REFLECTION ARRANGEMENTS, SYZYGIES AND
THE CONTAINMENT PROBLEM

ALEXANDRA SECELEANU (JOINT WITH BEN DRABKIN)



1. REFLECTION GROUPS, INVARIANT THEORY, AND SUBSPACE ARRANGEMENTS

1.1. Reflection groups.

e A reflection is a linear transformation that fixes a hyperplane = reflecting hyperplane.

e A reflection group is a finite group generated by reflections.

e A reflection (hyperplane) arrangement A(G) is the set of reflecting hyperplanes of all
reflections in a reflection group G.
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1.2. Invariant theory. S
e G <GL,(k) acts on R = k[x1,...,x,] as follows: G ceots on Spau 3 X1, ) X“%

n
g = lgij] acts by gox; = gija; and go f(z1,...,2n) = f(go1,...,902n).
j=1

e The ring of invariants of G is R = {f € R|go f = f, Vg € G}.
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Problems in invariant theory:

e find algebra generators (primary invariants) and relations (secondary invariants) for R®
e find bounds on the degrees of the primary/secondary invariants
e find generators / relations / bounds on their degrees for Der{ (R).



1.3. Subspace arrangements and the containment problem.

e A subspace arrangement is a union of linear spaces X; € X; for i # j
X=X1U---UXy, SO I(X)=1I(X1)Nn---NI(Xy).

Problems on subspace arrangements:

e find the generators for I(X)
e find the Hilbert function of I(X)
e find the Betti numbers/ projective dimension/ regularity of I(X)

Ty [ Derksen ~ Sidlwean |

TLJL X is au awmw 07? d 5%5/0%03 AT /&i? :’—@()Soé.

M"m coclim ¢ ﬂLWmcouLz'Dn @fﬁ Q &\7 /9&1»& Q.
s e s O/T/) Luder seetcoug @iﬁ Q K)'uo&/p &7/9\9/2\
“Q[O\/VLLS (u o @Wowﬂewd_

. T&ﬁ W\’W :ﬁr“eu\{q OﬁF > 5ULB5 acy @Y X
2>t &wa\?o&ﬁ%o? 5/9 W

TR = T(x)" N T 0N T(xg)"

Qf&ng :
a X = i own CooﬂstL C C®@ZO[ 5%L3fa%5

%@Ht #'s o:ﬁ :L_(X)GM) ) /Bs‘e\/mamm) Qxﬁ/ﬁf/éq/
Gobot, Nwm‘/ NG?MO;

R Rewgr, 0 faute,”S.
e X = glar cou ;«'?um#om %

Bty #! g o%ﬁ ()~ redluce o 13 Lerem g
Hop boumk@ /"/r‘Dltbrp UO‘SGQ

< K= star C@w)ﬁ/«'i c"{ @Méuf cag P NDMVLQVD
— . S CY A »
/Cowéaivwm,w'ﬁ Trololewm : Jor- whic(y Fym 1 —’(X) c )¢




2. REFLECTION ARRANGEMENTS AND THE CONTAINMENT PROBLEM
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Theorem A. Let G be anreflection group. Then J(G) is minimally generated by the mazimal
minors of either (/pe?iag;l ) »&43(@) =2

CGV}'@ gi = (1) the jacobian matriz for a set of rank(G) — 1 basic invariants of lowest degrees or
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Cose r=2, c=2

Theorem B (Drabkin-S.). Let J(G) bg/the ideal defining the singular locus of A(G) where
G is a reflection group. Then J(G)®) C J(G)2 if and only if no irreducible factor of G is
isomorphic to one of the following groups
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Conjecture 2.9 (Stable Harbourne conjecture). For a radical equidimensional ideal J of
ht(J) = ¢ the containments J( =) C J™ hold for r > 0.
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Theorem C (Drabkin-S.). Let G be a finite complex reflection group with irreducible factors of
rank three and let J(G) be the ideal defining the singular locus of A(G). Then the containment

J(G) =V C J(G)" holds for r > 3.
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