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Cohesive sets

Let

—

A= (Ag, A1, Ag,...)

be a countable sequence of subsets of N.

Then there is an infinite set C' C N such that, for every i:

either C' C* A;
or C C* N\ A;.

C' is called cohesive for /Y, or simply A-cohesive.
If A is the sequence of recursive sets, then C is called r-cohesive.

If A is the sequence of r.e. sets, then C' is called cohesive.
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Skolem’s countable non-standard model of true arithmetic

Skolem (1934):

Let C be cohesive for the sequence of arithmetical sets.

Consider arithmetical functions f,g: N — N. Define:

f=cy if CC {n: f(n)=g(n)}
f<g if CC* {n: f(n) <g(n)}
(f+9)(n) = f(n) +g(n)
(f x g)(n) = f(n) x g(n)

Let [f] ={g: g =c [} denote the =¢-equivalence class of f.
Form a structure M with domain {[f] : f arithmetical} and

[f] <lglif f<g; [f]+[g] = [f + gl; [f] % [g] = [f x g].

Then M models true arithmetic!

® The standard elements of M are those represented by constant functions.

® The non-standard part of M is everything else. Note [id] is non-standard.

Cohesive powers of linear orders October 30, 2020 3/27



Effectivizing Skolem's construction

Tennenbaum wanted to know:
What if we did Skolem’s construction, but

® used recursive functions f: N — N in place of arithmetical functions;
® only assumed that C is r-cohesive?
Do we still get models of true arithmetic?

Feferman-Scott- Tennenbaum (1959):
It is not even possible to get models of Peano arithmetic in this way.

Let TI¢(N; <, +, x) denote the cohesive power of the standard model of
arithmetic by the (r-)cohesive set C.

Theorem (Lerman 1970)

Let C and D be co-r.e. cohesive sets. Then IIo(N; <, +, x) and IIp(N; <, +, X)
are elementarily equivalent if and only if C =, D.
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Cohesive powers

Dimitrov (2009):
Let A be a computable structure.
(i.e., A has domain N and recursive functions and relations.)

Let C be cohesive. Form the cohesive power 1A of A by C:

Consider partial recursive ¢,1: N — N with C C* dom(y). Define:

©=c if C T {n:p(n)=1(n)}
R(vo, ..., Y1) if C C* {n: R(o(n),...,Yr-1(n))}
F(l/}o,...,i/}k_l)(n) = F(z/;o(n),...,zbk_l(n))

Let [¢] denote the =¢-equivalence class of .
Let IIo.A be the structure with domain {[¢] : C' C* dom(p)} and

R([vol, ... [Wr-1]) if R(vo,...,Yr-1)
F([Yol, - -+ [k—1]) = [F(%o,-- - ¥r—1)]-
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A little Los

For cohesive powers:
® Los's theorem holds for X5 sentences and 11 sentences.
® A one-way tos's theorem holds for II3 sentences.

(‘Sentence’ means a sentence in the language of the structure under consideration.)

Theorem (Los's theorem for cohesive powers; Dimitrov)

Let A be a computable structure, and let C' be cohesive. Then

® I/f 0 is a X5 sentence or a 115 sentence, then

e A6 ifandonly if AE0.

® If 0 is a II3 sentence, then

e A6 implies AE6.
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A dual investigation to Lerman’s

Lerman’s investigation:
® Fix a computable presentation A of a computably-presentable structure.
® Vary the cohesive set C'.
® See what structures II¢.A arise as cohesive powers.

® Result: For co-r.e. cohesive sets C and D, IIo(N; <, 4+, x) = p(N; <, +, X)
if and only if C =, D.

Our investigation:
® Fix a co-r.e. cohesive set C'.
® Fix a computably-presentable structure.
® Vary the computable presentation A of the structure.

See what structures I1-.A arise as cohesive powers.
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Moving the setting from arithmetic to linear orders

Lerman’s structure is (N; <, +, x).
® Only one presentation of (N; <, +, x), up to recursive isomorphism.
® | do not know names for models of PA™ (besides the standard one).
® |.e., you can say whether or not two cohesive powers 1o (N; <, 4, x) and

ITp(N; <, 4, x) are the same, but it is hard to identify a cohesive power
I (N; <, +, x) as some previously-known structure.

We study linear orders instead of arithmetic.
® Lots of linear orders have names!
® w is the order-type of (N, <).
® ( is the order-type of (Z, <).
® 1 is the order-type of (Q, <).

® Even more names: w+w w* w4+n w+(n etc

® The linear order w has lots of computable presentations.
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Cohesive powers of linear orders: Basic results

(D HM Sh So V)
Let £ and M be computable linear orders, and let C be cohesive. Then:

e MIo(L+ M) & MIgL + e M
* lg(LM) = (L) (M)
o [[oL* = (Hcﬁ)*

Let N = (N, <) denote the standard presentation of w, and let C' be cohesive.
Then:

IIeN =2 w+(n.
(Recall that w + (7 is the order-type of countable non-standard models of PA.)

There is a computable copy £ of w that is not recursively isomorphic to the
standard presentation such that for every cohesive set C:

Hcﬁ = W—FC’U.
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Are there other cohesive powers of copies of w?

Question: Is it possible to achieve linear orders other than w + (7 as cohesive
powers of computable copies of w?

Previous slide: To make IIc£ 2 w + (7, you would have to do more than make
L not recursively isomorphic to the standard presentation of w.

We show:
Theorem (D H M Sh So V)
For every co-r.e. cohesive set C, there is a computable copy L of w such that

el = w+n.

Notice: The II3 sentence “every point has an immediate successor” is satisfied by
w but not by w + 7. So Los's theorem for cohesive powers is optimal.

More generally: We show that it is possible to achieve
w + various shuffles

as cohesive powers of computable copies of w.
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Shuffles, blocks, and condensations

Recall the shuffle o(X) of an at-most-countable collection X of linear orders:
® List X as (£; : i < |X]).
® Paint Q with |X| many colors so that each color occurs densely.
® Replace each point in Q of color 7 with a copy of L;.

For example, ({2, 3}) consists of dense copies of 2 and dense copies of 3.

Let £ = (L, <) be a linear order.

® The finite condensation cp(z) of an z € L is
cr(z) = {y € L : there are only finitely many points between 2 and y}.
e Also call cp(x) a block of L. Blocks are maximal discrete intervals.
® The finite condensation of cp(L) of L is
cr(L) ={cp(x):z € L}.

For example, cr(0({2,3})) = 7.
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A few more facts about cohesive powers of linear orders

A computable linear order £ canonically embeds into its cohesive powers I1o L by

x > [the constant function with value z].

Let £ be a computable copy of w, and let C' be a cohesive set.
® The range of the canonical embedding is an initial segment of IIoL.
® SolIcL = w-+ M for some linear order M.
® Call the w-part of II¢L the standard part.
® Call the M-part of Il L the non-standard part. Note [id] € M.

Theorem (D H M Sh So V)

Let L be a computable linear order, and let C be a co-r.e. cohesive set.
® The condensation cy(IlcL) is dense.
o IfLXw, then cp(TlcL) = 1+1.

Upshot: Aim to make IIc£L = w + a shuffle of discrete linear orders.
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Achieving IIcL = w+1n

Theorem (D H M Sh So V)

For every co-r.e. cohesive set C, there is a computable copy L of w such that

Hcﬁ >~ w+77

(Observe that n = o ({1}).)

Goal: Compute £ = w so as to make the non-standard points of IIo L dense.
That is, compute £ so that if 1 and ¢ represent non-standard points of 1oL with

M <Nt [‘p]a

then there is a 0 with

(V] <ncc [0] <ncc (¢l

Cohesive powers of linear orders October 30, 2020 13 /27



Observations and lemmas

If C'is co-r.e. and ¢ is partial recursive, then there is a total recursive f with
f=c e

So every point [¢] € II¢A in a cohesive power by a co-r.e. cohesive set has a total

representative [f] = [¢].

Let £ be a computable linear order, and let C' be cohesive.

If £ 2w, then an [p] € I L is non-standard if and only if lim,cc ¢(n) = co.

Also, TFAE:
® [¢] is the <y, c-immediate successor of [¢].
® (n) is the <,-immediate successor of ¥(n) for a.e. n € C.

(
® ©(n) is the <-immediate successor of 1(n) for infinitely many n € C.
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Unpacking the requirements

Fix a co-r.e. cohesive set C.

We want to compute a copy £ = (L, <) of w so that
[¢] is not the <p1,c-immediate successor of [¢)]

whenever [¢)] and [¢] are non-standard points of II¢L.

So we want to achieve

V() < e(n)l = FkeL[pn)<ck=<ceh)]

for a.e. n € C whenever lim,cc ¢(n) = limpec p(n) = oo.
(It suffices to achieve this for total ¢ and ¢.)

However:
For every x we put in L, we must only put finitely many points < -below it!
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Ugly pictures of what to avoid

Suppose we are building a linear order point-by-point.

° [ 4
50?(,\\ (Pq (a)
At some stage, pg(n) looks like the immediate successor of 1g(n).
So add the red point in between.

¥ (m) Q, ()
Later, ¢2(m) looks like the immediate successor of 12(n) = the red point.

So add the green point in between.

L [ o L J o ™)
Wy €

Even later, ¢2(£) looks like the immediate successor of 2 (¢) = the green point.
So add the orange point in between.
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Preparing to compute £

Order all pairs ({(¢p, pp) : p € N) of partial recursive functions.

Main idea:
® Eventually we have to add a k between some 1, (n) and p,(n).
® Try to choose k to avoid ¢, (C) and ¢,(C) for higher priority (14, ¢q).

Uniformly compute a sequence ({A%°, A%1) : i € N) of pairs of sets such that
o A%0 and A»! partition N into two parts;
® ;- A7) is infinite for every n and every o € {0,1}".

Assign (AP0 AP:1) to 1, and assign (A?PTLO] AZPHLLY 4o
By cohesiveness, either v,(C) C* A?P:0 or ¢),(C') C* A?P»1. Try to learn which!

Similarly, either o, (C) C* A?PF10 or ¢, (C) C* AZPTL1 Try to learn which!

Cohesive powers of linear orders October 30, 2020 17 /27



Sketch of the algorithm

Fix a recursive enumeration Wy C W7 C Wy C--- of W =N\ C.
At the start of stage s, we have <, defined on a finite X;_; 2 {0,...,s— 1}.

Start with X, = X,_1, and add more elements to X.
If s ¢ X5, add it and make it <,-maximum of what we have so far.

Consider each (p, N) < s in order.

Here N is a guess of where the cohesiveness of 1, and ¢, begin with respect to
the partitions (A?P0 A2P:1) and (A2PFT1.0 A2p+1.1Y,

That is, we guess that either

Vm >N (m € C — hy(m) € A?PO)
or
VYm > N (m € C — ¢,(m) € A?P1)

and similarly for ¢,,.
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Sketch of the algorithm

For {p, N), think of an (a,b,n) € {0,1} x {0,1} x {N,N +1,...,s} as guessing

® ¢, (m) € A9 for all m € C with m > N;
® ©,(m) € ALY for all m € C with m > N;
e necC.

For each (p, N) < s, check for an (a,b,n) such that the following hold.
® For all m < n, ¢, s(m)] and @, s(m)].
® Both 9,(n) € A?P® and @, (n) € A?P+Lb,

® For all m with N <m <mn,
® ih,(m) € AP m € W, and
* p,(m) € APTLITL e W

® Currently ¢,(n) is the <z-immediate successor of ¥,(n) in Xj.

® The element v, (n) is not <,-below any of 0,1,..., (p, N).

If there is such an (a,b,n), then we need to act for (p, N).
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Sketch of the algorithm

We found an (a,b,n), so we need to act for (p, N). Call (a,b) the action sides.
® Let r be greatest such that (r, M) < (p, N) for some M.

® For each ¢ <, let (aq,by) be the most recently used action sides by any
(¢, M) < (p,N).

® Choose the first k£ in the infinite set

m (A2q71—aq N A2‘1+171_bq) \ Xs.

q<r
Essentially, we are guessing that k is not in 1,(C') or ¢, (C) for any g <.
® Add k to X, and put it <,-between 1,(n) and ¢, (n).
This does it!

® Can show that £ = w because the actions of (p, N) eventually do not interfere
with the actions of higher-priority {(q, M).

® Can show that [g,] is not the <y, c-immediate successor of [¢,] (if non-std).
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More cohesive powers of computable copies of w

For k > 1, let k denote the k-element linear order. Notice that kw = w.
Fix a co-r.e. cohesive set C.
Let £ be a computable copy of w such that [Ic£L = w4+ 7.

Then kL = w, and
Mo(kL) = (ck)(IlcL) = kw+n) = kw+kn = w4+ kn.

So 1L£,2L£,3L,--- are computable copies of w giving rise to a sequence of pairwise
non-elementarily equivalent cohesive powers:

HC(]-‘C)’ I (2‘6)’ HC(3[’)7

If k # m, then Il (kL) satisfies the 35 sentence “there is a block of size k,” but
IIo(mL) does not.

Cohesive powers of linear orders October 30, 2020 21/27



Shuffling finite linear orders into cohesive powers of w

Fix a co-r.e. cohesive set C'.
Suppose we want a computable copy M of w with lIe M = w+ ({2, 3}).

Strategy:
Compute a copy L of w with Il L = w + n along with a coloring F': £ — {0,1}.

F induces a coloring F : IIc£ — {0,1} by

~ )0 if F(p(n)) =0forae necC
F(le) = {1 if F(o(n))=1forae neC.

Compute F so that colors 0 and 1 are dense in the non-standard part of I L.

To compute M:
® Start with £ and its coloring F'.
® Replace points in £ with color 0 by copies of 2.
® Replace points in £ with color 1 by copies of 3.

Then IIc M = w+ o({2,3}).
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Inducing colorings of cohesive powers

More generally:
® |et C be cohesive, and let £ be a computable linear order.

® let F': L — N be a computable coloring.

F induces a coloring F on e L by

F(lg]) = [Fogl.

Colors are =¢-equivalence classes of partial recursive functions §: N — N.

Write [[§] for 0's equivalence class when thinking of  as a color.
A solid color is a color [4] where § is constant. For example, [0] is a solid color.

A striped color is a color [4] that is not solid.
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Shuffling finite collections of finite linear orders

We can induce a dense colorings of a cohesive powers.
Theorem (D H M Sh So V)

For every co-r.e. cohesive set C, there is a computable copy L of w and a
computable F': L — N such that

o HC,C = w+ 1.
® FEvery solid F-color occurs densely in the non-standard part of T1c L

® Between any two distinct non-standard points of Il L, there is a point with a
non-standard F'-color.

We can shuffle finite collections of finite linear orders into a cohesive power.
Theorem (D H M Sh So V)

Let 0 < kg < k1 < --- < k. For every co-r.e. cohesive set C, there is a
computable copy M of w such that

OeM = w+o({ko ki1,....kn}).
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Shuffling infinite collections of finite linear orders

We can even shuffle infinite collections of finite linear orders.
Think of a set X C N\ {0} as a set of finite order-types.

Our most general result is the following:

Theorem (D H M Sh So V)

Let X C N\ {0} be either £ or I1S. Let C be a co-r.e. cohesive set. Then there is
a computable copy M of w such that

OeM =2 w+o(XU{w+(n+w'}).

The w + (1 4+ w™* occurs naturally when shuffling infinitely many finite linear orders
using the color-and-replace strategy.

This is because a cohesive product of all finite order-types has type w + (n + w*.
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Further examples

Let C be cohesive. Observe that
MeZ = Te(N*+N) & [eN)"+TeN 2 ((n4+w*) + (w+¢n) = (n.

A cohesive power can be isomorphic to the original structure:
® [IcQ = 7 (due to Los's theorem for cohesive powers)
* lIcZQ = (LicZ)(cQ) = (Cn)n = (1.

We saw many examples of isomorphic linear orders having non-elementarily
equivalent cohesive powers.

It is also possible for non-elementarily equivalent linear orders to have isomorphic
cohesive powers:

® |et C be a co-r.e. cohesive set.

® let £ be a computable copy of w with II¢L = w
® ThenIIo(L+Q) = oL +1IcQ = (w+7n)+17
® Thus £L # L+ Q, but oL = (L + Q).
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Thank you!

Thank you for coming to my talk!
Do you have a question about it?
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