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The goal

Introduce the cube rank on a modular lattice and show it is the “minimal subadditive
rank”.

To that end

» introduce the notion of modular lattice;
» define a relative independence relation on modular lattices (9.1-9.2 [Dpl]);

» introduce cubes, the cube rank, and an abstract notion of rank on modular
lattices;

» show (under a finiteness assumption) that the cube rank is minimal among
ranks in modular lattices (9.3, [Dp]]).



Lattices

Definition
A lattice is a partially ordered set (P, <) in which every two elements x,y € P have
a supremum (join) denoted by x V y, and an infimum (meet) denoted by x A y.

Alternatively, one can define a lattice as an algebraic structure (P, V,A) (subject to
natural axioms for V and A) and recover the order by

rL<ysr=rsNysasVy =y.

A sublattice is a substructure with respect to the algebraic definition (i.e. a subset
closed under join and meet).



Lattices

Examples:

» Any linear order (P, <) is a lattice (x Ay = min{z,y} and = V y = max{z, y}).

» Given a set A, (P(A),C) is a lattice ( ANB=ANB, AVB=AUB).

» If cl is a closure operator on a set M, then the set of cl-closed subsets of M
ordered by inclusion forms a lattice (AAB = AN B and AV B = acl(AU B)).

» If (G,+) is a group, then Sub(G) the subgroups of G ordered by inclusion is a
lattice (AAB = ANB and AV B = (AUB)). If (G, +) is abelian and (G, +, .. .)
is a first order expansion, then the definable subgroups of G form a sublattice
of Sub(G).

» If R is a ring and M is an R-module, then (Subgr(M), C) is a lattice (AA B =
ANBand AV B=A+B).



Modular lattices

Definition
A lattice (P, <) is modular is it satisfies for all a,b,x € P

a<b=(xVa)ANb=(xAb)Va.

Examples:

» Any linear order (P, <) is a modular lattice.
» (P(A), Q) is a modular lattice (it is even distributive).

» if cl is a closure operator on A, then the lattice of cl-closed sets is not necessarily
a modular lattice.

» If G is an abelian group, then (Sub(G),C) is modular (and hence also the
sublattice of definable subgroups). The same holds for (Subg(M), C).



Modular lattices

Let (P,<) be a lattice. Given a,b € P, the interval [a,b] is defined is as {x € P :
a < z and z < b}. Every interval is sublattice of P.

Theorem
A lattice (P, <) is modular if and only if for all a,b € P the map

[a ANb,a] — [b,a VD]
r—=x Vb

18 a lattice isomorphism with inverse given by x — a A x.

arb



Independence

From now on we let (P, <) be a modular lattice. We also set [n] = {1,...,n} for
n € N (with [0] = 0). The following definition is equivalent but slightly different
that the one given in [Dpl].

Definition

» Suppose P has a minimal element L. A sequence (ai,...,a,) of P is said to be
independent if for every k

ap N\ \/ai =1.
ik

» (P not necessarily with minimal element) For b € P, we say (a1,...,a,) € P"
is independent over b if b < a; for each ¢ € [n] and the set is independent in
the sublattice {z € P : b < z} (b being the minimal element).



Independence

Definition

An n-cube in P is a family {ag}gc,) of elements of P such that S+ ag is a lattice
homomorphism from P([n]) to P. A strict n-cube is an n-cube such that this
homomorphism is injective. The top and bottom of an n-cube are the elements ay
and ap,), respectively.

Proposition (Proposition 9.15, Dpl)
Let b be an element of P.

1. If {ag}gg[n} is an n-cube with bottom b, then agyy, ..., ag,) is an independent
sequence over b.

2. This establishes a bijection from the collection of n-cubes with bottom b to the
collection of independent sequences over b of length n.

3. If a1,...,ay, is an independent sequence over b, the corresponding n-cube is
strict if and only if every a; is strictly greater than b.

Remark
A dual statement of the above proposition also holds (see Proposition 9.16 [Dpl]).



Independence

A couple of words about the proof.

» Points (1) and (3) are easy.

» For point (2), injectivity is also easy and all the work is hidden showing
surjectivity. Assuming (ai,...,ay) is an independent sequence over b, one sets
ap = b and ag = \/,cga; for ) # S C [n]. We need to show

(i) asus' =asVag

(ii) asns' = as A ag
Point (i) follows from the definition of ag, and point (ii) follows from the
following two lemmas.



Independence

Lemma (Lemma 9.7 [Dpl])
Let (c1,c2,c3) be independent over b. Then ¢y = (ca V1) A (e3Ver).

Lemma (Lemma 9.6 [Dpl])

Let (ay,...,ay) be independent over b and Sy, ..., Sy, be disjoint subsets of [n].
Then (ag,,...,as,,) is independent over b.

The first one uses modularity and independence. The second one needs a bit of work
after unravelling definitions (maybe I missed something here, but as far as I can see
one needs to show on the way the following particular case of (ii) above: if i,j € [n]
are different, then a[n]\{l} A a[n]\{]} = a[n]\{m})



Cube-rank and additivity

Definition

The cube rank of a modular lattice (P, <) (written rk®(M)) is the supremum of
n € Z such that a strict n-cube exists in P, or oo if there is no supremum. If a > b
are two elements of P, the cube rank rk®(a/b) is the cube rank of the sublattice

[b, a.

Remark
The cube rank is called the “reduced rank” in [Dpl] and [DpIII] and denoted by
rkg. I followed the notation and terminology from the report.

Goal: show that the cube rank is “the minimal subadditive rank on a modular
lattice”.



Cube-rank and additivity

A subadditive rank on a modular lattice is a function assigning a non-negative
integer rk(a/b) to every pair a > b, satisfying the following axioms

1. rk(a/b) = 0 if and only if a = .

2. If a > b > ¢, then

rk(a/c) > rk(a/b)
rk(a/c) > rk(b/c)
rk(a/c) < rk(a/b) +rk(b/c).

3. If a, b are arbitrary, then

rk(a/a Ab) =1k(a V b/b)
rk(b/a Ab) =rk(a V b/a)
rk(a VvV b/a A b) =rk(a/a Ab) +rk(b/a A D).

A weak subadditive rank is a function satisfying the axioms other than (1).



Cube-rank and additivity

Goal: show that the cube rank is “the minimal subadditive rank on a modular
lattice”. This corresponds formally to

Proposition
Let (P, <) be a modular lattice.
1. If the cube rank tk°(a/b) is finite for all pairs a > b, then rk°® is a (non-weak)
subadditive rank.

2. If there is a subadditive rank vk on P, then rk®(a/b) < rk(a/b) < oo for all
a>b.



Cube-rank and additivity

Some comments on the proof: Part (2) goes by induction and it’s not difficult. Most
work goes on part (1), and particularly to show

rk®(a/c) < 1k°(a/b) +rk°(b/c)
tk®(a V b/a A b) =1k°(a/a A b) +1k°(b/a A b).

The first one follows form the following lemma

Lemma (Lemma 9.22, [Dpl])

Let ¥ <y < z be three elements of P. If there is a strict n-cube {as}scp in [, 2],
then we can write n =m + ¢ and find a strict m-cube in [z,y] and a strict £-cube
in [y, 2].

The proof uses modularity and the above correspondence between n-cubes and in-
dependent sequences of length n (and its dual statement).



Cube-rank and additivity
The condition
rk®(a VvV b/a Ab) =rk®(a/a A b) +rk°(b/a A b).
is achieved using the following lemma:
Lemma (Lemma 9.18, [Dpl])

1. Let P1 and Py be two modular lattices. If the reduced rank of Py is at least n
and the reduced rank of Ps is at least m, then the reduced rank of P X Py is at
least n + m.

2. If Py is a modular lattice and Py is a sublattice, the reduced rank of Pi is at
least the reduced rank of Ps.

3. If a,b are two elements of a modular lattice (P, <), then there is an injective
lattice homomorphism

[aAb,a] X [aAb,b — [aAb,aV]

(z,y) —» xVy.

4. If a,b are two elements of a modular lattice (P, <) such that tk°(a/a Ab) >n
and rk®(b/a Ab) > m, then rk°(a V b/a A b) > n+ m.
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