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Dp finite 1 Section 3

1 Introduce the broad filter

2 Relate broadness to externally

definable sets

3 Relate broadness to top rank



Broad Sets

Definition
Let X Xn be definable sets and

Y E X X XXu be type definable

Y is broad if there exist

ai je X for all 1 E i en j c IN such that

Foralli the ai j
are pairwise distinct

as j varies

For any function y i Ent IN

Ai yu Az yin an yLa
E Y

Otherwise we say Y is narrow



Broad

L t

Narrow



Easy Observations

1 Y E X is broad if and only if

Y is infinite

2 Y is broad it and only if for all mo Al

there are sets Si e Xi with Isi km

for all I e i en such that Si EY

3 In the definition of broad we may

assume Cai iffy is mutually indiscernible

Ii is indiscernible over

a fi for all ieEnl



Type definability in families
1 If Db bey is a definable family of

definable subsets of X X XXu then

beY Db EX x xXn is broad

is type definable

2 If A is a small set of parameters

and D is a definable set The set of tuples

a au b E X X x Xux Y such that

tp
alab is broad is type definable



Proof

L Dy is broad Es

Hittin in iii t
2 tp

a
lab is broad S

m

in I Maintain
ien
jti't'm

µ majm
an.mn balau ian7

IIE



The broad filter

let X Xn be infinite definable sets

The broad type definable subsets of

X x xXu ane a filter on type delinable

subsets of X x 4Yn or equivalently the

narrow sets are an ideal

Proof Fix Y Z E X X xXn type definable

First note that 4 broad and Y E Z

then Z it broad Secondly suppose

Yu Z is broad As observed above this

entails we can find some mutually indiscernible

array Cai ic.cm over some small set A
je IN



over which Y and Z are defined

such that for all i c Enl Caijljeµ are pairwise

distinct and for all y Ent w

Caiwill icing C YU Z

hence by indiscernibly we have

ai y ic.cn
c Y

for all y In IN w

Cai ycislie.my t Z

for all y n N This shows either

Y or Z is broad



Passage to CompleteTypes

Proposition

let A be a small set of parameters and

suppose X Xu ane A definable sets Sp

Y type definable over A Then Y is

broad if and only if tp ala is

broad for some a c Y

Proof

Clear

Extract a mutually indiscernible array

Caig iiCut over A from a witness to
j c IN

the broadness of Y Consider tp
a

B



Slices and Hyperplanes

Lemma

Assume NIP let X Xn be infinite

definable sets and Y E X X XXn be definable

Assume 4 is broad and n 22

1 There is some b E Xn such that

the slice

a au Dex x Xu Ca au i b EY

is a broad subset of X X XXu i

2 There is a broad definable subset

Dew E X X XX n and an infinite

definable Du E Xn such that



Den XD LY is a hyperplane

in the sense that for every b cDn

the definable set

a an e cDen Ca an i b f Y

is narrow in X X XXm

If

Isn



Proof Fix A overwhich everything is

definable let cai.j.iq be mutually indiscernible

over A witnessing Y is broad Deke

bj ani for all jew
a i

Iz
3 T

i

b a n

Note ai ic.cnis an mutually indiscernible
jelly

over A b and tp A5 is a

broad type in X X X Xm also

a yan i i is in the slice

a au EYx_xXuy a an i b C Y

which shows 1 Nfl e this did not use NIP



For 2 consider sequences c Cz cm

satisfying the following

1 I b C bzcz.bz Cz bmCarboutbmtzbmt3

is A indiscernible

2 tp
a Ian AI is broad

3 a au Cj fY for j I m

The empty sequence is one such sequence

and since Cain ant bj c Y for all j
there is a bound depending only on

in law 1,1 and Y on the length of a

sequence one can build satisfy 1 3 by

NIP So let me be maximal



a i

Iz
3 T

i

b In
g

Fix such a sequence cilia and let Curt

be chosen so that 4C biz bmcmbmticmhbmtzb.net

is A indiscernible

claim

If I c X X xXn and ft Xn satisfy
I Eµz aim yan l l

pEAICMH

I.pe Y

then tp HAIR is narrow



Proof By an automorphism over A 4 wlog

d ai an i it If tp FAIR
is broad then by choice of Curt and

the 2nd bullet we have

b C bzcz bmcmbuntP butz Centre

is A indiscernible contradicting the

maximality of m 18

Then there are formulas 415 Etp YAH

and 4kg7Etp
Cmt AII suck that

kiln 41pin I B FY

entails Ep TAIB is narrow

let Den be the subset of



X X X Xm defined by 4h51 let

12 be the subset of Xn defined by

H g
Because b C baeCz bmtCmt bmabouts

is indiscernible and non constant it follows

Cmt art Ab Ci u bmcmbmt bartz 1

Therefore Dn is infinite Also Den

is a broad subset of X X xXn because

Ep
a an A It is broad

Now we have to show that if path
then the set

tern Ice PHY
is narrow in X X X Xu 1 But



if I is in this set by choice of

4,4 tpCHAIA is narrow so

this follows by the passage to

complete types lemma B



HyperplaneTheorem

Assume NIP let X Xn be definable and

4 a definable subset of X X XXu Then

Y is broad if and only if there etist

infinite subsets D EX such that

Dix x D LY is a hyperplane i.e

for every b e Dn the set

a anDEDx xD Ila ian bHY

is narrow in X X XX n i

Proof If direction

D X X Dn is clearly broad since each D

is infinite Consider the sets



Y D x xD NY

H Dix xD lY

I

As Y UH D X X Dn which is broad

one of Y and H must be broad

By the slice lemma if H is broad

it cannot be a hyperplane So it follows



that Y is broad So Y is broad

Now we prove the only if direction So

we assume Yi's broad and proceed by
induction on h For h L D Yworks V

So assume n 1 By the hyperplane
lemma there are sets Dan X X XXnt

and D EXu with Da broad Dn

infinite and Deux DAY a hyperplane

By induction there are infinite deft 1 sets

D E Xi fer ie En IT such that

HE D x xD 71Pa

is a hyperplane By the slice lemma



H is narrow For
any

be Dn

a e D x xD I a 41 3 11

a cDen I Can 443
are both narrow as DeuxD LY is a

hyperplane so their union is narrow

But their union contains

IED x xD Gib HY

so this set is narrow too This shows

D x XDn LY is a hyperplane as

desired



Definability in Families

Theorem 3.11

Assume NIP and eliminates It Then

broadness is definable in families on XX XYu

i e if Yb bez is a definable family of

definable streets of Xix xXu then

be Z Yb is broad

is definable

Proof Proof by induction on n Fo ni't this

is equivalent to elimination of 77

Assume n 1 and Yb bez is a definable

family of definable subsets of X X xXn



let A be a set over which everything is

defined We have proved

be21 Yb is broad
is type definable so it sullies to show this

set is Y definable Fix bot 2 such that

Ybo is broad

By the previous theorem there exist infinite
cXi

definable sets D Yi Mici such that

for all beDue
Ca a ED t xDna a au i b 44

is narrow Reformulating this syntactically

if bot Z and Yb is broad



CHyexnlfhcxqi
stTYx.i.xn.ieX x K

x in i y 4 t's a Tiki c

Call this set the ie bois yen

let Hei ie xizi zn7 4y ienlxiz zInfItPxMilxizi
Note that if boe 2 and for some Ci ci

the ie biici ci1 then Yb is alsobroad

So be21 Ys is broad is defined by

y y

ft Fn Ht ch MiZ
Zn E



Corollary of Definasility in Families

Assume T is NIP and eliminates

It let X Xu be definable sets

and Db say a definable family of subsets

of X X X Xu There is some constant m

depending on the family such that for

BEY the set Db is broad if andonly if

there exist lai.jliecuyjc.ci such that

For allie Cnl ai Fai ji fur jFj
For any y it m la yl yanyin tDb



Externally definable sets

Assume NIP and eliminates F let

ME 1M be a small model let

X Xn be M definable infinite sets

and Y E X x xXu be M definable

and broad let D De be 1M definable

subsets of X X x Xu such that

YIM E D k
k L

Then there exist some k and some

M definable broad set Y E Y such that

Y M e Die



Proof
As Y is broad for each
me IN there is an array

iii ie En je my
such that

a ai e Xi or even XilMl

b ai j f ai j for it I I
ca Ew ay y

Enl Em

aimiiilic.cn t Y lo YIM

By Ramsey's theorem for

convexly partitioned linear orders



there is some k e l such

that for every m we can

find some Cali ecus jean
such

that

a ai c Xi

b ai j F ai j tu Ifj
c For any y Eid Earl

Cai mis ictus
c Dre



Digression on the Ramsey Statement

Recall that a Fraissidass 1K of finite

rigid L structures is called a Ramsey

class if for all A EB Elk andrew

is Celk such that

c Bir ie

for all f f Er there is

B'c such that fffBI
is constant where

Yl Y'ex I YEY



let Lp pn
E R R

Where each Pi is a
unary predicate

let Kp ph be the class of

finite L structures in which E is

interpreted as a linear order

the Pi's are a partition and

Pi Pj tu ie j This is

a Fraisse class

Exercise

KP pn is a Ramsey class

Hint Ramsey's theorem



Then let A 3 n with

Pia i3 and EA interpreted naturally

let Bm Civil ieCon je Eml
with ZB interpreted lexicographically and

PE Lisi jetm
As every structure in Kp pn is

isomorphic to a substructure of one

of the Bm's the Ramsey

property for Kp pn implies

for every
ME IN there is Nlm c Ml

sun that
A

B n Bm n



Note that it nee ane given
some A e Bam there is

some yal
En Em such that

A yf.nl ya In with

Pai Iza lil
Given me IN dehm a coloring

rim In cus

b

Hmla't min jllai.na.cn ecntDj
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By the Ramsey property there

is some B c
BBM

such that Xml Bf is

constant with value jail
Then delinig diii iecn.ie'm
so that Cali ljs.cm is an

increasing

enumeration of PIB we have

that for ay y
Eid En

a'i.mil IaPjcml

By the pigeonhole principle



there is some k such that

fur infinitely many MEN

jCmtk
This is the k we are looking for

end of

digression



By honest definitions the

externally definable set 41min12
can be approximated by

internally definable sets as follows

there is an M definable family

Fb such that for every finite

subset SE YIM n Du there

is be M such that

SE Elm
e YIM NDE

Take M as in the Corollary of definability

of families for the family Fb



Take Cai ten such that
jail

ai c Xi Ml

ai Fai j for gFj
For any y is Enid the tuple

94741 yanqui
c Dun YIM

let S Camm an.mn y Ehsan

Pick b such that

SEF.cm e Yamada
Then Fb is broad let Y Fb

Then Y M EY M implies Y'EY

and Y E Du AE



The Finite Rank Setting

lemma 3 IS

let X Xu be A definable sets and

let a and c X X x Xn Suppose there

is an infinite sequence
bi ic.in of pairwise

distinct elements such that

au au l bi Fa ai au

for all i c IN and Ep
a

YA5 is

broad then tp ay A is broad



Proof let ei.jliecn.is witness that

jE IN

tp
a't tanya is broad Then

for all y
n l All we have

Eliya yehyay ht f
ai yah 1

hence

eyra year ycnn.si A
ai y9n i bil

A ay 9n i 9u

for all i Then selling en j bj for all

JEIN yields an array ei.jlic.cn
jelly

witnessing that tp
a Taya is

broad



Will's Remark

Suppose X Xn ane A definable sets

with top rk Xi ri Then

if Cai au c X x xXn then

dp rk a anfal E r t trn

by sub additivity of top rank and if

dp rk
a AYAH r t tru

their top rk Yaa amain an ri

Otherwise for some i we have

top rk Yaa amain an ri

r t true dprk.fiAa ai ai adtdp
i it

YAI

E ri t r t tri trit t tru contradict



First connection between rank and breadth

lemma 3.17

let X Y be infinite A definablesets of

finite dp rank n and m respectively

let Ca b e Xx't be a tuple with

top rk a'b A ntm Then there is a

sequence of pairwise distinct elements

bilien such that abi ab and

suck that dp rk TAB be n

for all I c IN



Proof let Yik y zi iecutm and

ciiligf.fm form an ict pattern of

depth utmin tp MA By compactness

and Ramsey we can assume that

in fact our parameters are

ci.jp icEntm
jc 1NXlN

which forms a mutually indiscernible array

over A where 1NXIN is ordered

lexicographically



ntm

i

3

a

a

Mf 1

MT



So we have

tp a'YA v 4ilx.yici.no ie Intuit

is consistent
4ihhyici.i.ie G D Cows

By possiby moving Ci ie iecutus over A
Cj letc INXIN

we may assume this type is realized by

ab By the proof of sus additivity of

top rk there ane m rows while from a

mutually indiscernible array over Aa Vlog

these are i uH i Htm For each jew
let dj be a tuple enumerating ei.j.ieneientmkc

tN



des
de

e
ntm

ddo

i

Utz

htt

2
h

E s



The
sequence dj jew is an

A a indiscernible sequence

For each g
c IN pick some bj with

bjdj Aabdo
Claim

For
any

l 0

dp rk
ah be

YA sutlm

Proof d Claim

E by sub additivity of dp rk

So skies to exhibit Cutlm sequences

forming a mutually indiscernible array over A

but with none of which is indiscernible



over Aalso hey

For IE ie n the sequence

civic beIN

fails to be indiscernible over

ab also since

f 4ilaibojci.jp Gin 901

hence

f 4 aibo Ciw y Es le 0



des
de

e
htm d

do

i

I
hit 2

ntl

n

T
Glock KEMI

I
2

Cio be IN



For me ientm and for OE j ee

the sequence ciijielkc.IN

fails to be indiscernible over abj
because

t 4ila.bjici.jp f Yi la bici.o.ie
CES k 0



lagunas
ntm

i Catt l l b hey

l sequences I
nti

cnn.o.ie kc nY

h

h

T

gnaw

cnn.duc.in

e
s

Colo he 1N

html sequences in total



These sequences form a mutually indiscernible

array by the mutual indiscernibility of

18ciliate iecntmycj.me Nx1N claim

Now to conclude we apply the

remark to deduce

top rk 4Abob be il n

for each l 1 Moreover bythe same

top rk betAabo be 2 m 70

so befact Aalso beat so the

bj are pairwise distinct



Dp rank broad implication

Proposition 3.19

For each i L u let Xi be a definable

of finite top rank ri 70 Let Y EX x xXn

be type definable

If top rank Y r t t rn then 4 is

broad

Proof Proof by induction on h

n Li dp Y r o Y infinite
Y is broad

Suppose n 2 let It be a small set of

parameters such that everything is over A



Pick Ca an eY such that

top rk
a AYA r t try

By the technical lemma there is a

sequence biggem of pairwise distinct

elements such that

a an 1 by EA ai I am an

and

top rh
a
Ab bj r t th i

for all ige IN By induction

tp
a a

Ab bj is broad for all j hence

tp
a ah VAI is broad Hence

tp a't tan 1A is broad by our first lemma



This shows Y is broad 18



Quasi minimality

Definition

A definable set D is called quasi minimal

if D has finite dp rank in 0 and

every definable subset D E D has either

rank 0 or n Equivalently every

infinite definable subset of D has

rawk h u

Observatron I a dp rk 2 quasiminimal

Observation 2 Every infinite definable set of

finite dp rk has an infinite quasi minimal

definable subset



Main Theorem

Assume NIP let X Xu be

quasi minimal definable sets of rank

rn rn respectively let Y EX X XXu

be definable Then Y is broad if

and only if dp rk Y r t true

Proof

By definition ri 0 for all ie Fil

if direction was done above

only if will be proven by induction on h

h I quasiminimally

Y E X is broad Es Y is inline Ef top racy r



Now assume n 1 and let Y be broad

By the hyperplane lemma there are infinite

definable sets D EX Dn E Xn suchthat

for every b cDn the set

Hb a an cDX xD ICan am b 447
is narrow as a subset of X X XXny

By quasi minimality dp rkCDi ri for all

ieEnl Dehne H and Y by

H Dix xDn lY 1 Hb

Y D x xD NY



xa.tt fQi

By induction

dp rk Hb r t rn

for all b cDu By sub additivity

dp rk H r t tr t dp r k Dn

r t try



But Dix xDn HUY and

top rk D X xD r t tr

So top rk Y l r t trn

So top rk YI r t tru



Definability in Families

Assume T is NIP and eliminates 7

let Xi Xn be quasi minimal definable

sets of finite dp rank

let r top rk X x x Xn

Given a definable family Db bey of

subsets of X X xXn the sett

b such that top rk Db r is delinable

and there is some m even such that

dp rkCDb r if and only of

them ane Si E Xi with 15 t m

for ieln such that six XSn E Ds


