
Two applications of p - derivations
in commutative algebra ②

Iberians
DEI A derivation on a ring R
is a map o : R→ R at.
(1) duty) = ax) tdy)
② dcxykxocy, +y dad

Kaye R

⇐ ) means that 2 is #- linear

E IF R-AEA , . . . in]
,
then

¥ : R→ R ''formal deoifferentietrm"
is an A- linear derivation .

If A has char o
,
FEA

,
and ft (Xin) Xxi

") some nso
,

ten FIEFS c- Kimi) .



The conditions ②

(1) duty) = ax) tdy)
② dcxykxocy, +y dad

Kaye R

are linear in
"
I "
, so

* the set of A - linear derivations
is an R-module by postmaHip fiction
* can define d :Rt M CR-module )

.

There is a universal object :
Kahlerdifferentials

pg.
ARIA Iyer

→
Perrault

-3M
is

for any derivation Hom RCRRIA ,M)

E It For R-A
,

Perry CR) = ④ R .¥.
.



③

2) For K y it]
¥zs¥,

chattel ¥2
,

Derpikl RI -- R.fi#tyfgezfz,xfg-yEx,Y Iz-Zody , zfsx - x# ).
No derivations that decrease degree
or order ; nothing like ¥ .

Then [Naahataifzmaarinski] : If (Rim) has
equal char O , xem , de DerCRI
sit . OHKI , then
pi I R 'IHI

.

⇒ x is a formal reg. param
ater

.



④

I
. p- derivations-

Def[Joyal , Bui um]: Let p a prime
number, R a ring• A federation
on R is a map 8 : R→ R sit

.

(o ) G (1) = O
H sixty - SuatSig pig

- i

a) guys= XPSeyltypsudtpscxisly)
since i ! Cp - is ! B 40-11 ! for ocicp,
this is sensible in any characteristic.

Evidently , p - derivations are Not
#linealadditive .

Moreover
, these conditions are Not

linear in
"

8
,

"
so



⑤

* cannot define p-der. f:RTM
(M module)

P there is no analogue of Kahlerdifferentials
.

What do the axioms mean?
-

If f : R→ R B a p -der. ,
Io : R→ R iocxkxtpscx) is
a ring homomorphism set

.

R # R such a Io is
I t a liftoffrobnius:
RlpR¥*RlpR (LIF)

commutes
.

IF p B a reg. elf . on R ,
then

this yields a bijection
{ p - derivations } liftoffs}

.



⑥
We will mostly be fused on
this case (mixed characteristic) .

EI : 1) R=¥
For any p , id

# is unique LOE
,

Soo spent =
'pent is unique p-der.

e-g., for p=3 : Its O

21-7--2

31-5-8
41-3-20

^
1
,

2) R -- Efp p-adic integersId is unique LOF,
unique p-

der by some formula



⑦

3) [strict p- rings] If IV. pkk)
is a complete DVR with unifp
and k perfect, then V
admits unique Lof l P

-der
.

.

4) Let A- be a ring w/p-der S.

Ten for any Fe . . -yfn C-AEA . -
-XD
,

F ! P-der on AED s t
.

STA -- S
,
This-- fi

.

For Fe -- - - - =L- o call it Std. extension
,

or stdpderivation .

e.g. : on TELES , std . p-derivation

corresponds to LOF X with
Yui f- XP all i

, so



Stfu ) ) = theP) - fex.jp
⑧

# .

"freshman 's nightmare.

"

(o ) G (1) = O
H sixty - SuatSig pig

- i

ca ) guys XPSeyltypsudtpscxislys
Prep : R ring with p-der S,
p reg.elt.MN#iR .

Then for

ft Cf
" ) ilputt) some n>o

,

ICHE Cpa
-'Npn) .

PIF: Ang p-der restricts to a
p- der on ¥, so 840kI-PP?



(o ) G(1) = O
H sixty - SuatSig 4T÷÷xiy- i ⑨
a) guys XPSiyeypsudtpstxislys
If F- pg , g e Cpn-74ft .
SHH sygt-pagt-gkpstpd.PH
orlop :

= P&g't g Psip) .

If n-IEQgltgwsoyof.ms 0
If nsz,

"

p Sgt t g Papi .¥# pink,
→ h?

DM
→ might think of S as like Ep .
E 5) IF -1 EN" semigroup,
VELIE VET semigroupring,
standard LOF restricts to endo

.

of
VELI

,
so Itd p-der. restricts



⑦
to VEX .

6) Ezdarowiozf
.

IFftVEI . . . -, xn)
is of degree >h , and KEKE, is
normal

,
then VEERA does not

admit a p
-derivation.

Call a map S : Rlpn→ Pyon -z satisfying
p - derivation axioms a p-der modpn.pro#EtdanowiozJ: Let FEVTEJ , s Std
p- der. on VET.

F p- der mod ph on VEI⇐ Setupif, EEE.,¥xnB-
pthpowers
ofpartials .



⑦

where do these showpep?-

Joyal : study Witt rectors
Buin : construction af arith

get space + intersection theory
⇒ explicit bound on ratepoints

Bhatt-sch.dz certain data of ringw/ p-der. "degerfeotion of
perfected ring

"

BiGen .

, BorgeriBvivm-Man.mn .



⑦

IT
.

Jacobian criterion
-

⇐ How do we find the singular locos
of a K- algebra ?

Given.

.A ring
• AET=AEa . . .. xD poly ringIt
• 1=11 .→ Fm C- AET

Jet
.

.
. . E⇒¥⇒i¥÷ta¥÷ .

Then
, if K perfect Feld, R=k⇐¥,
I= CE ) of pure ht h,

singCRI -
- V ( In TSHIRT)

.



130

In terms of Kahler differentials
,

Rizk = cokerr ( Jtf))
"

¥IEgµ
,

smitha.nl?rsfofxE,
Reg (R) =

locus where

Rizk is free of"correct "rank
.

If we replace K by arts. ring A,
the Jacobian criteriongeneralizes
to detect smooth locus ofA→R

.

⇐ R- VE,y] R B not smooth
- offer V: Aber
op-xD -

over pv is Hg?.
But R is regular. jqfhfyzcnotregla.nl



⑤

HII JHD) = Vcxig, p ) : Sqn}
Unique max'tideal.

⇐ How do we find the singular locos
in mixed char

. ?

Given • A ring w/p
-der S

• AETpoly ring over A
a T p-der extending 8 Caryl .
• I = Fe

.
. . -

,
fu C-AET

⇒⇒÷¥÷÷÷÷÷÷:¥.



150

thmttlochster-JJ: Let V be a
strict p- ring leg , Zip), E- VEE,
Id El of pure ht h, IETder on
VES

.
Then
,

sing IR) http- HIHIJIEHR)Mlp)
sing LR) nHpt Vt Ihl FILARD's up.
E± Let R=Yp¥¥§ .

5 Stf;EEE:p .

STp-xyt.IE/oysP--It.Esc-zIt1cEkxysipP-i?
Jatt.IT-YP



⑦

and VIII Fsyfil
, p) -- HII = of.

⇒ R is regular.
=

cokerpyppnl 55#t) is indep 't
of presentation R=V⇐%e⇒ and
choice of T p-der. on V.

µYoIerYI¥ IRA)
> Represents a functor with
properties akin to derivations ,
-- peri rations.

"



Idea of using P
- der as

⑦

"

missing derivation
"

was used
earlier to characterize pH
a la Zariski-Nagata
[De Stefani-Grif-JJ.
A

ttpiredsummands
XIN nxn generic matrix

ofvarsA
XYY a- symmetric -11
xaht a- alternating

,

/



R - S ⑦

AKAI] → A Eyman.⇒,Za⇒xn]
deth) x i-Yz

A-LxszJ-sA-LYnxm.IS⇒ x ,-7 yyt

A ELI]
-Atikuxian-aid

FFHT x1- try
IF A ' infinite , then R G

for G -- Ohn -z , One , Span-2
.

resp.

These have many good propertiesover
A → char O field
→ a pt→ top) DVR ,



⑦

e.g. , they are Cohen-Macaulay,
-pseudorational.

Deduce from differenttechniques:
* standard monomial theory

tlogdge algebra [De Corcino; Eisenbud, Process. .)
P orertiethoow@

,
thegroups Gadmit averaging operators, so

Russ splits as Ramo dies.
itdirects summand, ofpoly rings)
[Hilbert,Noether, Hochster- Roberts, . . .]
In other characteristics

, Ross

do not split.



⑧

this- Singh] : For V strict p-ring,
leg. Eep ) the classical det't
hypersurfaces

KIEF VEII'S
nz3 PEE, orPpn a nz3

are not ducks
,
ie

.
,
are not

direct ruminants ofpoly . rings by
any embedding ..

Ante Over Fp, don't knowfor

any ofthese .

Sketch : * If Ross V-algebras
S has p-deer woodpack



⑦

Ross splits item R has

p - der. mod pa .
* use equationat triterin to
see that these tedassiaal Let 'e

hypersurface, do not. by

-
Per : Rfk-mod→ Kpk-mod
represented by coke:( FEED

TRN
.

Houghton, MK Per (Ml
-



SCpfk.fi#odp.
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