A basis of neighbourhoods of 0 in fields of finite

dp-rank (from: Will Johnson Dpl, section 4)

MSRI, january 14th 2021



A basis of neighbourhoods of 0

Let 91 be a sufficiently saturated dp-finite field and M be a small
elementary substructure of 1.

Recall that X is heavy if it is Y-heavy for some critical set Y/,
namely there is § € M such that rk(Y N (X + 6)) =rk(Y).
Furthermore, if Y’ is another critical set , then X is Y’-heavy
(Proposition 4.18) and we were in the middle of that proof.



A basis of neighbourhoods of 0

Let X, Y be two definable subsets of 9t and set
X =Y ={6€M: XN (Y +9) is heavy}.

Note that X —c Y C X =Y. (If u € X N (Y +0), then
Uu=x=y+06,s05=x—y).

Candidates of basic neighbourhood of 0 inducing on 9t a field
topology: (Definition 6.3) X — . X = {0 € N: X N (X +0) s
heavy}, where X is a definable heavy subset of 9t (so 0 € X X).

When 91 is an abelian group, not of finite Morley rank we will get
two disjoint heavy sets (Theorem 5.2) (and in case M is a field, a
Hausdorff topology (Proposition 6.5.5)).



Properties of heavy sets

Theorem (Theorem 4.20)

Q Assume that 9 is infinite, and X heavy, then X is infinite.
Q If XU Y is heavy, then either X is heavy or Y is heavy.
Q If X is heavy and X C Y, then Y is heavy.

Q Let {Dp: b € M} be a definable family of subsets of 9, then
{b: Dy is heavy } is definable.

X —x Y is definable.
M is heavy.

If X heavy, then for any oo € 9™, «- X is heavy.
If X heavy, then for any a € 9, oo + X is heavy.
If either X or Y is not heavy, then X — Y = 0.
If X,Y are heavy, then X — Y is heavy.

Let X be heavy, then 0 € X — X.
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Heaviness is well-defined

(1)

Lemma (Lemma 4.12)

Let Y be a critical set of rank p and @ be quasi-minimal and let
t > 1 an integer. There exist pairwise distinct g1,...,q: € Q such
that

k()Y + 1) = p.

i=1

Note that the lemma implies that (\/_;(Y + g;) is critical. (Indeed
a translate of a critical set is critical and if a subset of a critical set
has the same rank then it is also critical.)



Heaviness is well-defined

Proof (by contradiction):

So for any distinct qi,...,q: € Q, rk(N_y (Y +a)) <p—1 (1).
Let (Xi,...,Xn, P) be a critical configuration with target Y. By
3.23, p =Y., rk(X;). By 4.6, there exist a small model M and
non-algebraic global M-invariant types p; on X; such that if
aEPI®...@py [ M, then a € P. Furthermore we may assume
that Q@ is defined over M and that there is a non-algebraic
M-invariant type py containing Q.




Claim (4.13)

For k € N*, let
Qk = {(al,l,...,al,,,,...,ak,l,...,ak,n,qo) € (X1><...><Xn)k>< Q
such that
O for each i € [k], (ai1,...,ain) € P,
Q there are infinitely many g € @ such that
Ao (90 + X1 3ij) € Y + ).
Then for k >> 0, Q is not a broad subset of (X1 x ... x X,)kx Q.

Note that since 3°° is eliminated, the sets Q are definable.

Proof of Claim (by contradiction).

Let h:=rk(Q) > 0. Choose k large enough such that

t.h+ k(p —1) < h+ k.p, equivalently h.(t — 1) < k. By 3.23, if
Qy were broad, rk(Q2x) = h+ k.p. In particular Q4 would contain
a tuple of that rank (over M) (2). Let
(at1,---5a1,n---,ak1s---,3kn, o) be such tuple. For i € [k], let
s 1= 2}721 aj j. By definition of Q, (aj1,...,ai.) € P. So

si € Y (= m(P)).




Proof continued.

Since the fibers of 7 are finite, (aj1,...,a;,,) € acl/(s;iM). Again
by definition of €, there are infinitely many g € Q such that
{g0+s1,...,90 + sk} € Y + g. So we may choose qgi,...,qt—1
pairwise distinct and not equal to gg such that

Go+si €NZ1 Y +qe i €[k] (and so go+s; € Nip Y + qe). We
have rk(si/Mqo, . .., qe-1) = rk((ai1, .-, ain)/Mqo, - .., qt—1) <
rk(NSZs Y + qe) < p (by (1)). By subadditivity of dp-rank,

kp+h§ rk((al,la"’7al,n7"’7ak,17"'Jak,n7q07q17"‘7qt—l)/M)
< k(p—1)+t.h,

contradicting (2) (recall that k has been chosen such that
k(p— 1)+ t.h < kp + h).
End of proof of the claim.




Fix k such that h.(t — 1) < k and so €y is not broad. Choose

(at,1,---5a,n -+ ak1s-- -, akn, o) realizing
(p1® ... pp)® @ pg over M. Let s; := > i1 dij, i € [k]. Recall
that each a; := (aj1,...,a;,n) € P and so s; € Y. By Lemma 4.5,

tp(ai, o)/ M) is broad and so (3j, qo) ¢ Q«. So there are only
finitely many g € Q such that A%, (qo +si € Y + q). Since

si €Y, qo is among these g's, which implies that

qo € acl(M,s; + qo, ...,k + qo). Choose £ minimal such that

qo € acl(M,s; + qo,...,s¢+ qo). Note that ¢ > 1, since
tp(go/M) = po is non-algebraic. Let

M' = MU {s1 + qo,...,S—1+ qo}. By choice of ¢, qo ¢ acl(M’);
also note that M'qq C dcl(M, qo, (aij)1<i<ni<j<t—1)-



We are in position to apply Lemma 4.11. Indeed, qo ¢ acl/(M’), 3
realizes the M-invariant type p; ® ... ® p, over M'qqg. So we can
find N a small model containing M’ and a N-invariant type r such
that a,qq realizes p1 ® ... ® pp, @ r [ N, namely qq realizes r | N
(in particular r contains Q) and 3y realizes p; ® ... ® p, | Ngo. By
Lemma 4.5, tp(as, qo/N) is broad. Recall that (Xi,...,X,, P) was
a critical coordinate configuration 3, € P, Q a quasi-minimal set,
(3r,q0) € X1 x ..., Xy, X Q, with a broad type over N (over which
everything is defined). So by Lemma 4.10, go ¢ acl(s; + qo, N),
otherwise one contradicts the fact that the configuration is critical.
However ¢ was chosen such that

qo € acl(M,s1 + qo,...,se+ qo) C acl(M', sy + qo), a
contradiction.



Lemma (Proposition 4.14)

Let Y be a critical set and @1, ..., Q, be quasi-minimal. Then for
every m there exist {qjj}ic[n] je[m] Such that
Q for fixed i € [n], gi1,--.,qim consist of m distinct elements
of Q;

O the intersection (), (1 m (Y + 2271 Gigiy) is critical.

Proof.

We proceed by induction on n. The case n =1 is Lemma 4.12.
Assume n > 1, so by induction we may find {q;;}ic[n—1]je[m With
for fixed i € [n —1], gi1,...,qim consist of m distinct elements of
Qi and Y/ := ﬂn:[n—l]ﬁ[m](y + 27;11 gin(i)) is critical. By the
preceding lemma, there are pairwise distinct elements

Gn1s-- -+ Gnm € Qn such that rk(NZ; (Y’ + qn;)) = rk(Y") (and
so is critical). Set Y := ((\_; (Y’ + gn,). Unravelling what is Y’
we get the result.




Indeed, x € Y iff for every j € [m], and every n : [n — 1] — [m],
X =dqnj = dn-1n(n-1) — --- — 91n(1) €Y. So
Y = M) (Y X1 Gin(i))-



Lemma (Corollary 4.15)

Let Y be a critical set and @, ..., @, be quasi-minimal. There
exists & € M such that

{(x1,- - sXn) EQL X ... X Qnixi+...+xp €Y +6}

is a broad subset of Q1, ..., Q,




Proof.

By Proposition 4.14 applied to the quasi-minimal sets (—Q;), we
can find for every m, {qjj}ic[n),je[m) Such that

Q for fixed i € [n], gi1,--.,qim consist of m-distinct elements

of Q;

O the intersection (), (1 m (Y — 2211 Giy(iy) is critical. (and
in particular non-empty)

Let =0 € a1 [m (Y — 20721 Gim(i))- So for any 0 : [n] — [m],
-seY->1, gin(i)- Equivalently, i Gin(iy €Y +0. By
compactness, we can find, for each i € [n], (gij)jen pairwise
distinct elements of Q;(90) such that for any n : [n] — N,
>.im19in(i) € Y + 0. This means that

{(g1,--sGn) EQL X ... X Qn:q1+...+gn €Y + 4} is a broad
subset of Q1 X ... X Q,.




Proof of Proposition 4.18

Let Y, Y’ be two critical sets and let X be a definable subset of
M. Assume that X is Y-heavy.

Proof.

Let &g be such that rk(Y N (X + do)) = rk(Y). We have to show
that X is Y’-heavy. Note that X' := Y N (X + dp) is critical as a
subset of a critical set of the same rank. First we show that X’ is
Y’-heavy. Since Y’ is a critical set, we have (A1,...,A,, P) a
critical configuration with target Y’. By Theorem 3.10, there exist
infinite definable subsets D; C A; such that D; x ... x D, \ P is an
hyperplane, namely for every b € D,

{(dl,...,dn,1)€D1><...><D,,,1: (dl,...,d,,,l,b)ﬁp}

is not a broad subset of A; x ... x A,_1 (%).




Proof.

By Corollary 4.15 (the D;'s are quasi-minimal and X' is critical,
there exists d; € 9 such that

{0y o sxn) EDy X ... x Dpixa+ ...+ xp€ X' + 61}

is a broad subset of D; x ... x D, (and so of A; x ... x A,). By
(%), {(x1,---sxn) €EP:x1 4+ ...+ x, € X'+ 61} is a broad subset
of Ay X ... X A,.




Proof.

Recall that the map 7 : (x1,...,Xx,) — x1 + ... + X, has finite
fibers on P. So the subset of Y": {x1 + ...+ xp:

(x1,--,xn) EPx1+ ...+ x, €X' + 01} =Y Nn(X +6)}

has full rank. So X’ is Y’-heavy. Finally X’ C X + dp, so
Y' N (X + do + 61) has full rank in Y’ and so X is Y’-heavy.




