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ASEP

ASEP

The asymmetric exclusion process on Z:
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Figure: Configuration of particles and hopping rates in the ASEP on Z

Markov chain:

d

d t
P(C; t) =

X
C′ 6=C

W (C′ → C)P(C′; t)−
X
C′ 6=C

W (C → C′)P(C; t);

Initial condition:

P({—→ �}; 0) =

nY
i=1

‹�i ;—i :
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ASEP

ASEP transition probability

One particle (Bethe ansatz) eigenfunction:

’z (�; t) = exp

„
−t

z(p − q)2

p(1 + z)(1 + z=fi)

«„
1 + z

1 + z=fi

«�−1

; fi =
p

q

Many particles (Tracy-Widom):

P({—→ �}; t) =
1

(2ıi)n

I
−fi

dz1 · · ·
I
−fi

dzn

nY
i=1

p − q
(1 + zi=fi)2

×
X
ı∈Sn

Y
ıi<ıj

fizi − zj
zi − fizj

nY
i=1

’zi (�ıi − —i ; t)
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ASEP

ASEP expectation values

Nx (t): the number of particles to have crossed a given site x after time t.

Convenient observable (ASEP self-dual): Qx (t) = fiNx (t) with fi = p
q

and

eQx (t) =
Qx (t)− Qx−1(t)

fi − 1
= fiNx−1(t)1x∈�t

Theorem (Borodin-Corwin-Sasamoto (step initial condition),. . . )

E[eQx1 (t) · · · eQxk (t)] =

I
dz1 · · ·

I
dzn

Y
1≤i<j≤k

zi − zj
zi − fizj

kY
¸=1

’zi (xi ; t)
1

zi + fi

Fluctuations of particle flow across the origin follow KPZ statistics given by the Tracy-Widom
distribution:

Theorem (Fluctuations of ASEP)

lim
t→∞

P

“
N0(t)− vt

t1=3
> −s

”
= FGUE(s):
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ASEP

Generalisation to multi-species

Outline

Two-species TASEP

r -ASEP (Ufi (bsl r+1)), vertex model approach

Arndt-Heinzel-Rittenberg model

Multi-species duality observables
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Two-species TASEP

Two-species TASEP

1 1 1 1

×

Figure: Configuration of particles and hopping rates in the 2-TASEP on Z

Transition events and rates:

(1; 0) 7→ (0; 1) at rate 1;

(2; 0) 7→ (0; 2) at rate 1;

(2; 1) 7→ (1; 2) at rate 1:
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Two-species TASEP

2-TASEP transition probability

Coordinates of all particles: � = {�1; : : : ; �n} ∈ Zn
Indices of type 2 particles: p = {p1; : : : ; pm} ∈ {1; : : : ; n}m.
Free equation:

d

dt
P({—→ �}; p; t) =

nX
i=1

P({�1; : : : ; �i − 1; : : : ; �n}; p; t)− nP(�; p; t)

Boundary conditions (interaction):

1 . . .

2 If i =∈ p and i + 1 ∈ p then

P({�i+1 = �i}; p; t) = P({�i+1 = �i + 1}; sip; t) + P({�i+1 = �i + 1}; p; t)

3 . . .

and initial condition

P({—→ �}; p; 0) =

nY
i=1

‹�i ;—i

mY
j=1

‹
pj ;p

(0)

j
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Two-species TASEP

2-TASEP transition probability

Theorem

P({—→ �}; {p(0) → p}; t) =X
ı∈Sn

(−1)|ı|
I nY

i=1

dzi

2ıi

nY
i=1

„
1− zi

1− zıi

«i
z
�i
ıi z
−—i−1
i e(z−1

i
−1)t

×
X
∈Sm

(−1)||
I mY

j=1

duj

2ıi

mY
i=1

"„
1− ui
1− ui

«i pi−1Y
j=1

(ui − zıj )
piY
j=1

1

1− zıj

#

×
nY
i=1

(1− zi )m
mY
i=1

264p
(0)

iY
j=1

1

ui − zj

nY
j=p

(0)

i
+1

1

1− zj

375
1-TASEP Bethe ansatz
Nested Bethe ansatz
Normalisation

All contours around the origin.
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Two-species TASEP

Total crossing

Total crossing: p
(0)
j = j; pj = n −m + j

All 2’s overtake all 1’s

Theorem

The transition probability for total crossing is given by

Pcross({—→ �}; {p(0) → p}; t) =I mY
i=1

dzi

2ıi

n−mY
j=1

dwj

2ıi

mY
i=1

e(z−1
i
−1)t

(1− zi )n−m

n−mY
i=1

e(w−1
i
−1)t

mY
i=1

n−mY
j=1

`
wj − zi

´
det

“
z
�n−m+j−—i−1

i (1− zi )i−j
”

1≤i ;j≤m
det

“
w
�j−—m+i−1

i (1− wi )i−j
”

1≤i ;j≤n−m

Proof by evaluation of simple poles and determinant calculus.
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Two-species TASEP

Cumulative total crossing (definitions)

Cumulative total crossing: p
(0)
j = j; pj = n −m + j

The cumulative probability of total crossing is given by

Pcross(s1; s2) =
X

s1≤�1<···<�n−m<s2≤�n−m+1<···<�n

Pcross({—→ �}; {p(0 → p}; t);

Under random Bernoulli-step initial conditions with parameter 

PB
cross(s1; s2) =

X
—1<—2<···<—m<0

P(—; 0)Pcross(s1; s2)
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Two-species TASEP

Cumulative total crossing (result)

Theorem

The cumulative total crossing probability under Bernoulli-step initial conditions is given by

PB
cross(s1; s2) =

m

m!

I mY
i=1

dzi

2ıi

n−mY
i=1

dwi

2ıi

mY
i=1

n−mY
j=1

`
wj − zi

´Y
i 6=j

(zj − zi )

×
mY
i=1

e(z−1
i
−1)tzs2i

(1− zi )n (1− (1− )zi )

n−mY
i=1

e(w−1
i
−1)tw s1−ii

(1− wi )n−m−i+1
det
`
w
j−1
i − w s2−s1i

´
1≤i ;j≤n−m

Proof by geometric series, residue calculus and symmetrisation identities.
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Two-species TASEP

�

t

s1

2 2 2 1 1 1

Figure: Space-time diagram total crossing configuration with an irrelevant wall at s1 ≤ −m.

When s1 < −m:

PB
cross(s1; s2) = m

I
0

dw

2ıi

e(w−1)twn−2m−s2−1

w − 1

det

„I
0;1;1−

dz

2ıi

e(z−1)tz i+j−s2−m−1

(z − 1)m+1(z − 1 + )
(w − z)

«
1≤i ;j≤m

:
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Vertex model approach

Vertex model approach

With — and � compositions, define

A(k) =

nX
j=1

1—j=kej ; k ∈ Z≥0 ;

Then

f—(z1; : : : ; zn) =

z1 →

z2 →

...

...

zn →

· · ·· · ·· · ·· · ·00

· · ·· · ·· · ·· · ·A(1)A(0)

0

0

...

...

0

1

2

...

...

n

(1)
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Vertex model approach

Vertex model approach

i i

ei

ei

i i

ej

ej

j j

ei

ei

1
1 + z

fi + z

1 + z

1 + z=fi

j i

ej

ei

i j

ei

ej

1− fi
fi + z

z(1− fi)

fi + z

Matrix product approach.
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Vertex model approach

ASEP transition probability

Theorem (up to normalisations)

PASEP({—→ �}; t) =
1

(2ıi)n

I
−fi

dz1 · · ·
I
−fi

dzn
Y

1≤i<j≤n

„
zi − zj
zi − fizj

«
× ’zj (−—j ; t)

1

fi + zj
f� (z1; : : : ; zn) ;

Proposition (Rainbow crossing probability)

The probability that all particles have different colours and exchange their order at time t:

PASEP({—→ �}; t) =
1

(2ıi)n

I
−fi

dz1 · · ·
I
−fi

dzn
Y

1≤i<j≤n

„
zi − zj
zi − fizj

«

×
nY
i=1

’zj (�j − —j ; t)
1

fi + zi

Block symmetrisation leads to r -ASEP and r -TASEP total crossing probabilities.
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Vertex model approach

Rank 2 observable

Higher rank observables can be obtained by degeneration of Macdonald polynomials at qk t‘ = 1.
Explicit formulas from matrix product expressions.
Let

— ∈ ff(0n−m1−m2 ; 1m1 ; 2m2 ); � ∈ ff(0n−m1−m2−p ; 1m1+2p ; 2m2−p);

and let ~x labels the positions of 1-particles and ~y of 2-particles in —. The number of “crossings”
between the two sets ~x and ~y :

ffl(~x; ~y) := #{(xi ; yj ) ∈ (~x; ~y) | xi > yj}:

Proposition

The following function  (�; —) satisfies the duality evolution equation for two two-species ASEPs,

 (�; —) =
Y
x∈~x(—)

Y
i<x

`
fi
1�i≥1

´
·
Y
y∈~y(—)

Y
i<y

`
fi
1�i=11�y=1

´
· fi−ffl(~x;~y) · I(—; �);

where I(—; �) denotes the indicator function

I(—; �) =

(
0; ∃ k : —k > �k = 0; or —k < �k = 2;

1; otherwise;
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AHR modeL

Another generalisation

Two TASEPs can be coupled to form another integrable 2-species model.

Introduced by Arndt-Heinzl-Rittenberg (AHR), the transition rates are

p : (+; 0)→ (0;+)

1− p : (0;−)→ (−; 0)

1 : (+;−)→ (−;+)
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AHR modeL

Transition probability for total crossing

Initial conditions: assume x
(0)
j < y

(0)
k , i.e. at t = 0 all + particles are to the left of all − particles.

Final condition: xj > yk , i.e. at time t all + particles have passed all − particles

Then

P(xj ; yk ; t) =

I nY
j=1

dzj

mY
k=1

dwk eΛt

mY
k=1

nY
j=1

1

qzj + pwk

× det

„“
zj − 1

zi − 1

”j−1

z
xj
i

«
z
−x(0)

j
−1

j

× det

„“
wk − 1

w‘ − 1

”m−k
w
−yk
‘

«
w
y

(0)

k
−1

k ;

with all contours around the origin, and with eigenvalue

Λ = p

nX
j=1

(z−1
j − 1) + q

mX
k=1

(w−1
k − 1):
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AHR modeL

Step-Bernoulli condition

Proposition

The total exchange probability Pn;m;(t) with Bernoulli initial data is given by

Pn;m;(t) =

I nY
j=1

d zj

mY
k=1

dwk eΛn;mt×

n
Y

1≤i<j≤n

(zi − zj )
Y

1≤k<l≤m

(wl − wk)

nY
j=1

z
n−j
j

mY
k=1

wk−1
k

nY
j=1

(zj − 1)n+1−j
`

1− zj
´ mY
k=1

(wk − 1)k
nY
j=1

mY
k=1

“
qzj + pwk

” ;
with all contours around the origin.

The w -contours can be readily evaluated if n > m but not when n < m
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AHR modeL

Exchange
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Asymptotics

Asymptotics

Non-linear fluctuating hydrodynamics (KPZ formalism) suggests a scaling limit of the form

n = j1t + ¸t1=3 + ˛t1=2;

m = j2t + ‚t1=3 + ‹t1=2;

where j1;2, ¸; ˛; ‚; ‹ are known functions of ′, and n < m.

Need to analyse

Pn;m;(t) =

I
: : :

I
| {z }
n×m

factorised integrand

where n;m; t are large.

Trick: Convert to Fredholm determinant:

Pn;m;(t) = det(I− AB)m×m = det(I− BA)L2(R);

where n;m; t all occur as parameters in BA.
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Asymptotics

Asymptotics

Need to calculate integrals like

I2 =

I
1

dn−1 z L(~z) det(I−K(~z))‘2(N)

with

K(x; y ; ~z) =

I
1

d“

2ıi
F (“; x)

n−1Y
j=1

1 + zj“

1 + “

I
C

dw

2ıi
G(w; y)

n−1Y
j=1

1 + w

1 + zjw

1

w − z
;

Proposition

For any (x1; x2; : : : ; xk) ∈ Nk ,  ∈ (0; 1), t > 0 and n;m ∈ N, the following equality holds:I
1

dn−1 z L(~z) det
ˆ
K(xi ; xj ; ~z)

˜
1≤i ;j≤k

=

I
1

dn−1 z L(~z) det

(
KW(xi ; xj )−

"
n−1X
l=1

lY
k=1

(zk − 1)Al (xi )

#
B(xj )

)
1≤i ;j≤k

:
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Asymptotics

Asymptotics

I2 = Iz det
`
I−K(~z = ~1)

´
‘2(N)

+ lower order

In order to perform asymptotic analysis, we define the rescaled functions

‰ = x=–c t
1=3; “ = y=–c t

1=3

such that

K(‰; “) = (wc + c)–c t
1=3(‰−“)–c t

1=3K(–c t
1=3‰; –c t

1=3“);

The rescaled kernel is explicitly described as

K(‰; “) = –c t
1=3

I
1

d z

2ıi

“
z + ′

z + 1

”
ef (z;t;‰)−f (wc ;t;‰)×I

0;−′;−1

dw

2ıi

“
w + 1

w + ′

”
e−f (w;t;“)+f (wc ;t;“)+g(w) 1

w − z
;
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Asymptotics

Theorem

lim
t→∞

det(1−K)‘2(N=(–c t1=3)) = lim
t→∞

det(1−K)L2(0;∞) = det(1− A)L2(s;∞) = F2(s)

A(x; y) =

Z ∞
0

Ai(x + –) Ai(y + –) d–

and

s =
1

c2t1=3

“
(1 + )n − (3− )m + 1

2
(1− )(1− (1− )2=4)t

”
Recall

I2 = Iz det
`
I−K(~z = ~1)

´
‘2(N)

+ lower order

The integral Iz converges to a Gaussian

I2 →
`

1− FG(s ′)
´
F2(s) as t →∞
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Asymptotics

Final result

Theorem

In the appropriate scaling limit

lim
t→∞

Pn;m;(t) = FGUE(s)FGauss(s ′);

s(n;m; t) =:
1

c2t1=3

`
(1 + )n − (3 − )m + 1

2 (1 − )(1 − (1 − )2
=4)t
´
;

s
′(n;m; t) =:

1

cgt1=2

`
− 2(2 − )n + 2m + (2 − )(1 − )t

´
;
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Asymptotics

Conclusion

Explicit transition probabilities for two-TASEP and two-species AHR model

Vertex model expressions for r -ASEP

Explicit total crossing probabilities

(First) proof of Nonlinear Fluctuating Hydrodynamics for a two-component mixture

Mix of Gaussian and KPZ modes

How to deal with dynamic poles in integrand (random matrix interpretation?)
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