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Key takeaways
-

1) oeeltcdegrees provide important

Information about multi - projective

Vorce fig .

2) Thus , results on multi degrees translate

to ( or Imply/ relevant statements

in other areas of math .



I.De9

K a field, R=k[✗g -→ Xm,],

IPK
"

= Pro's ( r )
P horn

.

I { PE Specter) / and p-1-cxg.im)}

✗ = pcoj (TI) E / Pkm subvariety :

I hom
. prime .

d := dim ✗ = dinky -1 .

kab.io#.: ✗
0

degcx) = # (✗ nun . -
- nHa)<a

Hi a gnerd_ hyperplane



EI: . D= o ⇒ dog (x) =#✗

• ✗ = ✓ (f) hypersurface

⇒ deg CX) = dog (f) .

e. s . deg (v(✗i +xi -xi ) ) ⇒

kanyfield-lchou.ru#:ATP1)=YY-m?-
H : class of a hyperplane .

[X] = deg Cx) Hm
- d



Hilbutpohnonial

5- ¥ = n Sn

⇒ dmr.sn#&eciYn:.i/
6=0

= : Pxln )
p

Hilbert polynomial .

deg(✗)= "degree = multiplicity "



Rink : deg Cx) depends on

the embedding ✗ EIPKM
.

Ix :
E) -1

A-
me :/Pr?→ IPK

(xo: . . . :xm)1→(×É×i" - -
' ✗iii.

+ . . time

veroreseembeddinogdegflpit-bbfh-n.ec/PriD=e ?
Some tiny varieties come embedded in

Products of Prooj . Spacey .

( Graphs, blowups, Incidence correspondence
,, . . )



we need
"
multi

"
- version of degree .

II. Multi degrees
-

R=K[×i,o
, .mg#i,m] - - - ④ KEP,o, - . . ,✗p,mp]

& = (✗1,0, - ,✗ , ,m ,) - - - ftp.o , - - , XP ,mp )

IP =/Prin '× - - -
- ✗PIP = Multi pro; (R)

c- {PE spec (e) /
Pnultihon

,

2$10)
✗ = Me ltipcoj (RE ) c- IP variety,

I tnoltihom
. Prime .



d : = dim ✗ = dm RE - P

kalg.co# ( von der Woerden
,

'
29 )

Ñ = ( n , , . , up) C- INP
,
IÑ / =hit -. + hp = d

degñ
>

G) =# (✗ nd , × . -
- ✗Lp)<x

die IPKM
"

general linear subspace of dm Mi - ni

multioegreeofxonfgttpe-ndi-MHc.si
.

j=l



chowring-a.lk any field )

A*ap)=¥¥?!?
Hi : inverse image of hyperplane of

1PM under the hat
.
Projection

ti :lP→ pini

Mi - Ni Mp - np

[×]=£dsÉxH ,

-
- - Hp

lñI=d
a- Niemi

c- A*( IP)
.



ltdbertpd-nnwl-is-RI-1-08.ve/nPdmk(si.j-EEericxH
"f÷YTried

T
Iii / =D
,
mixed multiplicity .

degñ(x)=en
"
multi degrees = mixed multiplicity

"



whymultidegr.es?-

1) Intersection theory (von der Woerden
,
've)

2) Mixed multiplicity of Idols

(Bhattacharya , 's 't)

3) Mutt . sequence (
A- Ms '97

PTUV, 120)
4) Schubert polysemy (Knutson

- Mikey
Ios )

5) projective degrees of rationed naps .

G) Mixed vdeng .



7) Algebraic statistics [
SUE -%)Huh , 'D

8) Cort wright - skin pets ideals (c- ME;)
'

:

ATorccI-xcmpka-E.li: i :]
6

¢a=fe*P→1A¢
(fifa) 1-3 G-it}

,
fitz
,
C- , fit?fz, ti ,

C-c)

Affiretorccroriety



✗ =/lmcdn-TEIR.in/1PcixlPci
multi - projective closure

.

"
'

IP

I = ICH

MI : multi degree I

deg
"""(☒) dead"""(× )

[×]= t.lt?Hi+3HiHzHsdegHHCx
) deg

"'" ')(×)

1- 3 Hilt? + 3HiHiH]

deaf""É×)

1- 311-11+211-5 C- A*GP)



Notice
,
the coefficient of

Hilts is 0 .

i.e
, oeg"""C

Mofivatnyouestun-i.INwhen one multi degrees positive ?

i. e) for which IÑ / =D , do we

have degñcx> to ?



III.Mainresult
K myy

✗ E IP = Ipkm '

× . . . ✗ PEP variety
,

D= dmx .

Ff = { j , ,→ if C- { b-→ PS = :[p]

Tlg : IP → IRE"× . -
. ✗ lprii
,

not projection
.



Theory:(Castillo, Cid - Ruiz, Li , Ms
Zheng
,

' 20 )

lñl =D .

degñ
>

(X) > 0⇐3 hj , t . - tniw Edinfg

FF EEP]



Toricfexomptey ( revisited ) .

set rg = dm (Igad) .

Mz f- Theorem •

-

degñcx) so <⇒
hit the this = dim (☒1=2

ni tha E Fz = 2

Nz 1- 43 £ By = 2

n , th] E R,
= 2

ni Er, = I

nz E rz = 2

n] E B = 2 .



soneh.slory-fbigradeda.se )
④

Katz - Mondal - Verner
, 194 Conjecture )

.

Trung
,
102

Huh
,

' 12



Algebraic Version (Mixed multiplicity ).
-

A Actium love ring .

R = ⑤ Ry Std
.

RNP - graded

ÑeµP A- algebra
.

( Herrmann
,
Hairy
,
Ribble

,
Tong
,
197)

⇒ R hors a Hib . Polynomial PR
.

Topcoeftetos : @ n→ (f) i. Mixed multiplicity .

Ass.Jorndn- : reduce to the

K - algebra case
.



II. Applicators

Mixedmltipkatsoflleolz-:

(R, M, K) North local ring,

Io
,
Ii
,
. .

, Ip ER ideals of Pos .
ht .

Eo =m .

F-⑤ ÷÷÷÷÷→ ,
Io
, -,ip70

T std .
ANY graded

A. pot . Rye
,

-algebra

I
deg( Pt ) = dim R - I



Bet : lñ
' / = dmr - I

eñ(Io / I. , . > Ip) :=Cñ> ( T)
Mixed nwlt . of Io,-yip .

(Telstar
,
173) : Milnor numbers .

TheocemCC,cR,L,M)
( R ,m)

Std
. graded domain over K,

/til = din R - 1 , IGI
.
- , Ip one 8h . In one degree

.

analytic spread .

Cñ> (Io/ Ii , . . ,Ip) >0<=3 f

Ajit - . .thjwEl(Ij , . - • Ijw) - 1
,

tF={ii.⇒ jus EEP]



In particular
, If
l(Ii)=denR

⇒ en→(to / Ii
,
.
.

, Ip) >0,

ftp.polymeetroids-i
.

f : 2 → Zlzo ,

is a rank

fenctolf :

1) r( THE r(Jz) ,tJ,EJz(non - decreasing)

2) rlJnJz)tr(Ji UI)
E RCJ , )tr(Jz) ,

V-J , , -22 ( submedian )



the set :

-

D= { in> c- INP / €gnj£r(F) , FJECP}

E n ;
= r[[D) f.

JEEP]

IS called a po4natnid_ on the rank

function r
.

M supp (X) :={1ñ / =D / dogri G) 2)
theorem (c) ER , ↳ Mit)
rt) = dmtgcx)) is a rare

function
, thus Msupp(X) Is a poly matroid .



Schubert Roknomials-

Sp : Symmetric group on [P] .

for any IT C- Sp
,
Cy : Schubert polynomial .

EI :

Caz , __ titi 1- fit? +
fit,

t C- itzfz f- fitz

(993)
(0,30)



Colonial -Tok Con -Yong
,
117)

9- = Cy = Ecñ É
"

conjectures: g- hey

saturakdnewtonpr-itope-cs.mn
,
i.

ii. c- Newton (g) <⇒ Cñ -1-0
.

(Fink - Mésrtaros - Sf. Dirtier
,

'
$8)

conjecture is true ✓ .

Our theorem f- ( Knutson - Miller ' 04) :
-

Alternate proof .

✓



I. Further questions
-

1) (Trung 102) (Degraded are )

If ✗ is arithmetically cm (Acn )

( i.e, :# 'son)

⇒ Trung's result is true .

Connected in God . I & etui dinners and) .

Our result is not true
.

a- : If ✗ is ACM
,

Msuppfx) Is a polytope ?



✗
Degraded Gse

.

2) ( Huh' 12 ) Gradual Cop 1- a nwtipb)

the repeatable Msuppcx) .

§: can we characterate thee representable

Mapp G) in the multi - prosector case ?

(Brion ,
'
03) , (gon, 0,18) .

3) Msuppcx) is an invariant of

Hlbh (B)→ (Hamm - stumps
toy )

convex Geometry ⇐ Algebraic Geometry

I : what's the relation between these objects?


