
Rees algebras of Ideas generata
by 2×2 minore

(point with Cehkbas ,Dufresne, Folli, Gorla, Lin, and
Swanson )

Fix V K- vector Space of dim n

Letm fixed temer { WEV : din Wen}
W ~> M mxn matrix

X mxn matrix of vanables xj

\
the Ideal generata by

Ime (dis . . .

, Afm) the Maxima Mirrors of X

F : 1pm"
" È È;D penti
"
i Ù Pliickerembedding"

1mF : = Gmlv)

Homogeneous coordinate ring of Gmcv) is
7-Ctm) = KILI , . . ., dimmi ] CR ÷ K [xj)
-
Phicker algebra

• Gmcv) is Smooth of dim m (n-m)

• d- (Im) CN Normal



• 9- (Im) UFD Gorensteih

•
'7 (Im) has

rationdsingulanttesinchckh-OT.KT.tn
. .

,tizi ] →7- (Im)

what is Ker ?
Ti ↳ di

what are the algebrico relations among the mirrors ?

• 7- ( Im) is defned by quadratico relations

Pickering

Ex : X axn Matrix isisfsksl In

[ ij I [kl] - tiri t [ il] [jk] -0
E

Pigre = Tij Tre -Tinte ttietgr
@ = < pyre : lei gliene sn 7 is the defining Ideal

of the Plùcker algebra

ttomogeneous coordinate ring of the graph off
@ (Im) =RIDI

. . .
..
A Etc RITI

Rees algebra of In

Graphcf) e 1pm iplhi"

+ !
Gmcv) c p Mmi - i



corresponds to the diagram
( top
,
<
con

Ritmi ← RETI , Tritate.IT :S e-7←O
U U u

7- (Im) ← KIII et c- P←o

dit ←1 Ti

-@-

In general : I = (fa , . . ., f) CR = KEII
fi forms of the seme degree
@(E) = REIEI = R ⑦ It ⑦Iatale . . .

CRIEI

kefir. . . SEIEÌÈÌKTF, fs]speadfberring.SI
= [ RETI#
- Jor-

Back to Ram)

• [ EH
,
83] RCIM) ASL on a inonderai poset ⇒ CM

• RCIM) normal ⑦ Int = Int Ht

• [Trung,
'

791 Ini" = Int ht

• @ ( Im) has national singolarità in chlk) -- o



What isf ?
• PCJ
→

• fa
, *, CJ is the deftning Ideal of the Special faber

• 7µg CJ is obtained by the syzygies of I

SYMCII→ QCI)
Il

5g
intiere L is obtoined from a presentatori Matrix 9 ofI

A- III. 9 >
- @-

synch = SI Eagon - Northcote relations
+

n
-

m / X f ' take mh minor

[ It any row of X

EX : X axn Matrix 4=1,2 IELLJ < REN

Xui T.fr) - Xuj [iktxu . [ ij) - o
{

& =L Xuitsr - Xujtir t Xurtij luigr 7



• f=L ⇒ RETE Sym(It and FCII is a
pdynomial ringI is of lineare

• fa (L, ho;) then I is offibertype.relationtypeofI-srtypect-I.isthe highest
T- degree of a minimal homogeneous generator off
EX I of linear type ⇒ rtype# = i

- @-

. Q(Im) is of fber type ⇒ Rem) = 51 [EHI
⇒ rtype (Im) ±a

can

For non Maxime minora
-

is timen

It = It (X)

Bruins [911
,
B-conca [ G8

,
ÒN

,
B-C- Varbaro [BJ [Bad

OPEN : what are the defining ideas of
'7CID and Red ?

Contatteresti) IBCV] D-CIA is defined by quadrics and Cube relations
(2) It is of fber type



(3) rtype (It) E 3
[ Huang ,

Perlman
,
P
,
Raku

,
Sammartino ] chlkt-0

• The definmg Ideal of 9- CIa) isgenerate in degree
a and 3 by the relation ciescribed in EBCV]

• Ia is of fber type for any genere m × n

Matrix ⇒ it is of fber type for agenere ma (Mta)

Matrix



$2 SAGBIBASES-IRobbia.no - sweedler
Kapur - Madlener ]

A c k [ × . . . . . xD i = R f.g. ksubalgebrao

I term arder on R

A un> inalate K [ { inetti : fe A} ]

A set of elements aie A i.I is a SAGBI bass of A if

Malata K [ meloi) : IEI]

Assume a naso finita SAGBI base

⇒ mela) =grfa (at

for a svitarle degree filtratori fa
conca- Herzog - Valla [

'

96] [ CHV]

Facts ICHVJ

CD Mela) CM of dim d and type t ⇒ A cm of
dim d and type Et

(a) Metal Normal ⇒ A has rtonal singolarità inondata
(a) A = f- i ⇒ mela) =

o

inetti)



NI for (d) one Claes not assume that A has

a finite SAGBI base

(3)⇒ HF of t and Mz Cat are the seme

(4) SAGBI basse {fi, .
. . , fs } fi forms of the sane

degree
Mela) KOSZUI ⇒ A KOSZUI

REI A standard grzde.dk -algebra is KOSZUI if the residue
field koala, has a linear resolution over A

Back to ACI) :

assume ICKE» R generata by forms of the
sane degree

to term arder on R ma l' term arder on REEI

LI
,
v momomiab in R

nei g. vti ⇒ iy or ng
Thm [CHVJ
- indiretti =

o
inetti ) ti

metti) - metti e li
Ki

Ran =

o

mettiti

criteri inerti) = incliti Isis rtype (metà)
⇒ inz (Ii) = Ma

i Hi



EX : take E diagorà term arder on X man

(1) [Sturmfeb] di . . . ., dqm, is a SAGBI boss for
'ICIM)

(2) [ Conca] ne '(RCIm)) = @ line CIM))

Criterion for a set to be a SAGBI basta
-

[Sturmfeb]

Now are the deftning Ideas of A and inzca) related ?

Ae KTF . . . , fs) e KEN , . ., in] er

[ term arder on R

Melfi) = I⇐ ↳ D= [b, . . . bs) n XS Matrix with entries
in H

Ae KEIJI AI KII ? ' . . .

. È] = KII}
Letto be any weight vector representmg te for fi's

⇒ the weight vector Btw gres a weight on KEII

thm : CD fi , . . , fs is a SAGBI boss for a
⇒

'nbtw (f) =f '

(2) Everly reduced GB off ' lfts to a reduced GB of j



$3SPARSEMATRICESX
axn sparse Matrix : the entries of X are either Zero

or varietale

÷
x ! ! :: I

In general for a mxn sparse Matrix X, let I. Im (X)

Giusti - Merle T'8D . cmness
, primeness, codini

Boocner [ ' 13] . minimal free resolution
• Maxima minor forma UNIVERSAL

IULOG
GB for I

5 Zeros

-
Xi ' Xirti ' 0 O

i

M -5
,

o .

* Io : : ×. .
: : : : ÷ ×!✓

n -S : n -sai o no

--
✓ Zeros

genere block

Vs with no [reo × is genere 1st part the talk]

I. I. Che lfij.iq/ieilfEn)cR=KIxijI
Y

"

dragoni term arder
" Bettarini LS, usa

5
, = { Xiixaj / Kitr rh Eden }
Sa = { Xii Xzj / rtisisn-s n-sti esteri }

53 >{ Xii Xy / rtieitn-s-iitiysn.SI



KEYF-act.mg (It is a Ferrer Ideal , that is the edge Ideal

of a Ferroviaria

a Ferrer bipartita graph is a graph on the district

set of vertice V. {N
. . . , un } We { wi, Wm}

that can be descnbed by a partitori
D= (m , h. . . ,

An ) with M - di 7 . . . 77N 71

✓ W di = # edgesbekieen vi
N

, •

-• Wi

v.
and the fast di vertice

: : in W
:

Un . • Wm

il mio Young diagram , called
Ferrer digran

TN di boxes

Yong {TH da boxes

:

|] In 71 boxes



KEYF-actmr.CI is Ferrer Ideal

meCII is the edge Ideal of the Ferrer dipartite

graphwhosevertexsetslordereds-e.tl
✓= {Xii, . . ., Xin-s } W = { Xan , . . .

,
X
arti }
-
reverse arder

and lvhose partition is

te ( n-r. . . .,
h-r

, n-r.is . . .

,
s) if NO
-

✓ times

Xan X Xans ← Vertice in W (morder)

Xp ,
" ti

i

: / si |i

+ .

-

Ferrer diagram

; µ
' assai; to

Xin -s /
|

Vertice in V



5=2
-

Ex
:* :: :

.
: :: :
-

✓=3

I= Ia ( X) maCI) is the Ferrer idea associated

to A- ( 6,6, 6, 5, 4,3, 2)

uose tener d'9rem;Ì
pXii
-

XI2

÷:H#ItXig
-

XI7

Then are tuo LADDERS associated to meCI)

a ladder is a subset of a matrix that has a

Shape similer to the Ferrer dizgram the stancase
con be in botti

"

directions
"

We put a NEW varietale Tij in the box correspending to the

generator Xiixaj



one- sided ladder ↳ Huo -sided ) ladder LÀ

Xzq Xzs Xaz Xag Xii Xa" ftp.q/Xzs/XzzfXzgfXa5/Xa4- /
x.tf è /XizTÈ ÈTTI

÷:L :#
Xig Tetta ÉXn. Tra Tas

Online) Itnet)

è :S <REID → Rane)
Tij h inzcfjt) - Xiixgot

q
'
: Ti KETYI → 9- linee)

tiji-inzcfjl-Xiixzjlvarasimkantsd.IN?Her2og-TrungFasi , Conca [
'957K)

Villarreal [951 [VI , Sims - Vasconcelos - V [947 [SWI ,
Corso - Nagel [

'

093 [CNJ



thm : CD Ker 9
'
= Iacla)

(2) Ker l' = Ia ( L'a)
(3) vtype ( me (It) = 2
(4) Rimetti) is normal cm
(5) '7 ( ma CII ) is normal CM

of din Min {2h -3 , 2h - r- S-B
(6) art a diagonal term arder on ↳ and LÌ

the gens of Ia (↳) and fallì ) forma
a GB for kerq ' and Kerq '

(7) Rimetti) and I Greci) are KOSZOI

¥ : li TCNI

(2) [ VI ⇒ indi) is of fibertype ⇒ Kerq:( L, Ia (↳I
-

(4) and (5) [SWJ
, [CHI , or T.CI stalla)

[67 IN] la

we wznt to Study @(f) and 7h using SAGBI bass

theory . weekend E un > l' on RTEI

Rimettile inà (RED



thm : in inetti = inetta)
(2) Mei (ACI)) = R ( inetti)

¥ :

ing CII? c inetta) and HAMELIN = HF

ETS
meliga and Is have the sane HF

By induttori on n .

We can assume r>o by Conca
I =L W > Ià Ia ( X '

= Matrix obtamed by
X deieting the

sincero first ad Umm
)

monomial Ideal
m
I =XIII , + Ia ⇒ II (XIII inIIa) + II

Mali) = X. I t Mr (Ia) indite (XIII xn Infatti!IÌ
E

Using the results (HD reviewed in the 2ndpart of the talk:

MI ilifxy } U { fjt} is a SAGBI bass for RCI)
(a) RCI) has rtondsmgvbntiesmohckt.to
b) QCIT is a KOSZUI algebra
KD regali = al ttl



Defningfqrtionso
→ J→ E- RETYI → detto

Tij H fjt
0 → ti → TEKETYI → ICI) -70

tij ↳ fij
NB We referto other Xui ortij To make the rotation
laser with

Xvi-0 if 4=2 Kiev

if 4=1 Asti si sn
IDENTIFICATION

Tij =D
if if E { 1

, . . ,
r }

ftp.cfh-sti , . . , n}
Reali from the 1stpart of the talk :

Phicker idea :

Q-lpjre-tjtre-tntgettietsrihlgirck.nl
Linear Ideal :

↳ 1,2

L-lluigrixuitgr-Xujtntturtijih.iyab.sn>



Thin : CD j.CL, P)
(a) Ha P

In particolar I is offber type
(3) { luyk , pigre } and {Pigne} area GB
for if and H, respectNey

Ef : 4) [SI subbie Weight W
ci isdeftned by the degree Matrix

Iii : :D
that is

degw (x.ii. i degwlxaj.io
weekend co to T and s

degwlty-degwlinecfjD-degwlxiixzj.ph
This Weight representa 2 sine

in w (fig ) = Nel#id this
defy.mg idea d- malati)
-

[SI ⇒
sua indecenza,

"w (7) e Ia (l'a)



Sina (8,8) Cf ETS that

mwld.pl = talli)
that is each 2×2 minor of ↳' is the

leading form lvrt W of a pigre or luigr .
(3) Ed io

CE (1) { fy} is a SAGBI boss for ICI)
hence inattesi = Finirei)
(2) ICI) KOSZUI

(3) III) has Rtonal smagliante in ohck)-0
(4) 'ICI) is Gorenstein if Ha 2

(? rega = min { n- 3
,
n- r- i}

P

A

congetture sane resulbaevdidfor.org m

[ Lin - Shen ] MA 3- dlm Ferrer diagrorns with

Protection Properties


