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Factorization homology [Ayala-Francis]
Have: En-algebra A, framed n-manifold M (TM ∼=M ×Rn)
Want:

∫
M A

∈Sp

En =N(Dn) Sp

Env⊗(En)

Diskfrn

Mfldfrn

A

'

∃!SM

∫
−A

Dn little disk operad
Env⊗(En) symmetric monoidal
envelope.
Mfldfrn = framed n-manifolds and open
embeddings{tIR

n|I finite}=Diskfrn ⊂Mfldfrn , full

Fact: Env⊗(En)'Diskfrn .

Theorem [Ayala-Francis]

∃! SM extension of A satisfying axioms

Construct
∫
−A as LKE,∫

M A' colim−−−→
(
(Diskfrn )/M →Diskfrn

A−→Sp
)
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Visualizing factorization homology

Think:
∫
M A' labeled configurations,

when points collide,
labels are multiplied

a1,a2,a3 ∈A
a1

a2

a3

a1a2

a1 a2

 A⊗A→A
a1⊗a2 7→ a1a2
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A guiding example: THH

A ∈Alg(Sp), M = S1 :∫
S1 A'THH(A)

A ring w/ anti-involution a 7→ a:
 THR(A) ∈SpC2
Real THH [Hesselholt-Madsen]

(e.g. A=Mn(C), M 7→M
T
)

Thm. [Dotto-Moi-Patchkoria-Reeh]

THR(A)'A⊗NAA

Want:
∫
S1 A'A⊗NAA as C2-spectra.

Fixed points:
THR(A)ΦC2 'AΦC2 ⊗AA

ΦC2

Takeaway: Think of (
∫
M A)ΦG as

labeled configurations of orbits!

a1
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aa′
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Definition: Equivariant framing [H,Weelinck]

Definition: V -framed G -manifold

G æM smooth TM ∼=M ×V V = (G æRn) linear

isomorphism of G -vector bundles over M

V is a V -framed G -manifold.
M is V -framed, M ′ ⊂M open ⇒ M ′ is V -framed.
Cn æ S1 by rotations is R1-framed (trivial rep.)
C2 æ S1 by reflection is σ-framed (sign rep.)
E elliptic curve, C2 æE by complex conjugation
⇒ E is ρ-framed for ρ = (C2 æR2) the regular rep.
Cn æ S1 by rotation, Cn æR1 trivially,
both R1-framed ⇒Cn æ S1×R1 is R2-framed (triv rep.)
Note that S1×R1 ∼=R2 \ {0} can be framed differently:
λ= (Cn æR2) the standard rep ⇒R2 \ {0} is λ-framed.
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Definition: G -∞-categories

A G -∞-category is O
op
G

→C at∞.

SpG⊗=

 SpG⊗ SpH⊗ Sp⊗
NG
H NH

e



Exercise: Fun(Oop
G

,C at∞)' complete-Segal(TopG )
(Use: TopG ' Fun(Oop

G
,Top) [Elmendorff]).

Definition: G -symmetric monodal ∞-categories
A G -symmetric monodal-∞-category is a

∏
-preserving functor

Span(FinG )→C at∞, t 7→×
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Genuine equivariant factorization homology [H]

Have: EV -algebra A, V -framed G -manifold M (TM ∼=M ×V )
Want:

∫
M A ∈SpG

EV =N(DV ) SpG

Env⊗G (EV )

DiskG ,V−fr

MfldG ,V−fr

A

'

∃!G−SM

∫
−A

N(DV ) genuine operadic nerve of the
little V -disk G -operad [Bonventre]
Env⊗G (EV ) G -symmetric monoidal
envelope.

Fact: Env⊗G (EV )'DiskG ,V−fr .

Construct
∫
−A :MfldG ,V−fr →SpG

using G -LKE [Shah, Nardin]

Sends M ∈MfldV−fr
G to G -colimit of

(DiskG ,V−fr )/M →DiskG ,V−fr A−→SpG

Theorem [H]

∃! G -SM extension of A , A.-F.-axioms
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What is
∫
MA again?

EV -algebra is a G -SM functor

A :DiskG ,V−fr →SpG
G -factorization homology∫
−A :MfldG ,V−fr →SpG

DiskV−fr
G →SpG

V 7→A, t 7→⊗
G ×H V 7→NG

HA,

(NA→A)
norm map

(assuming G æV not trivial)

V V (A⊗A→A)
mult. map

(assuming V G 6= 0)

MfldV−fr
G →SpG

M 7→ ∫
M A

Equivariant factorization
homology theory
[Weelinck]
Sends M to
colim−−−→(DiskG ,V−fr

/M
→SpG )
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Example 1: Real THH [Hesselholt-Madsen]

Let G =C2

V =σ the sign representation
M = S1 with reflection action is
σ-framed

An Eσ-algebra A is a ring spectra with
anti-involution,

THR(A)'A⊗NAA
[Dotto-Moi-Patchkoria-Reeh]

Theorem [H]∫
S1 A'THR(A) as genuine C2-spectra

C2
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Example 2: “Twisted” THH [Angeltveit-Blumberg-
Gerhardt-Hill-Lawson-Mandell]

A ring Cn-spectrum, THHCn(A) := |Bcyc ,Cn• |

twisted cyclic bar construction:

Bcy ,Cn
q =A⊗q+1,

dq(a0⊗·· ·⊗aq)= τ(aq) ·a0⊗·· ·⊗aq−1

for τ chosen a generator of Cn.

THHCn(A)'THH(A;Aτ), where
Aτ ∈A BimA(Sp) is A with twisted left
multiplication.
THHCn(A) admits a circle action.

a1 a2

m

a1 m

τa1 τm

τ2a1 τ2m

τa1m

τa1m

m ∈Aτ,a1, . . .ak ∈A
Theorem [H]

THHCn(A)' (
∫
S1 A)

ΦCn

Circle action: rotate S1.
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Example 3: G -nonabelian Poincaré duality
X ∈TopG∗ ⇒ΩVX ∈AlgEV (TopG )

Theorem [H-Klang-Zou]

If πk(XH)= 0 for every H <G , ∗< dim(VH)
then there is a natural G -homotpy equivalence∫

M
ΩVX ' Map∗(M

+,X ).

Let X be a G -Eilenberg-MacLane space,
take RO(G )-graded homotopy groups.
Recover G -Poincare duality for closed V -framed
G -manifolds:

H?(M ;B)∼= HV−?(M ;B)

where B is a Mackey functor.
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Equivariant Thom spectra via G -∞-categories

Pic(SpG )=
(
Pic(SpG ) Pic(SpH) Pic(Sp)

)

X ∈Top

G G -

vector bundle X →BOn

J−→

Construction:

G-

Thom spectrum functor

preserves

G-

colimits

G-

symmetric monoidal

If µ :ΩVX →Pic(SpG ) is map of EV -algebras then∫
M
Th (µ)'Th

(∫
M
ΩVX

µ∗−→
∫
M
Pic(SpG )→Pic(SpG )

)
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HF2 'Th
(
ΩρSρ+1 µ−→BO(C2)

)
,

Take M = Sσ×R, for σ sign rep. M is ρ-framed.

Theorem [H-Klang-Zou]

THR(HF2)'HF2⊗(ΩSρ+1),

THR(HZ(2))'HZ(2)⊗(Ωσ · · ·)

[Hahn-Wilson] calculate THR(HZ) as HZ-module.
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Free G -tangential structures [H]

“G æM freely” is a G -tangential structure on M

⇒ G -factorization homology theory of free G -manifolds.
BWork in progress!
E1-ring spectrum A  a “free-Etriv -algebra” in SpG

M = S1 admits free Cp-action ⇒ ∫
S1 A ∈SpCp

∫
S1/Cp

A'

(∫
S1

A

)ΦCp

→
(∫

S1
A

)tCp

'THH(A)tCp

Equivariant w.r.t. the circle action on S1

Cyclotomic structure on THH(A)

ϕp :THH(A)→THH(A)tCp
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