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Definition generalized Wigner matrix
Real symmetric (5 = 1) Wigner matrix Hy = % Xn = (x3)Ny:

1. {xjj, xii|i < j} are independent centered random variables and x;; = xj;.
2.
Ellx; ] = s

with C~ 1<s(2)<CandZ:sz)—N—i-1

k k
" " >
max {Ell . Ellxil ]} < G k>3

Complex Hermitian (3 = 2): also E[(x;)?] = 0.
Special cases: Gaussian orthogonal ensemble (GOE, 5 =1):

Xij NNR(O, 1), Xji NNR(0,2).
Gaussian unitary ensemble (GUE, 8 = 2):
Xijj ~ N@(O, 1), Xji ~ NR(O, 1).

Explicit formula for joint eigenvalue distribution.
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Wigner's Semicircle law
Eigenvalues of Hy

AL < A << g
Empirical spectral distribution (ESD)

dpn(x) == N ZI(S)\ (X)dx = dpusc(x) =
Semicircle law is universal

\/ —X21[ 22]dX

05|

000,

Figure: Histogram of the eigenvalues of a N = 2000 GOE
or <& = = : 9ace




Asymptotics of largest eigenvalue [Bai-Yin ‘88]:
fourth moment exists: AN — 2, almost surely.
Typical eigenvalue spacing N—2/3 near edge.
normalized fluctuations: N?3(\y —2).
Tracy-Widom Law ['94, '95]:
lim PCVE (N2/3()\N —2)< r)

=TWy(r) := exp ( - /roo(x —r)? (q(x))2dx).

where g(x) is the solution of a Painlevé Il equation. GOE: TW(r).
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Figure: Tracy-Widom laws
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Asymptotics of largest eigenvalue [Bai-Yin ‘88]:

fourth moment exists: AN — 2, almost surely
Typical eigenvalue spacing N—2/3 near edge.

normalized fluctuations:
Tracy-Widom Law ['94, '95]:

N?3(\y —2).
lim PGUE

Jim (NN%AN—2)<r)

=TWy(r) := exp ( - /roo(x —r)? (q(x))zdx).

where g(x) is the solution of a Painlevé Il equation. GOE: TW(r).

Figure: Histogram of 2000 samples N = 1000 GOE - - = DA




Special case: Gaussian ensemble
Joint eigenvalue distribution:

pn.s(Ass - An) = H|>\ — \j|fem TNEL N,
I<_I

GUE (5 = 2): determinantal point process with k-th point correlation
P, -+ s M) = det Ky (A, )]s,

where Ky is expressed in terms of Hermite orthogonal polynomials.

Kn(x, sz (VNx)¢r(VNy)e™ e

Normalization at the edge:

X
K:Idge(x Ky <2 + W’2—|— N}Z//?’) - KAiry(X7.y)a

] 1
7)/) = N2/3
where
Ai(x)Ai'(y) — A’ (x)Ai(y)
X—y ’
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Tracy-Widom law for Wigner matrix

[ Question: Is Tracy-Widom law universal?

Edge universality: ~im P(N2/3(>\N —2)< r) = TWp(r).
— 00

Some references:

[Soshnikov '99] (distributions are symmetric and sub-Gaussian decaying);
[Péché-Soshnikov ‘07, ‘08] (partially remove symmetric condition);
[Tao-Vu ‘10, ‘11] (three moments matching);

[Erdés-Yau-Yin ‘12](removed the vanishing third moment condition);
[Lee-Yin ‘14](necessary and sufficient condition, heavy tail).

Related models: generalized Wigner matrices, sample covariance matrices, random
band matrices, adjacency matrices of random graphs,...
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Quantitative Tracy-Widom law
GUE (3 = 2): Determinantal point process. with k-th point correlation

pfﬁ()\la <oy Ak) = det[Kn (A, )\j)]l'(

ij=1»

where Ky is expressed in terms of Hermite functions.
Strong uniform convergence estimates [Deift-Gioev '12]

|KI(\eIdge(X7y) _ KAiry(X’y)‘ < CN—2/3e—c><e—cy ,

for x,y > ry, some fixed ry € R.

Berry-Esseen estimate [Johnstone-Ma ‘12]:

sup
r>n

pGUE (N2/3()\N —2)< r) - TW2(r)‘ < CN23,
GOE( = 1): slightly different centering and scaling parameters.

(N = 1)V (A — 4 - %) .
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Generalized Wigner matrix [Bourgade ‘18]:

sup
r>r

]P’(N2/3()\N —2)< r) - Twﬁ(r)‘ < NTEFe,

Matrix Ornstein-Uhlenbeck process (interpolation):

1 1
—dg;; — = h;dt, H(0) = Wi .
\/N ﬁj o i ( ) igner

Dyson Brownian motion (DBM): A1(t) < --- < Apn(t).
1 A1 1
A\ = ——d; (—4 l 7)dt.
N Y ; NN
Part 1: local relaxation estimate (using coupling of Wigner and Gaussian).

(D) — (0] = O st

Part 2: remove small t (Green function comparison for short time).

dh; =

) = N2 (t) = pn(t)] = O(

N23|an(t) — An(0)] = O(—— +

Ny et N?3n 4+ N7

Optimization: t = N=1/9 5 = N=8/9 (see later for 7).
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Quantitative Tracy-Widom law for Wigner matrix

Theorem (Schnelli-Xu ‘21)

sup P(N2/3()\N —2)< r) . Twﬁ(r)‘ < NTiFe,

r>r

1. Not rely on the DBM relaxation (part 1), but Green function comparison for
a long time (part 2).

2. Speed of convergence depends on fourth moment of off-diagonal matrix
entries and second moment of diagonal entries.

3. Open question: Can rate be improved to N—2/3 for all Wigner matrices?

Green function comparison method
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Local law for Green function

Definition: Stieltjes transform of a probability measure v on R,

()

xX—2z

m,:CT — C*, m,(z) = /
R
Stieltjes transform of the semicircle law satisfies m2.(z) + zmsc(z) +1 = 0.
lim 1Imm (E +1in) = psc(E)
n\‘o T sc ,r] - pSC .

Stieltjes transform of ESD of Hy, pun(x) = & N o,

j=1"Aj

u 1
g — JT6E). 6la) =

where G is called the Green function or resolvent of H.
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Theorem (Erdés-Yau-Yin ‘12)
Foranyze€ S:={E+in:|E| <5 N <n <10},

I 1
Entrywise local law: TT}SXIGij(Z) — djimsc(2)| < = Z:(Z) + N_n
1
Averaged local law: |mn(2) — msc(2)] < Ny’

Definition For X,) >0, write ¥ <Y or X = OZ(Y) if

P(X <NY)>1-NP  vr,D>0.

Local law = rigidity of eigenvalues: Ay — 2| < N72/3,
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Link largest eigenvalue to Green function
Distribution of largest eigenvalue:

() = IE]’(/\/2/3(>\N -2)< f) = ]P’()\N <24 N_2/3r), r>n.
Set E =2 + I\I_2/3r7 EL = 2—|— N_2/3+5_

(+) = P(N(E, 00) = 0) = P(N(E, E) = 0) + O(N"°).

Note that
N(E, E[_) = TI‘]l[E’EL](H) %Tr]l[E’EL] *On(H)
n 2 1 El
0 =— N~3 =— ImTrG in)dy.
n(X) proca S 7T/E m TrG(y + in)dy

Choose a cut-off function/smooth indicator function

1, x| <1/9,
F(x) =40, x| > 2/9,
smooth decaying, 1/9 < |x| < 2/9.
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Using that NV(E, E,) is integer valued, one shows that

]E{F(/ELImTrG(y—Hn)dy)] < (+) §E[F(/EL Im TrG(y + in)dy)| .

_ E,

with E_ = E— Ny, E. = E+ Ny
Roughly speaking,

Ez 5
T mu(y + in)dy ) | + O<(N3n),

P(N3 (A —2) < r) ME{F(N/

E;

where Ey, E; € 2 — C1N*%,2+ C2N*%+€], and n < N-3.

Choosing 1 = N=2/37¢, {|G; — ms:6;], |my — msc|} < Nin = N~1/3+e,

Theorem (Erdés-Yau-Yin ‘12)

’(E—EG5E> {F(N/Ez - mN(y+in)d}/)” < NVStee o N2/3
£
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Green function comparison theorem (GFCT)

For quantitative TW law, we choose

77=N_H—E:>{lGlj_’T’scfsij|7|n"N_rr'SC|}—< N~F.

N_n =
Theorem (Schnelli-Xu '21)

’(E _ EGﬁE) [F(N /EE2 Tm mn(y + in)dy)} ‘ SNV = Nt
1

Leads to quantitative Tracy-Widom law with rate nearly N—1/3.
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Toy model: Estimate E[Im my/(z)]
Proposition

Define Seage := {E +in: E € 2 — GN™3,2 + GN=3+], p = N1+,

’(E — EGﬂE) [Im mN(z)] ‘ < N~1/3=¢ Z € Sedge-

Estimate following from convergence estimates of correlation kernels and
boundedness of Airy kernel:

ESPR(Im my(2)] = O(N73) ~ Immee(2), 2 € Sedge.

GFCT yields a non-trivial estimate:

E[lm my(z)] = O(N~3) ~ Im m..

Cannot be implied by the local law

1
[Im mpy(z) — Im me.(2)| = |Im my(2)] < o =N"°
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Matrix Ornstein-Uhlenbeck process (8 = 1):

1+6, 1
dhas(t) = 4/ N ELELLLY; Jyg 5 hapdt, ha(0) = (Hn)ab -

In distribution this is equivalent to writing
H(t)=e iHy +V1—etGOE, teR,.
Define the time dependent Green function:
G(t,2) = (H(t) — 2)~%,  mw(t,2) = %TrG(t, 2).

Local law for any t € Ry and z € Scqge:

1
max {|G;(t, 2)|,|Gi(t,z) + 1|, |mn(t,2) + 1|} < V.= — = N"°,
nax {1Gy(t.2)] Gu(t.2) + 1L mn(t.2) + 1} < ¥ o= -

Here we used that ms(2) = —1.
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Using Ito’s formula,

1
d(mn(t,2)) =Y (- )dBas + 55 D habGua Gt => Dy
a,b v,a,b

2
+ W Z (GvaGabiv + GVbivGaa)dt — D2.

v,a,b

Assume for simplicity: Eh2, = 0.

Expectation of the first drift term: E[D;] = 2/\/ Zv b [ avaava} )

7

k-th cumulant: sK)(h) 1= (—i) (dt“

log Eelth)

t=0
/

B[41(h)] = 30 LS REIF(8)] + Ry

If his Gaussian, then s()(h) = 0,Vk > 3 (Stein's lemma).

Cumulant expansions in RMT: [Khorunzhy-Khoruzhenko-Pastur '96], [Boutet de
Monvel - Khorunzhy ‘99], [Lytova-Pastur ‘09], [He-Knowles ‘17], ...
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(k+1)

Truncate cumulant expansion at fourth order (s,, " normalized)

4 (k+1
EDi] _2N 2 ( Z klNk“ [8 (giv{:kfbV)D + O<(ﬁ)'

a,b,v  k+1=2

9G; GivGaj + GGy
Rules: i DibDaj T BiaBhi o G
WS o 146, = =G

Exact cancellation of second order:

i 2 e[ < mol 60 =1,

v,a,b

Adding up E[D1] + E[D2],

dE[mpn(t,2z)] 1
T =0 Kok Kot Kat 04 ).
where
\/N (3) o ( Gua va) 1 (4) oM ( Gua va)
K3 fm‘;? abE|:48h§b :|7 K4 ./\/?’vzabsabE{ahgb]'
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Examples from third and fourth order:

1
\/Nm Z Sgi)E [Gva va Gaa be + Gva Gav Gab be + - :| )

v,a,b

1
m Z Sgg)E[GvaGav Gaa(be)2 + GvaGabivGaabe + - ] .

v,a,b
Abstract form of averaged product of Green function entries:

n

N N
Q4> Qd(t,Z) = NL Z Z Cvl,...7vm(H Gx,-y;(t7 Z)),

V1= i=1

Degreed:: #{i:Xi§£}/i}; Xiayie{vla"’ 7Vm} = I)

Naive bound: |Gj — mgd;| < W = N~ = |Qu(t, z)| < ¥ + N71.

n(v) =#{i: xi=vi} +#{i: yi= v}, Vv € L.
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Definition Qg is unmatched (denoted by QJ), if exists v; € Z s.t. n(v;) is odd.
Otherwise, Qg4 is matched.
Third order terms from K3 are unmatched, since n(a) = n(b) = 3.

Lemma (size of unmatched terms)
IE[Q5(t, 2)]| < N1, t € RL,z € Sedge J

1. True for spectral parameter z in a broader domain S.

2. True with distinct spectral parameters z; in the product of Green function
entries.

3. GOE: eigenbasis Haar distributed in O(N) independent of eigenvalues:

E[Gab]:JE[Z O"’JO"J] ZE[}\ - ]xE[oajobj]:o. (a#b).

Jj=1

In general Weingarten calculus.
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Expansion mechanism |

Example: @ := N2 ZGaa GabGha, n(a) = 4,n(b) =2.
a,b

Using zGj; = (HG);; — 0;; and cumulant expansion formula,

1 1
2E[Q2] ~ zE[Qa] = — 15 D El1GasGoo] + 75 D ElhakGra Gab Gial

a,b a,b,k
aGkaGabia
=-15 ZJE[GabiaH v ZE[W1+
a,b,k
0G; Gip G,j + Gjs G
Rules: Le=o— 2 G =G
ules ahba 1+5ab ’ GJ GJ
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Second order (new summation index k which is matched):

G a 2 G a
3 S GO k) = 2 n(a) = 4n(b) = 2.
a,b,k
2nd. Gio G Gps = —Gia(Gaa Gis + Gak Gib) Gpo: degree d > 3;
3rd. GkaGab Do d > 3.
1st. gf:: GopGpa = —Gra Gra Gap Gpa — Gk G2 Gap Gpa-
Leading term of degree d = 2

1 1
— 23 2 BlGuGas Gab Gra] =75 > L ElGa Ga o] = E[Q2]
a,b,k a,b

1
B W ZE[(mN + 1)GaaGabia] = w2,
a,b
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1 1
m ZE[Gaa Gabia] ~ _m Z E[]- Gab Gba]
a,b a,b

o % ZE[GaaGabia(mN + 1]+ Z E[Qq] + -

a,b Qu€Qyr,d'>3

New abstract form:

n

Qq == # zI:CI(H fo}//)(mN +1)", di=#{6 £yt +

i=1

In general, choosing Gy, = Gaa,

E[Qa) =E[Qu(Guy = —1)|+ > ElQu]+--

QuE€Qy,d" >d+1
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Expansion mechanism ||

1
Example: Qs := el E E[GabGapGra], n(a) =n(b) =3.
a,b

2E[Qs] ~ZE[Qs] = — 55 ZE[5ab GabGbal + 573 Z E[hakGib Gab Gpa
a,b a,b,k
8G Ga Gpa _
=N Xbik SRR 4 O (N £+

Leading terms: 1. OGyp/Ohay:
—E[my Q3] = E[Qs] — E[(my + 1) Q5]

2. aGab/ahak and 8Gba/8hak:

1 1
e > GibGpGba G, N > GibGab Gk G
a,b,k a,b,k
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Combining with Expansion mechanism I,

E[Qs] _N2 > E[Gab Ga5Ghal = N3 > " E[Grs Grs Ghal
a,b a,b,k

~a Z E[GkpGab Gpk] — E[(mn 4+ 1) Qs] + - -
a,b,k

In general, choosing Gy,,, = Gay, with y1 # a,

E[Q4] = Z E[Qd(XhX,' — k)} + Z E[Qd(xl,y,- — k)}

2<i<m 2<i<m
xi=a,yi#a XiF#a,yi=a

Y EQa+

Qu €Qyr,d’' >d+1

Observation: (expansion not unique, but okay)
1. # index a in these leading terms (if exist) is n'(a) = n(a) — 2.
2. # leading terms of degree d =n(a) — 1. (if n(a) = 1, better bound)
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Proof of Lemma

1
Example: na ZE[GabGabia] WL N = vt N
a,b

Using expansion mechanism I,

1 1
A ;E[Gab GapGpa] =\ ;{]E[Gkkabia] = n(a) = 1, unmatched

1 o
+ 75 Z E[Gib Gan Goi] + Z Qi>a-

a,b,k
Using expansion mechanism Il again on the unmatched index a with n(a) =1
1 _
m Z E[Gkkabia] = Z Q‘?Z“ = yt + O(N 1).
a,b,k

n(a)+1
2

In general, iteratively use Expansion mechanism Il for times

Qg = Z Qi >dot1 = Z Qi>dyt2 " = Z Qisp = vl L o(NTh).
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Fourth order term

1
Example: e E E[GabGab Gaa Gob) s n(a) =n(b) = 4.
a,b

Step 1. Reduction to trace-like quantities (neglecting factors my + 1):

~ 1 n
Qd:E[WZCI(H GX,'y,'):Ia X,-;éy,-, n(v):2, Vv eT.
z i=1
Using Expansion mechanism I:

1 1
N2 ;E[GabiaGaa Gpp] = — N2 aZl;]E[Gabiabe] +oee

1
:m ZE[Gabia] +ee
a,b

Further expansion will not help.

1 1
N ;E[Gabcba] =\ kZ;E[Gkbik] +-e
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Step 2. Estimate for Gaussian ensemble:

‘]EGﬁE [% Z Gabia:| <RGPE [% Z |Gab|2} (Ward identity)
a,b

—EGﬁE[hn'N":‘?’(Z)} = O4(N579).

In general, we have

Im mpy(2)

ESPIQ < B9[S

} — OL(N"i7(=De) g >0

Step 3. Iterative comparison = hierarchy of (5d.

dE[?d] 4N3/2Z [833/;:1 } 12N3Z 5 E [aah?d}

= E[Qazar1] + O<(N7'/3).
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Hierarchy of de:

d Qy Estimate
2 - E[TrG?] N=3—¢
3 wE[TrG?] N—3—2e
4 HE[TrGY, LE[TrG?TrG?) N—33e
5 #E[TrG®), HE[TrG2TrG3] N—5—4e
D-1 TGPt L eGP GP 3, . | N3 (@)
D>4 +1 WO L Nt < N N—3-De
Lemma
IE[Q4]] < N7Y37¢  d>2,teR,,z € Suage J
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Proof of GFCT for E[Im my]

dE[mp(t, 2)]

T =0 K+ K3 + Ka,

where

Ks = \/N% > SS;)E[_a (g;Zva)} =VNY E[QS] = 0(N77),

v,a,b

Ka= N3 Z at)E[ g;ZGbV } ZE[Qd>2] = O0x(N737°).

v,a,b

Choosing T = 8log N,

E[Im my (0, 2)] =E[Im mp (T, 2)] + O<(N~37°)
=ESOF[Im mp(2)] + O<(N~379).
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Extension to general F

Set c
X(t):=N Im mpy(t,y + in)dy.
E
q 1 sS85 (1) OKF'(X) [ Tm GyaGpydy
EE[F(X(t))] = Z Z F Nk42-1 E 8h§b

[y
S
<
x
+
Al
|
w

):

-

4 (k+1) k=1
:Z Z %Sal;v (t)]E[f) F(X)AImGab} Lo

pEsy K
a,b k+1=3 2 Oy
where we use G2 = (f G and
y
Alm G :=Im G(t, E; +in) — Im G(t, E; + in).

Third order terms: unmatched and bounded by O (N~%/2).

Kevin Schnelli MSRI November 22, 2021

32/37



Fourth order terms:

Ky =25 Z E [F’(X)Alm mN(z)]

— 2s(H)E [F”(X) (AIm mN(z)) 2]

~2sU(1)

B E[F'(X)AIm TrG?] + - - -

2
where s ( )= 223751: gb)

Recall from the toy model:
E[lm mp(t, z)] = O(N7Y3) = |K,| < N71/3
Therefore, we conclude that, T = 8log N,

E[F(X(0))] = E[F(X(T))] + O<(N~7) = ESOP[F(X)] + O (N™3).
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Strategy to prove quantitative Tracy-Widom Law

1. Reduction to Green function comparison, choose 1 = N—1te,

2. Interpolation between Wigner and Gaussian matrix:

H(t) = e~ *Wig + V1 — e~tGau

dE[F(X)] _ 1 B [2°F(X) 1 (4 [ 8 F(X)

3. Compute = 3;== = Il Za,bsab ]E[ ok, ] + e Za,b Sab E[ on?, o
Exact cancellation of the second order.

4. Unmatched third order: iterative expansions and power counting by the local
law.

5. Matched fourth order: iteratively reduce to trace-like functions; estimate of
trace-like functions for Gaussian ensemble; iterative comparisons with
Gaussian ensemble.

Tools required: local law + expansion mechanism + asymptotic estimates for
Gaussian ensemble.
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Related work: sample covariance matrix

Sample covariance matrix ;. X*X, where X = (x;) is an M x N matrix with
independent random entries

Ebl =0, Ellg =1  Elhgl] <oo (k>3)

Complex case: also assume that E[(x;)?] = 0.
Special Gaussian case: white Wishart ensemble (or Laguerre ensemble).

Aspect ratio: o = gy := M/N — g € (0, 0)..

Marchenko—Pastur Law: ESD converges weakly to

o) — 1 \/(x—Eo—)(EJ—x)

270 x2 Lgy gy ()dx + (1~ 00 1)+00(dx),

with edges E5 := (1 £ ,/00)>.
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Define iy == (VM +V/N)?;, oy _(\/—_'_\/—)(\F f)1/3

Ny —
Tracy-Widom limit: M = TWg.
oN

Quantitative: Gaussian [El Karoui ‘06, Ma ‘12]; non-Gaussian [Wang ‘19,
Schnelli-Xu ‘21]. Linearization of %X*X:

—Z/N LX*
VN M

and corresponding Green function:

6(e) = (e ~ (M5 )

].erMp(Z

Block structure: adapted expansion mechanism.
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Thank you for listening!
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