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Takeaways
① I open problems in CA

in EGA !

② Techniques from birational geometry have

applications to CA !

③ I many open problems related to this

talk !

Concentions
-

All rings will be comin . ,
noetherian

,
w/ identity

(Am,k)
↳ residue fell Alm(
unique maximal ideal↳ local ring



41 Introduction

Geometric Given a
"
nice
"

(ie. proper e flat)

family of alg . van .'s

Y )
H 711111
✓ possible?
X ¥01
-

} f-ya smooth

F xEX closed

Q Are the generic fibers
also smooth ?



Algebraic Given a flat local map
( Ain, k) → CB

,
u
,
l)

of local rings . If

B ton
.

k is regular
then is BIG Ktp) regular

t yo EA

yn pine ?

Aplp - Ay, = Fractalp )

In other words , does the property of

having regular fibers localize?

Two caveats

① Tegular
"
is too weak!

generic fiber
could be singular



7- ( Ain , k )
-

-
local domain of dim 1

and char. p>o w/ at A s
.
-1
.

• a has no pth root in A Im =L, but

• a has a pth root in Trac (A)

Then
.

A - La!÷)
,

=B

has regular closed fiber

Beak =L!a )
but non

- reduced generic fiber

B Fractal = (FraI¥{)



Fix Recall R f.t.lk -- field

R is smooth over k

<⇒ R q k
'

regular t finite field

externs ke k
'

'
-geometrically regular

"

② Version " geometrically regular
" not right !

Even for our favorite local
flat map

or

A → A

[Nagata 19623 k -field of
char- p so

[f : KP) = is

A --f ?§o aixiekq.IS/CkPlaui--7:ke3
as}

The generic fiber

I ⑤A Fractal



is not geometrically regular !

FreeCA ) E Fra of E ) purely inseparable

Def IP = property of local rings
k -- held , R --k- alg

R is geometrically ou k if local

rings of R q k
'

an IP H finite

field exths Is Ek!

Def y : R-s S flat is geometrically
if f q Ktp)

is geom.
IP over Hp)

*per prime .



Grothendieck's localization problem Gabs]

4: (Ain , k)→ (B, u,l) flat local

① A → I geom.

P

k → BIG k geom .
p}⇒ 4 geom . IP ?

In other words
,
does the property of

having geon - IP fibers localize?

Ree Name from Avramou & Foxley 4994)

IP = regular , normal ,
reduced

complete intersection, Gorenstem ,
Cohen- Macaulay



what we know

p GLP Method

regular Andri (1994] Andie -Quillen

homology

normal } Nishimura Ga8D - H-

reduced

complete Tabari [ 1984] - l
l -

intersections

Gounsteiw
Hall &sharp Eland

Grothendieck

+ Marot Easy) duality

Cohen - Avramou & Foxby Cohen

Macaulay [can] factorizations

^

(
Reg - [Marot 19843 follows

from tbchster's

conj . on A small
C- M modules

• [Brezuleanu - Ionescu 1984 , Ionescu 20087

You can prove this using



Macaulay fictions of Eatings
& Kawasaki

.

. A &F : fate flat dim

cid land

Q ① what about other IP ?

② I uniform proof for all IP above?

A- YES! For well-behaved
IP

• [l: k) L A} [
Grothendieck & Dieudonne

.

I 965]

• A Z ④
of
[µwoe 1984)

. Geometric version : 4 f. t . , AB excellent

[Shimamoto 2017]

• In general [MT



Next
82 what properties IP?

G 3 Techniques fun birational geometry

Some proofs .

§ 2 what properties IP?

All properties IP above
behave well under :

• flat maps
• deformations

r localisation

Permanence conditions (G& D 1965)

4 :( A.m,k) → (B ,
u,
l) local flat

⑤ ( Ascent) A is IP

4 is geon . p
} ⇒ B is sp

⑤ (Descent) B is IP ⇒ A- is IP



(Deformation) AK is IP I thtd
is M

⇒ A is IP

(localization) A is IP ⇒ Ay, is IP

Hp e- A prime

Handout : known multi fu IP above

> for weak normality :

excellent A [Bingener & Flenner 19933

in general [MT

. F - injective ⑤
t [Data & M]
~(

Cahuede 2009)(Hashimoto 2010T
f-finite

CM

⑦ : [Aber bach & Enescu 2009]
Both At 4 an CM

[Data & MT only y ie CM



Conj [Fedder 19833

⑤ is usually hardest :
not satisfied

• F-pure
(Fedder 1985]

. F- regular [Singh
19997

- F- nilpotent [Srinivas & Takagi 2017]

Lots of open quit'm !

Main Him[M] IP --property of local mugs

Assume . regular ⇒ IP

• ⑦~ hold for IP

4 : ( Ain , k) → CB
,
u
,
l)

A →A geom.
P

k→ B k geom p
}⇒ 4 geom.P



New . weakly normal
• rational hug's Gf. t.lk of char. o)

• Seminor
nah

• F-rational (excellent){
. ahem- Macaulay te-njectne(
known previously under some
finiteness conditions



↳ 3 Techniques from birational geometry

Main strategy Reduce to A --regular .

Prod[G & D 19657

4 : CA ,m,k) → (Bin ,l) local flat

IP satisfies t

A is regular
B k is Ip } ⇒

local rings
of

B .⑤n Fractal
anIP.

If we = (x. . oh, . . . xd) regular top .

B k I Bhau
, .
.

.
xd) B

is P

⑤
⇒ 13/64

, .
.

,
xd-D B is IP

B is IP EQ local mugs of
B Ion Terada) an

IP



How to reduce to this case?

Special case AZQ

GLP is one of the first applications of

Them (Resolution of singularities
[Hironaka 1984T)

CA
,
m) local domain

Ul

Q ,
A → th geom. regular

⇒ I proper
birational morphism

X→ SpecCA)#s
.
t
.
X is regular t integral .

"

I { A → Ci}?
. ,
finite type s. t .

① Co regular e integral
Frae(A) = frae (Ci) t i



② Every pair of primes

up E of in A

lift to primes

of g Ff in Ci for some i .

③ ② is stable under Gase change .
Pf of Main Thin when AZ Q (Marot 19847

Special case
• A → F has geom. regular fibers .
. A is domain and

B Ktp) is geom . IT Tp t
lo)

prime

• Will show : local rings of

B FrochA) an IP .

Lene ⑤ , , regular ⇒ P

Then
, geom.

IP maps are stable
under

finite type fuse change .



Consider of
EB

/ the
Los EA

B -I Irma
.mn.I Pf. bus

A →④ away fun geu.pt .

regular
Node Fractal -- Fraclci)

audio {Bq=4B
G)
of }

(
STS is IP

(B) , out

of- q
c- I E)of-of

I '

I p - I -et
(o) Co)



Consider

4: (Ci)
up

,
→ (Btg Ci) of'

^

Tegular local mug(
geom . IP fibers away

from generic point

(City. ' Z (x. . -- , Kd)
-

mail ideal

Assumption t lemma
⇒ CB Ci ) of

' / Gc.. ... . xd) is

des a) of' is P

⑦
⇒ (Bq Ci) of is IP



Next case A- Left / field or certain DVR 's

Fhm (alterations [de Jong 19963)

(A, m) domain
✓

In algebraic version of
Hironaka's

thin above
,
while we don't know

whether { A → Ci) exists s. E .

Fractal --Eraclci ),
we de know I EA-s C:3 s -t .

Frae CA) E Frae (
Ci)

are finite ett
'
us .

Bog→ (B
Co)of flat

T
By

STS is IP .



Rein . Previously used by Gabber to show

Seine's non - negativity conj .

[Berthelot 1999 ; Robert, 1998 ;
Hochster 1997]

• Used for F-rationality in special
cases [Hashimoto 2007

General case

The (weak local uniformitalion;
Crabber [IHuie , last lo ,

Orgogoto 2014J)
weak analogue of de Jong's

thin in

geometric setting .
BUT algebraic version we stated still

holds as long as
A → A geom . regular !



Rem Previously used to show :

R I -aol.ecally complete

RLI quasi -
excellent } ⇒ R quasi -

excellent

7

(Gabber [Kuran. & shrouded
)

( R
-

-semi- local [Rothaus 1979T

RZQ [Nishimura & Nishimura 19883
)(

: a.thendied, Lifting Problem
"

0pewQ_ Versions of Jfor other

properties IP.



Def Non-local ring R
has

geom . IT formal

fibers if Rp →Rhp au gun . IP
top prime .

Def R is PI if H R→S fu . type

{ p e- Speech / Sp is PIESpeels)
is open .

Conj [Imbein 1995] R I-adeadly complete
R II has geom.

IP formal fifers

+ RII is sp
-2

⇒ same for The

Modification of Grothendieck 's Lifting
Problem

,
based on work of Valebega hard



Known R--semi -local

IP ⇒ reduced
(Bethmann

- Ionescu lao

-

P-- regular [Grabber)
IP -_ normal (Brezuleauuolthothaus 1982 ;

Chiriacescu 1982]

+ [Nishimura & Noshimara
1988]

A-uduad FALSE [Nishimura 1981)


