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1Part I

4: R-S is a size dire local map of local rings
→£ residue field .

I = Kerce )

>

→ I
# z=

Conormat
module of 4

.

Name is from geometry :

(an S module)

Specs --VIII ↳ Spec R closed embedding

Fizz no conormal sheaf .

Rung theoretic properties OT module theoretic
of 9:r→s → properties of tear

Example
'
-

Y:R→s
-

is

complete intersection ki)
⇒ Iar

is free
I = Cfc - - - fu) -is generated S - module

by a regular sequence ⇐⑦ fis

E- fix -

is nonzero divisor on

Mt
.
. . .fi) Ii
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'

¥=¥÷¥::::÷x¥÷⑨ Ian is free Is thee 4-is complete it .

Reina pajdyf a - -

is needed :

R→ k residue field
always has caromed module Main free are k

but this is c. i
.
⇒ R regular .

w¥e⇒i:9:To
projdn.SI# cos tha R-s s-

is comp .
int

.

pnojdigty so ⇒ co ⇒ pigdrifts o .

only projdn I#
= O

e es

is possible
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Tane in the following cases
-

• if pdrIE I

:E÷:÷:L:#÷. ? an serf"¥"
( t (ie MCI) E gradeCITED

Aoyama 771Masaoka 77 ¥ pojdii
'

is
impossible

• gullikson691 Vasconcelos 85 :
. projdus.IE E I

• Herzog
.

81 : I in hiKage class of ci
(licci)

• other cases of low Wtfpd , Vasu ales 85

• Arra.mn teovzog
'

94 : graded , characteristic zero

" absolute " → cord R smooth
.

=

Methods from national homotopy theory .
. .
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'YF÷w÷y7am.ime:ierisYa*r⑨profdust#a car only be o on as

9 A
complete not
int coup . it .

Note : this is a relative Butt : don't assure Ruegreen

Dustin Must the resolution of Her have maximal growth ?

⇒Naduis of convergence of Poincare fence's ofIan
equal to that of residue field ?

(true in graded drag setting by Atl)



5Module of Kahler differentials-
Assume S= Ktx , - - *it R= Ktx. - - xD I= TI

.-
m

, Ms.
I

Isla usually defied by
"Homscrsih ,

Mt ⇐ Dads , M! -

gadezffuistakfeg.IN#
Is,a÷ corneal module of ault . map

=

Jls ' J s sons→ s
.

dx=X⑥l
- lot .

geometrically : specs A- specs xhespees
Isle→ cotangent Neuf

Jackal Criterion
Sgs→ sIqa -

is free ⇒ S-

is smooth ⇒
-

is complete
of rank -

- dins

iutesectwi.es?ai..n:im:s::::m:J..- .

then Sis a reduced complete int . # projduihrq.SI
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on.:iE:÷iI%:Tcomplete int .

Notes Conormale theorem doesn't apply nice sops- s
arrest never has finite pojedriedui .

But Eeuoud /Vasconcelos kind ofworks because of Jacobian
crit

.

Eirene : a known in cases mentioned akane

. Also Platte
'

80 : if pnjduirs.ae is fete
then Sir quasi- Gorenfew Cce canonical module E s )

I

R = Ktx
.

-ahm

Need extra ingredient : to
conjecture (Eisenbud Mazur 97)

¥Im"m÷:÷÷÷÷÷Ioh ÷ M IZRp n R
pEAss eye

"
a function vanishing to order 32 on VCI I cannot be a une gem of I?
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Theorem I-20) Is Rnadeial ,
S- RE

,

IMcmI.kanpogdmsrqaso-SS.omhetem.EE
EM Cmj ⇒ Conj② (both still open)

→ and new proof of graded charo

¥-8 : use conormal sequence

O→III.→ IIIs → rmnqsi-rs.TO
*
gu

If IM= I ' thru FIz=Syz esea
.

pwjdvisrsiu = fojdm's Itt l
.

So Conormat theorem ⇒ dome

→ I'" EMI is enough to get this to work
1J

Remake Vasan des conjecture our known in some cases :
.

mentioned about .

Em cryittm known in some tenures Chew !)

•-

•- ← Look
'

up
!



8Thefirstkoszulhomologg
I -- Cf. . . - fu) E R ideal of finite pnjdui .

It = H . ( kosrch . - - ful) the first koszd homology -
classical .
←

' H - o ⇒ f. - - fu is a regular seq .

Chretien ⇒
?

'

←
: if projdns He -

,

£ (Vasconcelos 85)

Eh . Gullikson 69 pwjdni - o (free) ⇒ yes .

• Vasconcelos 85 ⇒ other cases
• Amaru Herzog 94 ⇒ dear o

, graded

Theorem C- 20 ' I e r f÷=*..⇐i÷:ii÷:s→ I is complete It .

'E Heo or projdig H
= A
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t ←§IEgdgeoe)
Dicer ; m ) = ' ith AQ cohomology

group inA Goffs i µ .

"the non abdin denied fucker of Deeds , m) "

ni÷¥÷:.÷÷i:÷%there R→ s is complete intersection .

Remarks . target complex has finite prey din ⇒ c:cI Says %
,my.ae to other conjectures '

• if drank = O , proven by Arrow - Halperin 87
• uses homotopy Lie algebra .

thfoepif.sn?iITETIImayoddia7dmayenthen R→ s
-

is complete it . (so DISA
,
b) =D

Main point : new proof Csinpler )
using same method as Vasconcelos

' conj .
Also : rigidity of cotangent complex ?



10Part 2 Idea of how to prove this :

'÷÷÷::÷÷÷÷÷;:÷÷
Methods from rational homotopy theory
Rapidly : late For Arana & Roo's

started exploiting methods from
national homotopy theory .

. . graduates
realized that the connection ran deep . . . .

made contact Eth R HT in 80s - --

Roys : interested in question of SemelKaplansky .

• west pacts = Etiduiutai.ca us
i.not f
superficial : be a rational fudai for all local R→ k?
structurally And Pdt ) = Eti din Him ; og rational ?
Similarities

.

acaomidated
X -- finite CW complex

£Tmewuk. . An .
-ok 80 : no for spaces ¥5 n . for wings

(bad rings)
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Ayu : The homotopy lie algebra .

local ning R gyo graded Lie algebra#(R)
Smiley corrected .

Name from topology : X space →T*CrN¥Q

This : each ti is f-direct space over k

f :÷÷:÷÷÷÷÷÷÷:. . i"

+ Jacobi identity fxeyzy ) = fixyyztt Ey HED

t in char 2 and 3 need a bit more !
← (wot needed here )

Construction of IMR) due to Asscnuss
,
Lenni

, schoeller
,

Milnor - Moore , Adina
, Sjodin : U#*CR ) = Extra , k) .

⇒ Koszul dual ! ! def .

championed by Au , Halperin , - . .

-
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K→ e
-

Also relate version for local 4 : R→ s

it
*(Q ) graded Lie alg one E

' f Cheval -- o ⇒ THE D
# '

Csk ; e) Ao. ooh
← otherwise quite differed.
Comp .

Theorem of Arranoui. If 9 : r→ s has finite flat dimension
- k→ e residue fields

their theme is an exact sequence

- - - → Til 9)→ ti Cs) -aiCR)one at
it'
Ce ) → . . -

=3 Avrohom resolved Gottendecks'

localization problem
( R complete it ⇒ Rp complete hit .)
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Though (Felix -Halperin -Thomas , ,

Aronov)

ifeisc.i.tw#aiii7iE..o..if R -

is not either tile ) crew zero
i> '

and dint
'

'

grows exponentially

These members e.ir) dint
''CR ) the deviations of R .

show up naturally by other methods .

-

( read from Poincare series)

• 2

Eiland kEx×yyI ⇒ a-
*
= abkh ④ ok

with ta.bg = c .

Gjoohi)

Exude kex
,
ya← - ⇒ it = free Lie algebra

(Nyt on 2 gens degree't .
"
Big gap between ci and non - ci "

In topology : Elliptic vs Hyperbolic spaces .
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z ⇐ * ice) is Central if E-

,
#
*

cap = o

is radical
'

if then
-

is not usual
- f define

some N such that Tz
,
it
>94D= O .

Theorem (Arranor Halperin 877

⇐i÷atmamTni¥::÷÷
Coy : Quiller's conjecture in drow o .

Reinert : theorem can be provenUsigcohomologcialsupporttheory R Developed by Josh Pohitg .

Rough idea of proof of v.ascondos - conjecture :

there is an isomorphism the )= Haylett, k)

Iyen#2 : free sumwands of IIe
gie nisi to central elements .

of toe )
.

_'2o_ : finite pnojdinsunends ofI#a
gie onesie to radical demobs

of The)
.
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"

keyd-obje-dgkiihludifrenentiab.IS/pComplex of free S modules
, dog is . .

⇐%) Sei- ice ,

showed up in Aronov- Hezog
'

94
.

If drake- o Is,@ z cotangent complex
of 4 .

otherwise different (sniperoil methods)
=

#

Minimal free dg R - algebra resolution -

-

A s
"
he solvent "

" minimal model
"

→ Ish = Daggas
"suit weir model "

Denied heroin of leather differentials
( but different to cokugeitcaplex)
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tFTExtjceµqas,k)=t*#
Connection with Part 1 :

prior syzygies of Isn :

(AHH) as if i

stele T cokid, " higher concurred modules"
Zz f

(Isak-s coke Zz Z H ,
(Koskey)÷÷÷÷i÷::÷:::÷÷

All the modules
which showed up ,

so far are syzygies of Iq .

these two props structurally connect IIIa with the)



Thanks !


