
Smooth stationary water waves with 
exponentially localised vorticity

Mats Ehrnstrom
NTNU Norwegian University of Science and Technology

Joint work with Samuel Walsh, University of Missouri, and  
Chongchun Zeng, Georgia Institute of Technology.

Mathematics of Fluid Dynamics program 
MSRI, Berkeley, April 2021



A. γ(t) = t + !(t2) is a      -function such that                       admits aC2

radial solution in                             . C2(ℝ2) ∩ L2(ℝ2)
ΔU = γ(U)

B.                       spans the kernel of                                                        .   −Δ + γ′ (U) : H2(ℝ2) → L2(ℝ2){∂xU, ∂yU}

Assumptions

Ψ = U − Ubc + u
Stream function ansatz

ΔΨ = γ(Ψ) ΔU = γ(U)
Ψ |∂Ω = 0

+ nonlinear Bernoulli

U = |∂ℝ2 0
ΔUbc = Ubc

Euler Ground state

+ positivity, decay

Boundary correction

Ubc |∂Ω = U
acts as a reflection 
around boundaries

1
δ τ

Parameters (extremely small)



Main result

For small , there exists  and a solution with the properties 
that  where 

δ ≪ 1 |τ | ≲ δ− 3
8 e− 1

2δ ,
|Ψ − Ψ0 |H2(Ω) ≲ δ−3e− 2

δ ,

Ψ0(x, y) = U ( x
δ

, y − τ
δ ) − U ( x

δ
, 2 − y − τ

δ ) − U ( x
δ

, −2 − y − τ
δ ),

and , with |η − η0 |H2(ℝ) ≲ δ− 5
4 e− 3

δ η0 = − 4
α gδ2 e− g

α |⋅| * ((∂yU( ⋅
δ , 1

δ ))
2) .

The vorticity is spiked in the sense that  so thatω = 1
δ2 γ (U( ⋅

δ )) + o(e− 1
2δ ),

|ω |L∞(Ω) = O (δ−2), |ω |L1(Ω) = |ΔU |L1(ℝ2) + o(e− 1
2δ ) .

At the same time, ∫Ω ω dx = o(e− 1
2δ ) .
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