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Question what is the smallest degree of a homogeneous
f e KEno ,. . . . sew] vanishing to order n on a variety X E PI ?

Ck algebraically closedperfect)

X f p
N
ND I = ICX) E KENo , . . .

, Rn )

homogeneous radical ideal
of allf vanishing alongX

xCI ) = minimal degree of a homogeneous of f E I

what are the polynomials that vanish to order n along x ?
I radical ideal in R for any excellentregular ring )
I = Ie n . - - n Ik Ii prime

the n -th symbolic power of I is
ten ' = n ? rein R)
IC- tenCRE)

#Ren R ) =

= minimal components in a primary decomposition of In
=3 reB : Sr C-In

, for some SE Ui Ii }



* 4Pa , .
. .

, Ps} points in AT a PI .

then

ICX )
" '
= I Cpn Inn . . .

n ICps )
"

theorem (Zariski -Nagata ) bets , I rnadecal nhR= bite]
In ' = N Cn

,
-q , . . . , kn

-

an )
I EVCI)

= elementsthat vanishto order n along X
Facts : i ) IC

' '
= I

'

2) ICM ) E Icn )

3) In E Icn )

4) If I = (regular sequence) , I'm= In for all n .

Wang In general , Ia
'
# In

,
and finding Ia

'
is hard .

5) Ica )
Cb)
e ±

Cath)

can form the symE theesalgebra of I
⑦ IG ' th E REE]

warning Not always finitely generated !

e×ampd
so ±
" could have unexpected elements for infinitely many n .

1) I= beer(Keagy,Ed → beta, tb, t'T) prime of heights
⑦In )can be infinitely generated a generated in degrees ⇐1,2, 3,4, . . .



2) I = Cny, NZ,Yz) E KEN
, G, Z) T

= Cosy In Cy,zI,Ca, z )
F'

I'3)e Ia se IA
'
= Coggin Cy,zfnczzT a nyz

x ( Id ) = 4 but xcnyz) =3

3) X 3×3 generic matrix
R= KEX]

I= Ia(x ) = ideal of 2×2 minors ofX

f = It Cx ) EIA
)
,
but ff Ia

How do we find lower bounds for actin
' ) ?

Ica ) Icb ) e Eats ) for all a,b
I

deal ) t.CI" ) zxctatb ' ) for all a,b
o : a CIG' ) is Sukaddeteve
I Fekete's Lemma

bm HII = innf NII C> o )
n -100

(Fekete's Lemma does not prevent -o, but our setting does)



WITT constant ICI ) = lem act)
n-soo n

Notes : • actin ') > n ICI ) for all n
• lower bounds for ICI ) ⇐ lower bounds for all actin

')

Philosophy For lower bounds on
actin ' ) Vn

, enoughtoThedynxo
-

other idea In 's a ⇒ actin ' ) > a Cz)
-

God : find a good 7

Containment's when is Ica's Ib ?
UI

Ia f afnal :
Schemel

Setup R regular, excellent
bn

- equiv : Swanson )
I radical I = Ie n . . - n Ik Ii primes
h= big height of I = max 3 ht Ii }

theorem (Ern- Lazarsfeld- Smith, Hoehstogofatunebe , Ma- Schroeck )2001 2098

Ichn ) e In for all n > I

⇒ ICCdem R) n ) E In for all n> I

Unefoimsymbohcopofogosiddem R complete local domain
Isthere a constant c (depending only onR ) such that
Ian ' e In for all net and allprimes I?
(of . Haneke-Katz C- vahdashti ), Rowallan, Carvajal -Regas- Smolkiu )



Consequence actin
' ) > naCI)

-

act , >ttaf Cwaedsghazmidt , sbiaqda)

Eixample I -= Cny, Nz,yz)
→ hes

,

so I ME Infor all n
eg , I Eta But actually, I

'
EI
2

Question(Huneke, oooo) I prime of heights in a RLR. Is III?

Conjecture (Harbourne, 2008 ) Ian
- htt )

E In for all n> I

Remade (see Hodder -Huneke) In harp > 0, n=q=pe
Ich't) E ICH= (ft tfEI ) E IF

Iaf
• Enough to show

Ich't ) Rae Itt] Ro, for QEASSCRIIETI)

• By atheorem of bunt, AACHEN
) = As CRII ) - 2¥ . . .,I. }

• IRI,
= In. Re ,

maximal ideal in RLR of dem Sh

ETS : ( see . . . .

, seal
hot -htt

E Catt
,

. . .

, Nat )

gen BYE RE - - - Naab
,
Aet - - - tan> hot -htt ⇒ Fai> 9-

.

.

. I
chat-htt ) E IEA ) for all qepe



Counterexample@mnecki - Samberg - tutty- Gaan
'ska
,
Harbourne - Seaham )
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F radical ideal I
,
h=2 in KC n

, y, z] , charted

IG )
¢ I

2
n3t3 points in P2

But actually, Ian
- "
e In for all n > 3

Harbourne's Conjecture is satisfied by :
• General points in P2 (Bcci - Harbourne) and P

'
(Demnecki )

• Square free monomial ideals
in

• In Chae p > o if RII is f-pure CG- Huneke)
equalchar o ,

'

if Rte is of dense F
-pure type

• RII Veronese E KEall monomials of deg d, o oars

strongly . I = It (x8nIm ) , R= KEN
F-MH}

. *⇐ gang of invariants of linearly reductive group
CG- Huneke) If RE is strongly f-regular and h>2,

can replace h by h -I
h=2 ⇒ Icn ) = In for all n > 1
(G-ra- Schneck : a version of this

result over Goremtem rings )



Stable Harbourne conjecture Ian
-ht"
E In for all n ⇒ o .

-
-

Question Does it suffice to show Ichk
-ht"
E IK for some k?

Reward If that's sufficient, then stable Harbourne holds in chock .

theorem (G ) If Ich
"-me I ''

for some k, then
Ican -me In for all noo

can -C )
Question Given C

,
is I C- In for no> o ?

Resurgence (Bocci - Harbourne )

GCI ) = supZF : I
'a'
¢ Ib }

te fCI ) E he

Remade If GCI ) ah , stable Harbourne holds .

Why ? Anne > g⇐ ) ⇒
Ichnite In

I

n >
C-
h-fCI ) fo

we say I has expected resurgence if GCI ) - h .



theorem (G- Huneke - Mukundan)
(R
,
m ) RLR a polynomial ring /k wth I homogeneous

Assume I'm = In : Ma
.

(eg, I defining a finite set of points in IPN)

If Ichn-htt ) E M In
,
then gCI )

- h
-

Applications (Assume I
" '
= In : m

- )
1) R=k[ see

,

. . .

>
ad ]

,

dark-0
,
I generated degree ah.

2) I defining ideal of Ctatb,E) in chart3

£3 'e m 22 (Knodel - shenzd-Zonzaror)

3) RII Goremten , char p ( or charo and ④ In ' noetherian )

Back to degree bounds-
→ In ' ) actin ')

ICI ) = am I
= inf-

n→ a n
n

ELS - HH -Ms ⇒ d CI ) > ZI) (Waldschmidt, Skoda)
so for S points in PN → Ice ) >a

N



theorem (G . Chudnoosky , 1977, Esnault- Viehweg , 1983)N=2
+ 1

I defining s points in
Pr

.
then I CI) > 0¥ .

Conjecture (G. chudnoosky , 1977) I defining s points in IPN
& CI ) > aCI)t

N

conjecture ( Harbourne-Huneke, 203)
I radical of big height h in

R regular
• Ichn )e m Ch-t ) n In for all n>t

( • Ichn
- htt )
e g

Cn-DChi ) In for all n>t )
I

a (Ichn) )
In

>
na⇐)t(h-#

n k

I

ICI) > aCI)t
A

Note only need stable containment



theorem (Bisui - G- Hoi - Nguyen)
Chae k-- O

,
NZ 3

I defining s general points in Pr
If S > 4N(or s>2Nand N>9) , then

tore)e meant)Ir for all rao
⇒ I CI) > aCI) tN- n

T

theorem (fouli - Manteo-he , Dremnecki- Tutty -Gaan
'ska)
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I defining sGaN) voyaged points in PN, char k-- o, E- k
then IWMe m

kN-' '
I
'

for all r>I
⇒ I CI) aCI) tN- I>
T

(Malara
, Sternberg, Szpond, Chang - 20W) Demaelly 's conjecture

for sufficiently large setsof ragged points in nor

A property holds for general points if it holds for all XEU, U some
open dense set in the Hilbertscheme ofsets of S points in IPN

A property holds for normal points if it holds on IiiUn , Unto open



Roadmoip very general vs general
steps consider s generic points in PN : ee iss

Ezio : - - -
: Zin ) EPICale zig )

show that for s generic points,
ICN e ) e meCN

- t ) Ie for all text

Steph specialize .

For each r
, get open dense set Ur

where IM )
E MMM" It for all VCI) -- XElle

steps take IIUe -

Remade it= Specialisation map For each fixed m,
⇐( Icm ) ) ) = ⇐⇐ Dcm ) on an open dense set

.

←Cnot very )

Steph Show that for s generic points, there exists c suchthat
Icrc - N ) e moCN

-I ) Ic

steps specialize .

Get open dense set U where

Icrc -N )e m
CCN-t)Ic for all VCI)#EU-



Steps Apply the theorem :
theorem (Bian - G- Hei - Nguyen)
I any radical

ideal of big height h
in a regular ring

If Iche- h ) E Macht ) I ' for some c, then
Ichn-A⇐ mn ch

- t )
I for all noo

Dk

theorem (Bisui - G- Hi- Nguyen)
char bio

,

N> 3
,
I defining s general points in P? then

ICI ) > aCI)tN→
N

Corollary I defining s general points in IPI, N> 2 , char k = o
then fCI )

a N
,
and thus for all r> 1, IN

- - c)
E Itfor exo .


