odalys Garcia-Lopez, Viridiana Neri MSRI-UP Parameter ldentifiability of Catenary Models



Results Previous Theorem(s) Our Approach Theorem 1 Theorem 1 E

Results

Theorem 3 Example

Theorem 3 (Edozie, Garcia-Lopez, Neri 2022)

If distg(i,j) =1 and # leaks = 0, then all the parameters are
globally identifiable.
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Results

Theorem 3 Example

Theorem 3 (Edozie, Garcia-Lopez, Neri 2022)

If distg(i,j) =1 and # leaks = 0, then all the parameters are
globally identifiable.
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Theorem 3 Example

Theorem

Model:
K12 K23 - —Unidentifiable
A-Matrix:
x| —ko1 k12 0
A(G) — Xé = k21 *k12 - k32 k23
x5 0 k3o —ko3

1

Theorem 1 E:
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Results
Input-Output Equation

Input-Output Equation

det(dl — A)y; = > (—1)""det(dl — AY'u; fori € Out, j € In.

JE€In
LHS:
£ + ko —ki2 0
det(l — A)yr = det | —kpy G4 kp+kn —ks |y
0 —k32 £+ ko3
RHS:

—k; —k;
12 142 21 23
det(0l — A)“up = (—1) " “det ( 0o o k23> n
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Input-Output Equation:

y§3) + (ko1 + k12 + k3o + k23)y2(2) + (ko1 k3o + kiokos + ko1 k23))/2(1) =

(k21)U§1) + (k21k23)u1
Coefficient Equations:

C1 = ko1 + k1o + k3o + ko3
Co = ko1 k3o + kiokos + ko1 kos
c3 = ko1

Cs4 = ko1k23
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Results
Coefficient Mapping

Theorem 4 (Ahmed, Edozie, Garcia-Lopez, Neri 2022)

G is an n compartment catenary model with |/nputs| = |Outputs| = 1
({Input}=j, {Output}=i) and any # of leaks. The coefficient map is
given by:

c: R3n_2 N R2n_1

(k127 k217 ceey kn(n—l)v k(n—l)nv kOlv ceey kOn) — (Cla €2, ...y Cpy d]_, d27 ceey dnfl)
o E = {All parameters}
Q@ ¢ = e;(E) —O0j

o T
°dz:{ez(E) a’l, if dist(i,j) =0

f e{l,...n—1
ilee(E) — o? o). i dist(ijy=1 O =€ honn= 1
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Coefficient Mapping

Define elementary symmetric polynomials e;...ep:

=> X

1<<n

> X%

1<j<k<n

e3: Z X; Xi X;
<j<k<i<n

en=...
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Coefficient Mapping

Define ideals: (k;)
| = <k,-jkmj>

1" = (ki)
I" = (ki | j € (InU Out))
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Results
Coefficient Mapping

Define ideals: (k;)
| = <k,-jkmj>

1" = (ki)
I" = (ki | j € (InU Out))
Important summations:

= ) x

xe(1ul’);

"
g; = E X

xe(IUI'Ul”);
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Results
Coefficient Mapping Example
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Coefficient Mapping Example

E = {ko1, ki2, k32, ko3 }
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Coefficient Mapping Example

E = {ko1, k12, k32, ko3 }

C = e,-(E) — 0j
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Coefficient Mapping Example

E = {ko1, k12, k32, ko3 }
ci = e,-(E) —0j

= el(E) — 01
= ko1 + k12 + k32 + ko3
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Coefficient Mapping Example

E = {ko1, k12, k32, ko3 }
ci = e,-(E) —0j

= el(E) — 01
= ko1 + k12 + k32 + ko3

Cy = eQ(E) — 02
= karki2 + ko1ksz + korkos + kioksz + kizkos + kazkos
—(ka1ki2 + ki2k32 + k32ko3)
= ka1ksz + ko1kaz + kiokos
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Coefficient Mapping Example

E = {ko1, k12, k32, ko3 }
ci = e,-(E) —0j

= el(E) — 01
= ko1 + k12 + k32 + ko3

o =e(E)— o
ko1 k12 + ko1 k3o + ko1 ko3 + kiokso + kiokos + kzokos

—(ko1ki2 + kioksp + k3pko3)
= ko1k3o + ko1 ko3 + kioka3

no c3 coefficient
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Coefficient Mapping Example

E = {ko1, ki2, k32, ko3 }

d, = kijle;—1(E) —o)_4] for ze€ {1,..,n—1}
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Results
Coefficient Mapping Example

E = {ko1, ki2, k32, ko3 }

d; = kijle,—1(E) — ol_;] for z € {1
d]_ = k21[e0(E) — 0'6/

ko1

Previous Theorem(s) Our Approach

Y

Theorem

1}

Parameter Identifiability of Catenary Models

1

Theorem 1 E;

MSRI-UP
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Coefficient Mapping Example

E = {ko1, k12, k32, ko3 }
d, = kijle;—1(E) —o)_4] for ze€ {1,..,n—1}

d]_ = k21[e0(E) — 0'6/
= ka1

d2 = k21[e1(E) — Ui’
= ko1[(ko1 + k12 + k3o + ka3) — (ko1 + k1o + k32)]
= ko1(ko3)
= ka1ko3
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Results
Coefficient Mapping Example

Using the coefficients, we can:

@ Solve the system of coefficient equations
@ Determine if the individual parameters are globally, locally, not
identifiable
o Globally identifiable: parameter has unique solution

o Locally identifiable: parameter has finite number of solutions
e Not identifiable: parameter solution can not be determined
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Iterative Process of Classifying Parameter ldentifiability

Conjecture 1 (Edozie, Garcia-Lopez, Neri 2022)

Let G be an n compartment catenary model with |Inputs| =
|Outputs| = 1, where {Input}=j, {Output}=i, dist(i,j) <1, and
# leaks <1 (if 3 leak, {Leak}=/). The following tree can be used
to classify the individual parameters of G.

G=(In,Out,Leak)

=7 1> Jx

i€ {l,n} l<i<n . . .

| l<j<i<n
(a) z:@/\l#@ TN PN
| S,
) I=EE ) 1S TR o 136 1%
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Iterative Process of Classifying Parameter ldentifiability

(a): All parameters are globally identifiable.

(b): All parameters are locally identifiable. For n = 3: if i > j and
I = j, then kj1 is globally identifiable.

(c): ko is globally identifiable and all other parameters are locally
identifiable. For n = 3: if i > j, then xj; is globally identifiable.

(d): All parameters are locally identifiable. For n = 3: ko1 if i =n
and ko3 if i = 2 is globally identifiable.

xkji is a globally identifiable parameter for all cases stemming from
this node
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Iterative Process of Classifying Parameter Identifiability Example

In the model below, the dist(i,j) =1, input =j =1 and
output = i = 2, and | = (). We can use the iterative process as a
means of classifying all the parameters.

Theorem 1 E;
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Iterative Process of Classifying Parameter Identifiability Example

G=(In,Out,Leak)

i=j 1> jx
i€ {l,n} l1<i<n e . )
l<j<i<n j=1i=2
|
(a) 1:@/\1#(0 N PN
| P =0 L#0 =0 L#0
M) =i L#i N

| ! o O
| | (d) [Tl l?‘él (a) lT>z sz
(¢) (b © () P
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Iterative Process of Classifying Parameter Identifiability Example

G=(In,Out,Leak)

1=j

ie{l,n} 1l<i<n

l<j<i<n j=1li=2
/\
@ =0 1A g Tne

=0 170
(Ll,) l:/z‘l\;éz' | 150 02 | l>/'l\'
[ b g
@ © ® @ (@
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Iterative Process of Classifying Parameter Identifiability Example

i=7

ie{l,n} 1l<i<n
| /\
@ =0 1#0 _ =

PAY =0 1#0 [Tﬂ L#0

al,) =i l#i )

/\ /\
| | (d) lTil¢i (a) 12i1<lz‘
\
@ ® © (b @ @
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Iterative Process of Classifying Parameter Identifiability Example

i=]
ie{l,n} 1<i<n 1<j<i<n

| NG

L =y A~ A~
O L=il#i 0 T ) 157 0z
| \ | \
@ © ® @
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Iterative Process of Classifying Parameter Identifiability Example

u
y
K21 K32
1 2 J—{ 3
S N
K12 K23

/i:j\

ie{l,n} 1<i<n

| ; N
(b) [TZH\“ M L=il#i[@]1>il<i

[ |
@ ® © ® @ @
(a): all parameters are globally identifiable

Theorem

1

Theorem 1 E:
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Iterative Process of Classifying Parameter Identifiability Example

G=(In,Out,Leak)

T

i=j 1> jx
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Iterative Process of Classifying Parameter Identifiability Example

G=(In,Out,Leak

1 =9 1> J*
i €{1,n} l<i<n 1 /\
| <j<i<n j=li=2
@ 125 Txe P
| PAGINEL ﬂ 1=9 ﬂ
U @ 157 Uiy 157 I
¢ | | | |
@ ® © @ @ @
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Iterative Process of Classifying Parameter Identifiability Example

G=(In,Out,Leak
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Iterative Process of Classifying Parameter Identifiability Example

G=(In,Out,Leak

1> J*

i€ {l,n} "
‘ 1<j<iln =1li=
(a) /\ /\
| o l;(d L#0 l: L#0
(b) l=i l#i P .
| | (d) l=1i l#i (u) 1>1 l<i
(c) (b | | \ |

(c) (b (¢) (d)
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Results

Iterative Process of Classifying Parameter Identifiability Example

G=(In,Out,Leak

1> jx
i€ {l,n} 1<J<ign/>i:2
@ =0 130 1=0 120
| 4 . .
® IT{E' & 157 Tpi ) 157 I
L I
@ & © ® @ @
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Iterative Process of Classifying Parameter Identifiability Example

2%

leg<i<n j=1i=2
/\ /\
=0 L#0 =0 L#0
(d) =i l#i () 12i I<i
| |
(c) (b) (0) (d)

(b): all parameters are locally identifiable. For n=3: if / > j and
I = j, then kj; is globally identifiable.
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Future

Future Directions

@ Increase the number of inputs, outputs, and leaks
@ Increase the distance between input and output

e Examine other types of bidirected tree models (i.e.
mammillary)
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