
a segal model for modular operads
philip hackney, marcy robertson, donald yau 

based on 
1906.01143 a graphical category for higher modular operads
1906.01144 modular operads and the nerve theorem



fringes of msri



Outline :
-

• main theorems

• graphs, embeddings
• the graph category U t additional structure

• presheaves and the Segal condition

Motivation : Boavrda - Ho rel -Robertson
profinite completion of GT



What is a modular operad ?
-
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theorem The inclusion of U into modular operands

(= compact symmetric multi categories) induces

µo→ [WP, Set] which is fully - faithful
N

and whose essential image consists of Segal presheaves .

Corollary ( Joyal -Kock 'll ; HRY ' 19 ; Raynor ' 19)-1
-
Ta

The full subcategory inclusion U EMO induces

µo→ [FLOP, Set] which is fully - faithful
N

and whose essential image consists of Segal presheaves .



Theorem The category of simplicial U- presheaves [UOP,sSet]
-

J

admits a model structure so that X is fibraut

just when

• X is Reedy fibrant
• He) - k Xcom -- XC.)
• X is Segal X11 )

Il
set of
colors



Grads I
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X -V is a 1- mfld¥ 's! finite }ig; with finitely many components -

E -- To ( X -V)



Information from a graph setof edges with orientation
-

"
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z -- A- SD

G -
- { G. c- . -s .} graphs E Ob [G , tinsel]

i is fixed - point free
s is monomo -phish .



Example

. 2- a finite set\•/*z: G ??-Z →I /) -2=5

{z , z
' }

• e : Ga- ①→ 0 /



Non-examplei.LT should have

62- O- 0

but that was already e

Example : met 2mF2Mt> th loop with
-

KINK m- vertices
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embeddingofconnectedgrap# If
•
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write Emb (G' ) for embeddings /
with codomain G

'

Uem, for the category of embeddings . If

•Warning : embeddings are not always JJMonomorphisms .
o;



Example G graph , well &, Anbu) &,
↳ G

e'tale
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• a → Vc>Ember)
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Example {a ,ia3E E e E (a. iaze → co)→ G E-> Emb (G)

edge= i-orbit



Observation G connected in, ith V nonempty

We can present G as a coequalizer in [G , Set]

¥÷! Ha. - a

by choosing an orientation for each internal edge -

V
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Graphsubstitution

y
era: :

i:*

O
-

$ Not all subs are valid in our formalism

= O



Observation G connected with V nonempty

We can present G as a coequalizer in [G , Set]

He -714$, - G
internal
edges

by choosing an orientation for each internal edge -

Graph Substitution ACG) ACG)
- J J'

0(Hu) ilnbcxs) nblv)
lls

am

÷÷¥e Is # Hi, - GEHR

works except int

€
he bad case from previous pay
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iF:e
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e &

e
' *w

→ G

Hw = ¥£€↳ttm%.

Hu = B-
topmap.

e Hu

e
' Hw



Graphically 9 : G->G
'

Data : . map of invocative sets A A'

• for each well , (oh, : Hi, ↳ G ') E Emb (G
' )

(embedding : VSV's Embler
' ))

Axioms :
(i) each well

'

appears in at most generalizes
one Hy Vc>V'

Cii) nba) iln.ba)) → A

HE 1%
OCH,) c- A

'

Ciii) if 0(G) = ,
then some Hy # e



Example :

••X.ie#.e-•• → ••

-R
goI
g.

Non- example:

→ /

prohibited by Ciii). ①



Composition via graph substitution

•

•Edit. '
•

"÷÷i÷÷÷÷÷÷÷÷÷÷÷÷:9



1)↳U faithful
.

[ 03 [ I] [23

I .

.
-
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q

each comes with an orientation

maps in D are the ones that preserve this.

Map, in U between linear graphs
are order preserving ore reversing functions [KI -5hL]

and they know which one they are.

For instance
,
Aut ( i) = Cz



Result : category U of undirected connected graphs

Interesting subcategories ( containing all isomorphisms)

• Nems - inert
active

• Uaa = boundary preserving maps 8(G) DCG
')

• U
-

E Naa yo : A-→ A
'

surjective

+
• Maat E Naa yo : A-→ A' injective

+
• U generated by Nems and Utah

Tg

Clo need not beinjective .



G -4> G' cev :Hu→G
'

or
PropositionI (Uaa,Uemb) "

GEHu3

is an orthogonal factorization system on 2h

Consequence : Apply
'

algebraic patterns
'

machinery of
Chu- Haugseug ' 19 elementwie> = * 's

or '

s & edges
.

Proposition Define deg (G) = #V t # internal edges .

The data (U;Ut
, deg : oblu) → IN)

gives U the structure of a Cdualizable)

generalized Reedy category .

Consequence : get a model structure on [Um,M]
"
nice enough(Berger -Moerdijk)



Recall :
Observation G connected with V nonempty

We can present G as a coequalizer in [G , Set]

it,÷¥e Ha. - a

Definition ( Segal core) G connected with V nonempty

Coegualizer in [UOP, Set]

!¥z,"" HUE)- stay

Sc[G)→ UEG] is Segal core inclusion at G
11

homl- ,G)



Definition Xe[UP, set ] is Segal when

X(G) = horn ( UIG] , X ) → hom ( SIG] , X ) = equalizer.

is a bijection for each Gt e

XCG) IINK)Speciale X(e) = #

g
V

XH#od

Mln) -_XIAN)



Graphswithoneinterualedge.jo- or 49T
→
XCG) HANNA,) XCG) -5×1*7)

& / yµµg,#contraction

HRs)

Associativity vs come from graphs with two internal edges.



Simplicial Xe [UP, s set ] is Segal when

XCG) = map ( UIG] , X ) → map ( SIG] , X )
← staikoeeual.se.

isaweakequiva6nUforeachG

when X left:

XCG) ITXCBV)
-
-

I i
v f
Xl##ad



%ofsketohofsdtheem
Use the Reedy model structure on EU",stet]

Left Bousfield localization at SIGI→UEG)

and ¢ → Ute]

and interpret what
" local object

"

means .



Otherouestions

• take topological picturemore seriously .
is there some topological category C
with To (C)=U ?

Gettler - operands revisited?

• make this work over other ground categories V
(Germer -Hanyang)
( Chu -Hanyang)

• Ben Ward's approach to x -modular operands
.

• GEMINI

(See Getzler–Kapranov 1998)



Directed version:

book with Marcy &Dorald . -wheeled properads.

Merkulov - wheeledprops.

£


