Integrable structure for the multitime distribution of
TASEP.

Andrei Prokhorov

Joint work with Jinho Baik and Guilherme Silva
University of Michigan & Saint-Petersburg State University

MSRI

December 3rd, 2021

_ Multitime distribution of TASEP December 3rd, 2021 1/49



@ Overview

© TASEP

© One point distribution for scaling limit

@ Two point distribution for the scaling limit
© Multipoint distribution for the scaling limit

@ Multitime distribution for the scaling limit

_ Multitime distribution of TASEP December 3rd, 2021 2/49



Overview

Overview

_ Multitime distribution of TASEP December 3rd, 2021 3/49



Overview

Overview

Baik, Deift, Johansson, (1999)

Prahofer, Spohn, (2002)

Corwin, (2011) (https://arxiv.org/abs/1106.1596)
Matetski, Quastel, Remenik, (2021)

Dauvergne, Ortmann, Virag
(https://arxiv.org/abs/1812.00309)
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TASEP

Consider the continuous time totally asymmetric simple exclusion process
(TASEP).
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'Prob(t < s) = [J e *dx
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TASEP
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TASEP

Consider the continuous time totally asymmetric simple exclusion process
(TASEP).

@ Each particle is waiting independently exponential time before
jumping !

@ Particles only can jump to the right

@ Particles only can jump distance one

@ Only one particle can occupy one spot

@ There is only a finite number of particles N.

'Prob(t < s) = [J e *dx
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TASEP

Notation, initial conditions

@ xp(t) - locations of the nth particle at the moment t. Numeration of
the particles is from right to left.

e Step initial configuration: x,(0) = —k, k=1...N.
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TASEP

Corner growth process

Particle configuration corresponds to the height function.

H(n,t) < a@x%(t) <n

VAR 22V

. . . > ) > . . c .
-7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7

Vertex j is empty = slope is 1 on the interval (j,j + 1).
Vertex j has a particle = slope is -1 on the interval (j,j + 1).
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TASEP

Corner growth process

Jumps of particles corresponds to growth of corners. Each corner has
independent exponential clock.
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One point distribution for scaling limit

One point distribution for scaling limit J
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Kardar-Parisi-Zhang (KPZ) scaling limit

Consider the following scaling limit

lim
T —
N > 2yT5 + tT +xT3

H(2yT3,2tT) —tT
pr (y3t) t
_T3

x) = F(t,y,x)

Theorem (Baik, Deift, Johansson(1999))

F(taya ) FTW< +y4>
t3 t3

where Fry(s) is the Tracy-Widom distribution.

_ Multitime distribution of TASEP December 3rd, 2021 11/49



One point distribution for scaling limit

Airy determinant

FT\/V(S) = det(l — X[S,OO)Al),

where X(s ) is indicator function and

Ar(x,y) = A’(X)Ai’(y)z = ji’(X)Ai(X).

and the operator acts in Lo(R).
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One point distribution for scaling limit

Integrable operator

Theorem (Bertola,Cafasso, (2012), IMRN)
det(l — X[s,oo)Al) = det(l — KAl)

where -
fFr(NEg(u)
A—p

KA()‘v M) =

A3 a8
F()\) — i ( e36 XFR()‘) ) E(A) — ( 63 6 XFL()‘) )
27i e—%—&—sAXrL()\) e%—sAXrR()\)

and the operator acts on Ly(Tr UT ).
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One point distribution for scaling limit

Riemann-Hilbert problem for Painlevé-Il equation

@ Y()) is analytic outside of ', UTg.
Q@ Y.(\) = Y_(\)J(\), A € [LUTg, where

JO) = (1 —27if(N)ET(N) = (e 3 1 eg”xmbﬂ)

—?—l-s)\XI_L()\) 1

@ YN =/+X+B+0013), A—ooo
(Y1)11 = 0OsIn Frw(s

i
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One point distribution for scaling limit

Isomonodromic deformations

3
A
FsA

o Consider () = Y(\)el 5 B where matrix E; is described by

(Ej)mn — 5mn5mj-
@ It has constant jump and satisfies the Lax pair equations
VW = N2E; + \[Y1, E1] + 05 Y1 — sEy (1)
OVt = _\E; — [Y1, 1] (2)
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One point distribution for scaling limit

Painlevé I

@ The compatibility condition of equations (1) and (2) provides the
isomonodromic deformation equation for Y3.

021 — [0s Y1, [Y1, E1]] + s[E1, [ Y1, E1]] = O. (3)

@ We choose the notation

Y1

I
7N
< =~
3 <
~_

Using (3) one can get

Osr = uv
02u = —2uPv + su
02v = —2v2u + sv
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One point distribution for scaling limit

Painlevé I

@ Due to the symmetry Y (—\) = 01Y(\)o1 we have v = —u and u(s)
satisfies Painlevé-Il equation

O%2u = 2u® + su,
2 In Fry(s) = —u?(s).

@ One can write the equation for w(s) = v?(s) = —92In Fry(s). It is
called Painlevé-XXXIV equation

2wd2w = (Osw)? + 8w> + 4sw?.
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One point distribution for scaling limit

Hamiltonian system

o Painlevé-Il equation is Hamiltonian system with Hamiltonian

2 0sq = OpH
P s g, { 9

H="P _

e Function Fry/(s) can be interpreted as isomonodromic tau function
introduced by Jimbo, Miwa, and Ueno in 1980. One of its properties

is the equation
OsIn Frw(s) = H(s)

@ One can write the equation for H(s) = 0s In Fry (s). It is called o
form of Painlevé-ll equation

(02H)? + 4(8sH)® — 4s(8;H)? + 4HOsH = 0.
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Nonlinear PDEs

@ We are interested in

2
X
F(t7y7x):FTW< 1 +y4>
t3 t3

@ We make transformation of the solution of Riemann-Hilbnert problem
Y(A,s)
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One point distribution for scaling limit

Riemann-Hilbert problem for KP equation

@ X(z) is analytic outside of '} UTg.
Q@ X (z) =X_(2)J(2), ze L UTRg, where

2 22 —sz
J(z) = , 0 v n(?)
—%+yz2+sz 0
€ XFL(Z)

9X(z)=l+§+&+0( —3), z—2 o0
X1 11 = Ox InFty,

)¢
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One point distribution for scaling limit

Isomonodromic deformations

23 2
@ The function ®(z) = X(z)e( G XZ)EI has constant jump and
satisfies the Lax equations

1
9,001 = g(z3E1 + 2%[Y1, E1] — 20, Y1 — 9, 1), (4)
dyddt = —22F; + 2[Y1, E1] — 0. V1, (5)
0 dd! = —zE; — [Y1, E1]. (6)
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Nonlinear PDEs

@ We choose the notation

X; = (r u)
v m
e Using compatibility condition of equations (4) and (5) one can get
coupled nonlinear heat equation

dyu = 02u+ 2uv
dyv = —02v — 2v2u

@ Using compatibility condition of equations (4) and (6) one can get
coupled mKdV equation

30:u + 0§u 4+ 6uviu=0
30:v + 8§v + 6uviyv =0
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Nonlinear PDEs

e The function w = uv = 92 In F(t,y, x) satisfies KPII equation
32w + 0x(120;w + 12wdxw + 3w) = 0.

@ The function F(t,y, x) is KP tau function and it satisfies Hirota
bilinear equation

3FORF — 3(0, F)? + 12F0,0cF — 120,FO,F + FOLF — 403FO,F = 0.
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Two point distribution for the scaling limit

Two point distribution for the scaling limit J
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Two point distribution for the scaling limit

Two point distribution for the scaling limit

Consider for y» > y;

lim
T — oo

2 1
N > 2y, T3 + tT +xT3

2 2
H(2y1 T3,2tT) — tT H(2y, T3 ,2tT) — tT
Pr < x1,

1 1
—T3 —T3

Theorem (Prahofer, Spohn (2002))
_ B% 2 X 2
F(t7Y1>Y27X1,X2) =G <y2 gyl,% + y%’ % + yﬁ)
t3 t3  t3 t3  t3

where G(s, u, v) is the two point distribution of the Airyy-process

G(s,u,v) = Pr(A(0) < u, A(s) < v).

< Xz) = F(t, 1,2, x1, x2)
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Extended Airy kernel

G(s,u,v) = det(1 — xjA2), where the operator acts on
L(R,C?) @ Ly(R, C?) with the matrix kernel

(A2)1,1(x,y) = (A2)22(x, y) = Aulx,y) = /Ai(u + 2)Ai(v + z)dz,
) 0
(A2)12(x,y) = — / e Ai(x + z)Ai(y + z)dz,
(As)aa(x,y) = / e % Ai(x + 2)Ai(x + 2)dz
0

and x; is the indicator function of the multiinterval {[u, 00),[v, 00)}.

_ Multitime distribution of TASEP December 3rd, 2021 26 /49



Two point distribution for the scaling limit

Integrable operator

Theorem (Bertola,Cafasso, (2012), Physica D)
det(l — XrAQ) = det(l — KA2)

where the operator acts on Lo(Tr UT 1 Ul 5, C?) with matrix kernel

FT(A g (1
KA2(>‘7N)2>(\_)M()a
A3 (A—s)3
L ey e ()
f(\) =55 e xr,(A) 0 ,
0 ev(Ais)XrL,z()‘)

_ (/\75)3 INED RV . T'r

S
S , 3 XrL,l()\) 3e 33 XI—L,Q()\)
- (A—s)
EN) =] ey () e~ . “ (N
(A—s)

0 e % _V()\_S)XFR()‘)

v

———————————— -
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Riemann-Hilbert problem
Y'(A) is analytic outside of TR U T 1 UT 5.

YA =1+0+B+013), A—>oo
Q@ Y.(\)=Y_ (A)J(A), AeTRUTL1UT L,

where
3 _s)3
1 e (V) 7T Oy ()
3
=1 e N, 0 1 0
) WYY 5 S
em 3 O (V) 0 1

(Y1)22 = 0uIn G(s,u,v), (Y1)33=0,InG(s,u,v)

Tri)Tre . Tr

_ Multitime distribution of TASEP December 3rd, 2021 28 /49



Two point distribution for the scaling limit

Isomonodromic deformations

3
(A%S) - v(/\75)> E;

)\3
o Consider W()) = Y()\)e<3U/\)E2+(
@ It has constant jumps
@ Consider the transformation:

3
—%—}—VS) E3

V(A s,u,v) = PO(=\,s,u,v— 52)P_1e<
where
0 01
P=11 00
010
@ Function ®(\) still has constant jumps and it has asymptotic

D(N, s, u, w) ~ e(_%3+“A>E1+(_%3+S’\2+WA) SN W

)
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Two point distribution for the scaling limit

Isomonodromic deformations

@ One of the Lax equations for ®(\) has form
NP = NRy + ARy + Ro.

@ We choose parametrization

-1 0 0 0 0 o
R2 == 0 -1 0 ) Rl = 0 2s q3 1,
0 0 0 —qs —qs O
—Q2Qs + U  —Q2Qa+ p1 ps
Ro=|—2sg1 —gsq3 —q3qa+w —sq3+pas
p2 Sq4 +p3  g2Qs5 + q3qs
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Two point distribution for the scaling limit

Hamiltonians

Introduce polynomial Hamiltonians

f#u)::__P1P2q3 P1p4qs  up1qi wpiq1  P1939s
2s+25 2s+25 2

+ p2ps + p3q1q2

—Psq1Ga + Sq192G4 + G5 G5 + G2G3G4G5 — UG2Gs

H(w) — P1P2G3  P1paqs | Upiqi  Wpiqi _ P193Gs

o o s 2 o + p3ps — P3q1q2

+5p3G3 — SPaqa + Psq1qa + Sq1G2Ga + G2G3qaqs + G3G7 — Wq3qa — S°G3Ga
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o point distribution for the scaling limit

Hamiltonians

G2P3d593 _ LP3IIPL | G1P4G4PL

2 2 2 P1a1 3 2
H) — —P141G3d4 —25q3 4y —25 p3q3+?+25 q3Ga+25" p4qs —2sp3ps —wp3q3+wpaqa+ % 2%

4 P4GsUp1  PaqsWpL  P49592P3 4 P4G5P5q4  P594Uq1 4 P594Wq1  P59493P2 4 upiwqi  up1q3p2  P2939294 4 wp145q3
452 452 2s 2s 2s 2s 2s 252 452 2 4s

L WPLAIP2 | @aPsuq1  @ap3waL | 42P3dspr 3592939495 PL92G303  P1d504d5 L UPG3ds | PLP2qLdz  P1Psdids
452 2s 2s 2s 2 2s 2s 4s 2s 2s

U2P1 a W2P1 a1 U919294
452 452 2

_ P1p2a3

q: P1P2P4
> +P1pPags+pP3pP5q1L — —_—

2
—257q19294+25wq394+5p19395+25p391G2 — SP5 G194 —

wq192Gs P4929495 | P5d3dads _ aip?

2 2
+ 41929495 + 9192939, — P191G295 —
2 2 2s
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Two point distribution for the scaling limit

Hamiltonian system

Theorem (Baik,Prokhorov,Silva, in progress)

The equations of isomonodromic deformations form Hamiltonian system

% B dHW % B _dH(“)

du dq,- ’ du N dp,' ’
dpj _ dH™ — dgi __dH™ g o
dw dg;, = dw dp; ’

dp; dH®)  dg; dH()

ds  dg; 0 ds  dp;

This dynamic has two integrals of motion

—p1q1 + q2p2 — qsps = 0,  p1g1 + p3g3 — paqs = 0.
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Two point distribution for the scaling limit

Hamiltonian system

Theorem (Baik,Prokhorov,SiIva, in progress)

The function G(s, u, w + s2) is the isomonodromic tau function and it
satisfies the differential identities

dun G(s,u,w + s?) = —HW
Own G(s,u,w + s%) = —HW)

dsIn G(s, u,w + s2) = HE) %

_ Multitime distribution of TASEP December 3rd, 2021 34 /49



Two point distribution for the scaling limit

Nonlinear PDEs

Theorem (Adler, van Moerbeke, 2005)

The function M = In G(s, u, v) satisfies the equation
(v — 1)0u0y(0u + )M + 505(02 — 02)M + 520,0,(0y — 0, )M

+0u(8y + 0, )M, (Dy + 0,)*M — 0,(dy + D, )MB,(dy + 0,)*M =0

Theorem (Quastel, Remenik, 2021)

The function M = In G(s, u, v) satisfies the equation

—4(v8, + udy)(Dy + 8,)M — 8505(Dy + 8, )*M — 12529,8,(8,, + D, )M

+12(0y + 0, )*M(8y + 0,)*M + (8, + 0,)°M — 2(8, + 0,)*M =0
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Multipoint distribution for the scaling limit

Multipoint distribution for the scaling limit J
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Multipoint distribution for the scaling limit

Multipoint distribution for the scaling limit
Consider for y; < yo < ... < Ym

2
M HQy,T3,2tT) — tT
lim Pr m % <xx | =F(t,y1,---, Yms X1y -« s Xm)
T — o _T3

2 1
N > 2y, T3 +tT +xT3

Theorem (Prahofer, Spohn (2002))

F(t, ¥ty sy Ymy X1y« vy Xm)

:G<y2—y1 Ym — N X1+y712 Xm }/31>

2 yrety T 2 01 1T T g
t3 t3 t3  t3 t3  t3
where G(s1,...,Sm—1,U,V1,...,Vm—1) IS the multipoint distribution of the
Airys-process
G(Sl, ey Sm—1,U,V1,. .., Vm—l)
= PI’(A(O) < U,A(Sl) < Vvi,... ,.A(Sm_l) < Vm—l)' )
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Extended Airy kernel

G(sty--+,Sm-1,U,V1,...,Vm1) = det(1 — xjAm), where the operator acts
on @, ; Lo(R,C™) with the matrix kernel

[ pretraus DAy e <)
(Am)ij(x,y) = { — [0 e AI(u + 2)Ai(v + 2)dz, P>

ij=1...m.

and x; is the indicator function of the multiinterval
{[u, 0),[v1,00), ..., [Vm,0)}.
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Multipoint distribution for the scaling limit

Integrable operator

Theorem (Bertola,Cafasso, (2012), Physica D)
det(1 — xjAm) = det(1 — Ka,,)
where the operator acts on Lo(TRUT 1 U... Ul m, C™) with matrix

kernel -
f (Vg

KA,,-,(>H H) = N\ — [

)
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Multipoint distribution for the scaling limit

Riemann-Hilbert problem for Painlevé-Il equation

@ Y()) is analytic outside of Tr UT; 1 Ul 5.
@ Y(N=/+2+B+0013), A=
(3] Y+()\) = Yf()\)J()\), A€ FL71 U...uU FL7m,

(Y1)22 = 8,1 In G(Sl, ey Sm—_1,U,Vv1,.. ., Vm—l);

(Y1)2+k,2+k = avk |n G(Sl7 vy Sm—1,U, V1, .., VITI*].)
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Multipoint distribution for the scaling limit

Equations

@ Tracy,Widom,2003 - Matrix Painlevé-Il
@ Quastel, Remenik, 2019 - Matrix KP
e Wang, 2009 - Nonlinear PDE for G(si,...,Sm—1,U, V1, ..., Vm_1)

_ Multitime distribution of TASEP December 3rd, 2021 41/49



Multitime distribution for the scaling limit

Multitime distribution for the scaling limit J
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Multitime distribution for the scaling limit

Multitime distribution for the scaling limit

Considerforyy < o < ... < ym i< b <...<tp

2
) 2 HQy T3,2t,T) — t, T
lim Pr ﬂ — < x | =F(t1,..., tm, Y1y -+ o s Yms X1y - -« s Xm)
T — oo k=1 —T3

2 1
N >2ymT3 +ty,mT +xT3

Theorem (Liu,2019)
F(t1, oy tmy Y1y e ey Ymy X1y« s Xm)

m—1 1 m—1 dC,
P© (H 1—@-) I P=s

i=1 i=1

|<1‘:5 ‘Cmfl‘ZE

D(¢) - Fredholm determinant.
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Multitime distribution for the scaling limit

Riemann-Hilbert problem

Q X(z)is (m+ 1) x (m+ 1) matrix valued function analytic outside of

Y.
@ X.(2) = X_(2)(z). ze X,
Q X(z —I—|—X1+O Z— 00
>>>I>I> jL. " éééé
Contour X.

OxiIn D(¢) = —(X1)ii
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Multitime distribution for the scaling limit

Riemann-Hilbert problem

Lemma

Matrix A(z)~1J(z)A(z) is independent on z. Here we used

A(z) = diag (F1(2) Fa(z) -+ Fm(2) 1)

:diag (et123+YQ22+x1z etzz3+y222+><22 etmz3+ymz2+xmz 1)

v
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Multitime distribution for the scaling limit

Matrix KP
Introduce operators
D, = 30, D,(5) = >0y D, = Zayj, s=1...m
j=1 Jj=1 Jj=1

Theorem (Baik, Prokhorov, Silva (in preparation))

3D, D, )y 4 D) <—4Dtu(5) + DD, G)p, )y
+6(Dxu))ul®) 1 6u)(Du)) 4 6[ul), Dy(S)q(S)]> =0

where
D,S)(InD(¢)) = —Tr(¢®), D,gls) = —y(®)

)

q*), uls) — (s x s) matrices.

= = - = -t
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Multitime distribution for the scaling limit

Matrix Painlevé Il

Introduce operator f' =377 ; t;0f.

Theorem (Baik, Prokhorov, Silva (in preparation))

39" —2[q’,y] = 3([[a, t],q'] — tpr' — p'rt)

+2([[a; t], [a, Y]] — tpry + yprt) 4 [[q,t],x] = 0

3p” + 2yp’ — 3([a, t]p’ — tprtp + q'tp) + 2(—[a, tlyp + [a, y]tp)
+xtp=20

3r" — 2r'y — 3(rtq’ — r'[q,t] — rtprt) + 2(rt[q,y] — ry[q,t]) + rtx =0

where

(InD(¢)) = —Tr(tq), q,p,r—(m x m),(m x 1), (1 x m)matrices.

v
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Multitime distribution for the scaling limit

Multicomponent KP tau function

Multicomponent KP tau function can be found in ( Kac, Van-De Leur
(2003)).

Theorem (Baik, Prokhorov, Silva (in preparation))

The Fredholm determinant D(() coincides up to a constant factor with
multicomponent KP tau function.
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Multitime distribution for the scaling limit

Thank you!
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