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Motivation

1. Lozenge tilings — GUE, LLN, LLT

2. Asymptotic Algebraic Combinatorics and Representation Theory

(©Dan Betea, IHP Paris)
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Standard Young Tableaux
Integer partitions A\ - n :
A=A M), > x> 20 >0, A1+ X+ =n

Young diagram of \: } []

<
3[4]7]10]
SYT of shape A = (A1,..., Ak): T=A 58
T:XS{1,...,n}and T;j < T i1, Tig1, 619
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Standard Young Tableaux
Integer partitions A\ - n :

A=A M), > x> 20 >0, A1+ X+ =n

Young diagram of \: { []

<
3[4]7]10]
SYT of shape A = (A1,..., Ak): T=A 58
T:XS{1,...,n}and T;j < T i1, Tig1, 6|9
A=(3,2,1):
12[3] [I[2[3] [[2[4 [1[2[4 [I]2[5 [1[2[5] [1]2]6] 126\+"an;l)/osed
6] 5] 6] 5] 6] 4] 5] 4]
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Standard Young Tableaux
Integer partitions A\ - n :
A=A M), > x> 20 >0, A1+ X+ =n
Young diagram of \: { []
<
3[4]7]10]

SYT of shape A = (A1,..., Ak): T=A 58

T:Xx{1,...,n}and T;; < Tjjt1, Tita,) 69
A=(3,2,1):

112[3] [1]2[3] [1]2]4] [1]2]4] [1[2][5] [1]2]5] [1[2]6] [1]2]6] + alt

transposed

6] 5] 6] 5] 6] 4] 5] 4]

Hook-length formula [Frame-Robinson-Thrall]:
Y 6! B
Huekhui 5%3%3%1x1x1

Hook length of box u = (i,j) € \: hu:A;—j—l—)\J’.—i—&-l:#llE@

16

A .= #{SYTs of shape A\} =

Greta Panova
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Schur functions
V) —irreducible GLy(C) module, weight A

X1 0

sa(x1, o xn) = Xy

Greta Panova
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Schur functions
V) —irreducible GLy(C) module, weight A

X1 0
0 x
SA(X1, - XN) = Xy, 2
Weyl character formula:
N+N—j1N
det [Xi J J]
ij=1

(1. xw) 1=

Hi<j(Xf - XJ)

Greta Panova
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Schur functions
V) —irreducible GLy(C) module, weight A

X1 0
0 x
sa(x1, o xn) = Xy 2
Weyl character formula:
Aj+N—j1N
det [Xi it J]
ij=1
s\(a, ., xy) = —J
Hi<j(xl - XJ)
Jacobi-Trudi identity:
hx,  hyn e hxy k-1
SA1,..., 0, = det by hy, o hxpk—2

hx;+k—j

Greta Panova
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Schur functions

V) —irreducible GLy(C) module, weight A

X1 0
0 x
sa(x1, o xn) = Xy 2
Weyl character formula:
A+N—jN
det [ i+ J]
ij=1
Sx(Xiy ..., xy) = v diy=
Hi<j(Xf - XJ)
Jacobi-Trudi identity:
hy,  hao e hxy+k—1
SA1,..., 0, = det by hy, o hxpk—2
hx;+k—j : fj=1

Semi-Standard Young tableaux of shape ) :

s@,2)(x1,x2,x3) = X1X2 +X1X3 +X2X3 +X1X2X3 +X1X2X3 +X1X2X3
.. .

Greta Panova
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Unrestricted and symmetric lozenge tilings

Tilings of the hexagon a X bx c X ax b X ¢, s.t.

Unrestricted Vertically symmetric Centrally symmetric
I

Limit behavior: fluctuations near the boundary (GUE), limit surface, CLT?

Greta Panova 5
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The Schur generating function: domain setup

Domain €2y

positions of the N horizontal lozenges on right boundary are:

AMN)+N—=1>X(N)+N—-2>--->Ay(N)

N, +4

1

N, +3

2

x3+2

A+l

)\5
A(5) = (4,3,3,0,0)

reta Panova

[ 7 7 7 NN NN\

A N A& VNN

/N NN N\
S NN AN

A=(a,...,3,0,...,0)
N N —

c b
<> ax b x c... hexagon.
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Tilings probability: skew SSYTs

Lozenge tilings with right boundary A(NV)

<

Semi-Standard Young Tableaux T of shape A(N)
and entries 1,..., N.

Greta Panova 7
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Tilings probability: skew SSYTs

Lozenge tilings with right boundary A(NV)

<

Semi-Standard Young Tableaux T of shape A(N)
and entries 1,..., N.

Tilings with horizontal lozenges on vertical line k
at positions x* = (n1,...,m,) =7

<~

SSYTs T whose entries 1..k have shape 71

Greta Panova
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Tilings probability: skew SSYTs

Lozenge tilings with right boundary A(NV)

<

Semi-Standard Young Tableaux T of shape A(N)
and entries 1,..., N.

Tilings with horizontal lozenges on vertical line k
at positions x* = (n1,...,m,) =7

<~

SSYTs T whose entries 1..k have shape 71

S"I(lk)sx\/'r](lNik)

Prob{x*(\) =n} = T

Greta Panova
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Tilings probability: skew SSYTs

Lozenge tilings with right boundary A(NV)

<

Semi-Standard Young Tableaux T of shape A(N)
and entries 1,..., N.

Tilings with horizontal lozenges on vertical line k
at positions x* = (n1,...,m,) =7

<~

SSYTs T whose entries 1..k have shape 71

S"I(lk)sz\/'r](lNik)

sy (1) '

Proposition[Gorin-P'2013] For any variables
Y1,-.., Yk the Schur Generating Function of x*

is Sx(y1,-- -5 ¥k) =

Prob{x*(\) =} =

N—k
—
Sois oy | _ a1, -0 1)
S,k 17...,1 S\ 1,...71
ok ) ( )

k N

Greta Panova 7
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The explicit Schur Generating Functions®
S--MAN-1
A+ N-2

Tn — set of tilings, x/(T) — horizontal
lozenge positions on line j of T € T,

Lfrom [Gorin-P'2013], [P, 2014, 2015]
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The explicit Schur Generating Functions

- MAN-1
Tn — set of tilings, x/(T) — horizontal
SN2 lozenge positions on line j of T € T,
Sek(ry (Y15 - -5 YK)
XM DT T~ Unif(Tn)
Sxk(-[-)(].7 . k , 1)
S

s, y) o
= zu: W Pr(x"(T)=v) = ...

Lfrom [Gorin-P'2013], [P, 2014, 2015]

Greta Panova

K-HLF
00000C



Algebraic Combinatorics Lozenge Tilings | Multivariate weights NHLF
000 O00e000 00000 0000
The explicit Schur Generating Functions®
S- NN -1 .
Tn — set of tilings, x/(T) — horizontal
o hEN-2 lozenge positions on line j of T € T,
Sek(ry Y15 -5 i)
DMV T T L Unif (Th)
Sxk(T)(17 ey 1)
———
' - k
Line j =3
s,
:Z v (v, s Vi) Pr(Xk(T):ll)Z
” su (1K)

Sx(m 155y ,1"_k)
® = S/\(n)(ylv ce 7yk) = % for 77, = Qk(n)'

(%) (CZRR L))
5

(g ) for T, — symmetric tilings of n x m x n....
Yk

o N3

Lfrom [Gorin-P'2013], [P, 2014, 2015]

Greta Panova

yk)? for Tn — centrally symmetric tilings of a x b x c... hexagon.
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MGF asymptotics
Proposition (Gorin-P'2013)

Su—s, (V15 Vi)

1
Ev~GUE, = exp (5()’12+~~-+y;3)> )

su—s, (1, k ,1)

Greta Panova
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MGF asymptotics

Proposition (Gorin-P'2013)

sy—g, (Y155 k) 1
Eveour, | 2220 | —exp [ —(yE + -+ +YE)> )
su—5,(L,-..,1) 2
k
e D)) ENTO ST |

E,.. x = =S 2eeey
ding of 2(N) |~ 1) Sm@ A(v) (71 ¥k)

——

k
Proposition (Gorin-P'2013)
For any k real numbers hy, ..., hx and A(N)/N — f we have:

hy hi (, E(f) s~k ,,.) 1k
lim Sy [ eV™D,...,eVW( | e\ V ns(R) =t = exp| = E .
N—oo 2 = !

Greta Panova
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MGF asymptotics

Proposition (Gorin-P'2013)

sy—g, (Y155 k) 1
Evmour, | 2220 = exp [ —(yE + - +y;%)> )
su—5,(L,-..,1) 2
k
e D)) ENTO ST |

E,.. x = =S 2eeey
ding of 2(N) |~ 1) Sm@ A(v) (71 ¥k)

——

k
Proposition (Gorin-P'2013)
For any k real numbers hy, ..., hx and A(N)/N — f we have:

hy hi (, E(f) s~k ,,.) 1k
lim Sy [ eV™™,...,eV¥™ | e VSR =T = exp 7th .
N—oo 2 = !
Theorem (Gorin-P'2013)

Let T; Ny = {x",xkil, ...} —collection of positions of the horizontal lozenges on lines
k,k —1,...,1 of tiling from 5y, then

T — NE(F)

V/NS(F)

— GUE (GUE-corners process of rank k).

Greta Panova
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Asymptotics of normalized Schur functions

——
S o amwba, x0T
ANy (X5 - Xk) = son@ D)
(NM)\ L )

N
Theorem [Gorin-P'2013] For every partition A and any x € C\ {0, 1} we have

(N —1)! xZ

Sa(xi N, 1) = ﬁ27‘rl Hfl(z N+ N=1)

dz,

Greta Panova 10
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Asymptotics of normalized Schur functions

N—k
—
Sy (Xts -y X, 1y, 1)

sy (L5, 1)
N

Sawy(Xts - xk) 1=

Theorem [Gorin-P’2013] For every partition A and any x € C\ {0,1} we have

Sa(x; N, 1) =

(x—lN 127T|7§H (,\ +/\/7,))dz’

Theorem|[Gorin-P'2013] If 2N _, f( ) [...], for all fixed y # 0:
X 1
N||—>m>c N InSyny (€5 N, 1) = ywy — F(wo) — 1 —In(e” — 1),

where F(w; f) = [ In(w — f(t) — 1+ t)dt, wo — root of 2 F(w;f) =y.
IF 25— £ () L], for any fixed h € R:

SMN)(eh/W; N,1) = exp (\FNE(f)h + %S(f)hz + 0(1)) ,

1 1
where E(f):/o F(£)dt, S(f):/o (F(£) — t + 1/2)2dt — 1/6 — E(f)2.

Greta Panova
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Asymptotics of normalized Schur functions

N—k
—
Sa(wy(Xts -5 Xks 1, ..., 1)
S)\(N)(Xla e ,Xk) =
sy (-5 1)
N
Multivariate: [Gorin-P'2013 ]
11k

o )7t
(N — i)! det [(X' f’xf) }

k
S N) =
it ¥ e e L Sy Yermomeey

Corollary[Gorin-P'2013]

In (SA(N)(X; N, 1))

=1

If N — W(x) unif. on a compact M C C. Then for any k
In (S s X NG
lim n( A(N)(xl, Xk )) — W)+ V(x)
N— oo N

uniformly on Mk,

More informally, under various regimes of convergence for A(N) and xi, ..., xx we have

San) (s -+ xu) ~ Sy (xa) - Sy (xi)-

Greta Panova
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Limit surface for symmetric tilings

Theorem (P, 2014)

Let n,m € Z, such that m/n — a as n — oo, where
a € (0,+400). Let Hy(u, v) — height function of a
symmetric tiling of n X m X n... hexagon,i.e.

1
Hp(u,v) = ;y[\-nvjj —v.

Foralll>u>v>0,asn— oco:

H,(u, v) converges unif. in prob. to a deterministic
function L(u, v) (“the limit surface”).

For any fixed u € (0,1), L(u, v) is the distribution function of the measure m, given by its

moments: .
. (T 1 e 07 o e
/Rt m(dt) = ; ) (T =

where ®,(e”) =y +2¢4(y;a) — 2 and...

z=1

h(y) = ((ey + 1)+ /(¥ +1)2 +4(a% +a) (¥ — 1)2>

1
:
otia = G+ (b - C @ - 1) - &

2 2

1 a 1
2oy () = G e - )

a a a 1 a 1
- Z - (2 - = Iy =
+3h (h(y)+2(ey 1)) G- (h(y)+(2 e 1))

Theorem (P, 2015)

The scaled height function Hy,(u, v) of a centrally symmetric tiling of an a X b X c... hexagon
converges uniformly in probability to a deterministic function L(u, v) — the limit surface, as

n — oo, where n = % and a/n, b/n — approx constant.

The limit surface coincides with the limit surface for the uniformly random tilings of the hexagon
(without symmetry constraints).

Greta Panova
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Lozenge tilings with multivariate weights
Plane partitions with base u, height d

weights of horizontal lozenges = x; — y;

75— ys
weight

Greta Panova
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Lozenge tilings with multivariate weights
Plane partitions with base p, height d

weights of horizontal lozenges = x; — y;

Theorem (Morales-Pak-P'2017)
For tilings with base . and height d, we have that

S TT =) = detlA; j(u, )T,

TEQu,d (i,j)ET

where
(Xi—Yl)"‘(xi—yd+g(u)_j) P
EXI'_X/‘JSI)A(“(XI._XdJrZ)(“)) ’ when j = Z(,LL) +1,... 7£(H) +d,
A (g, d) == { Gy 06 —yp4d S
" (xi—=xi1) - (xi—xd 1)’ when j=i—d,....4u),
0, when j < i —d.

Greta Panova 12
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Corollary (Krattenthaler, Stanley etc)
Consider the set PP(u,d) of plane partitions of base u and entries less than or equal

to d. Then
Z Q‘P‘ = qz "hr dEt[C//],J 13
PEPP(p,d)
where
o (d—it)(d—i—f—1) 1 .

(—1)dHt—igld=ld+t=)) 2 ————, whenj=4{(+1,...,0+d,

C . — i (i) ) === 1) (qf)M*' o
ij (-1) q ' 2 @@ar when j=1i—d,... [,
0, when j < i—d,

Eg pn=(21),d=1

@@@@@

a1 =e"+a" +24°+ ¢
PEPP((21))

Greta Panova 13
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Theorem (Morales-Pak-P'2017)
The partition function for tilings of theax bx cxaxbxc (p=axb, d=c)
hexagon with horizontal lozenges weights x; — y; is given by
i=y1) (i —Yera—j) .- ate
((><i*><f+)1 i*Xc+jaj) ifj>a
Z(a7bvc)::T; (1)_[T(Xi—)/j):det % ifj=i—c¢,...,a
€ a,b,c i.j)e . s
0, j<i—c i1
The probability that a path through (i, d;) exists is
det[A; (i, d)]det[A; ;(p*,c —d — 1
Prob(path) _ € [ r,j(:u )] € [Zl,j(lu“ c )]
=31
Matrix A has x; — Xatet1—i and Yj = Ypycr1—j-
w =20

Greta Panova



Multivariate weights
[eele] o]

Simulation: base = §,

Weights: "hook” weights (4n — i — j) versus uniform (i.e. 1).

Greta Panova 15
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Factorial Schur functions, multivariate lozenge tilings

d
det[(xj — a1) -+~ (o — aui+d—i)]i,j:1

(d) -
sy (x]a) ==
" [Ticicj<a (xi — %))

)

Greta Panova 16



Algebraic Combinatorics Lozenge Tilings | Multivariate weights NHLF K-HLF
000 0000000 0000e 0000 00000C

Factorial Schur functions, multivariate lozenge tilings

d
det[(x5 — a1) - (0 — ap,1d—i)] ij=1

(d) -
sy (x]a) ==
" [Ticicj<a (xi — %))

)

Excited diagrams E(\/p):
A=(3,3.2), n=(2,1)

- B R P D

Greta Panova 16
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Factorial Schur functions, multivariate lozenge tilings

d
det[(xj — a1) -+~ (o — aui+d—i)]i,j:1

(d) -
sy (x]a) ==
" [Ticicj<a (xi — %))

)

Excited diagrams E(\/p):
A=(3,3.2), n=(2,1)

wn I R MP OPBR)

Theorem (lkeda-Naruse, Kreiman + Knutson-Tao,
Lakshmibai-Raghavan-Sankaran)

LetpCACdx(n—d). Letvin—d+1—-i)=X+(n—d+1—1i)and
vj)=d+j— Aj'.. Then

S Wu@ys- - Y@yt Y1) = ST T Gua—itn) = Vo)
De&(N/u) (i.j)eD

[
< |
2]0]
m

S
-
o

Greta Pangv.
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Hook formulas for skew shapes
Standard Young Tableaux of shape \: [1[2]3] [1[2[3] [1]2[4] [1]2]4] [1]2[5]
415 416 3[5 [3]6 314
6] El 6] 5] 6]

Greta Panova
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Hook formulas for skew shapes

Standard Young Tableaux of shape A: [1[2[3] [1[2[3] [1]2][4] [1[2]4] [1][2]5]. ..
6]

Hook-length formula [Frame-Robinson-Thrall]:

&
B
&
B

A1 6!

A := #{SYTs of shape A} = = =
1 pe A} [loeaxhu 5#3#3%1x1x1

16

Hook length of box u = (i,j) € X: hu:)\;fj+)\}fi+1=#n€%

Greta Panova 17
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Hook formulas for skew shapes

Standard Young Tableaux of shape A: [1[2[3] [1[2[3] [1]2][4] [1[2]4] [1][2]5]. ..
6]

Hook-length formula [Frame-Robinson-Thrall]:

&
B
&
B

N 6!

= #{SYTs of shape A} = =
1 pe A} [loeaxhu 5#3#3%1x1x1

=16

Hook length of box u = (i,j) € X: hu:)\;fj+)\}fi+1=#m€

Standard Young Tableaux of skew shape \/u:
No product formula:
3[7
A= 6nt2/0n %1 — 6>2<4>1<5>3<7 o2/ =F,
%2 3 4
1+E1x+E2 +E3 +E4 +... = sec(x) + tan(x).

Euler numbers: 2,5,16,61....

Greta Panova 17
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Hook-Length formula for skew shapes

Excited diagrams: £(\/p) = {D C A : obtained from p via B} - EB }
Theorem (Naruse, SLC, September 2014)

M=l > ] h(lu),

De&(N/p) ue[X\D

where E(M\/ ) is the set of excited diagrams of A/ p.

Greta Panova 18
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Hook-Length formula for skew shapes

Excited diagrams: £(\/p) = {D C A : obtained from p via B} - EB }
Theorem (Naruse, SLC, September 2014)

M=l > ] h(lu),

De&(N/p) ue[X\D

where E(M\/ ) is the set of excited diagrams of A/ p.

THTHE ER ]

1 1 1 1 1
fF(4321/21) :7!( ):61
14.33+13.33_5+13,33.5+12,33,52+12,32.52_7

Greta Panova 18
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Hook-Length formula for skew shapes

Excited diagrams:  £(A\/p) = {D C X\ : obtained from p via B} - EB }

Theorem (Morales-Pak-P'16)
For skew SSYTs, we have that

A—i
syulad,..)= >  ¢dTl= > I1 [13;/7(/1)}

TESSYT(A /1) De&(N/p) (i./)ENND

Greta Panova 18
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Hook-Length formula for skew shapes

Excited diagrams:  £(A\/p) = {D C X\ : obtained from p via B} - EB }

Theorem (Morales-Pak-P'16)
For skew SSYTs, we have that

Ni—i
s,\/#(l,q,q2,“.)= Z qlTl = Z H |:]__q;h(/yj):| '

TESSYT(A/ 1) DEE(N /) (1) ENND
} | } | | | |
2 Z [T q3 q5
sa/u(li9,9%,..) = q = +2x +oee
TessyT(asa1)21) (1-9)*(1—q%)?3 (1-9)3(1—q%3(1~q%

Greta Panova 18
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Hook-Length formula for skew shapes

Excited diagrams:  £(A\/p) = {D C X\ : obtained from p via B} - EB }

Theorem (Morales-Pak-P'16)
For skew SSYTs, we have that

N—i
2 _ T _ q’
s\ulq,9%...) = Z g7l = Z H [1 —~ qh(i,j):| .
(i, )EMNND

TESSYT(N/ 1) DEE(N/ ) (irj

Theorem (Morales-Pak-P'16)

For (reverse) plane partitions of skew shape \/u:

AR ol | IF

TERPP(X/ 1) SEPD(N/p) ueS

h(u) :|

where PD(A/p) :={S C[A\]: S C[A\]\ D, for some D € E(\/n)}.

Greta Panova 18
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o Asymptotics of fA/#:

log A=y log n.

e Product formula
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X

s for special f /.
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e Product formulas for special £/~

c d c c d
b b b
¢ ¢ / o /
¢ ¢
(i) (ii) (i)

o Weighted lozenge tilings.
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e Product formulas for special £/~

o Weighted lozenge tilings.

c d c c d
b b b
¢ ¢ / ¢ /
o o
(@) (ii) (iii)

e Principle evaluations of Schubert polynomials and asymptotics.
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Product formulas
c d c c d

b 59

c c c

@) (i) (ii)

®(n):=11-20---(n— 1), W(n) :=111- 311 (2n — 3)11,
W(nm k)= (k+ 1)1 (k+3)---(k+2n=3)11, A(n) :=(n—2)(n—4)!---
Theorem (Morales-Pak-P'17)

The number of skew SYTs of shapes as in (i), (ii), (iii) above, with side lengths
parametrized by a, b, c,d, e, are:

£sh(i) _ i ()P (b)P(c)P(d)P(e)P(a+ b+ c)P(c+d+e)P(a+b+c+e+d)

P(a+ b)d(e+d)P(a+c+d)P(b+c+e)P(a+b+2c+e+d)

iy PQ)O(B)P()0(a+ b+ ) W(e)W(a+ b+ )
T d(a+ b)d(b+c)P(a+c) V(a+c)W(b+ c)W(a+ b+2c)’
£ShGi) _ nl ®(a)P(b)P(c)P(a+ b+ c)V(c;d + e)W(a+ b+ c;d + e) A(2a+ 2c)A(2b + 2¢)
T d(a+ b)d(b+ c)P(a+ c)W(a+ c)W(b+ c)W(a+ b+ 2¢;d + e)A(2a + 2¢c + d)A(2b + 2¢ + e)

Greta Panova 20
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m(T) :=max{T(i,j)},
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Increasing Tableaux
Increasing Tableau
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Standard Increasing Tableau
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Increasing Tableaux
< Increasing Tableau Standard Increasing Tableau
[ 11 17276]8]
AN 2]3]8]

m(T) :=max{T(i,j)},

[Tad ={(i,J) : T(i,j) < k}  eg. [Tou] = EBI

Greta Panova
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Increasing Tableaux

< Increasing Tableau Standard Increasing Tableau
[ 1] 11216]8] 285
A [] 2|3[8]

3]

m(T) :=max{T(i,/)}, [T<i] = {(i,j): T

(i) <k} eg [Tai]= H}j
Theorem (Morales-Pak-Panova'21+)

Fixd > 1, B € R. For every At n with £{(\) < d, we have
m(T) d ) . -1
v 11 <|:H1+ﬁ([7—<k]:)+d i+1) 1)
1 (A N 1
L [Ta+8i+d—i+1)™ ]
i=1

TESIT(N) k=1 i=1 1+BNi+d—i+1)
(yer "D

(K-HLF)

Greta Panova
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Theorem (Multivariate K-HLF, Morales-Pak-Panova'21+)
Fix d > 1. For every A F n with £()\) < d we have:

> H <[ﬁ 1+ ’By[T<k]f+di+1:| ) 1>1

TESIT(A) k= i1 1+ Byxtd—it

1

= & H (1 + Bysa—ivr)

Greta Panova

(e Yd+j—AJf = YAj+d—i+l

K-HLF
O®000C
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Theorem (Multivariate K-HLF, Morales-Pak-Panova'21+)
Fix d > 1. For every A F n with £()\) < d we have:

> H <[ﬁ 1+ ’By[T<k]f+di+1:| ) 1>1

o1 1+ Byaed—in

TESIT(A) k=
. 1
- H(1+5YA+d 1) :
ﬂ ()EX de—AJ’_ = YAi+d—it+l
Corollary:

> T(in) — gl(ijjeniti—l v

2 a H |[T>k]| a= H 1— ghGd) "
TESIT(A) (iJ)eX

Greta Panova 22
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Theorem (Multivariate K-HLF, Morales-Pak-Panova'21+)
Fix d > 1. For every A F n with £()\) < d we have:

> H ([]i[ 1+ 5y[r<k],.+d'_,-+1] ) 1) -

=1 14 Bya+d—i+t

TESIT(N) k=1
d
1 ‘ .
n H(1+5YA+d :+1) ! .
7 (iyex Yd+Hi=xi = Yitd—itl
Corollary:
> TGL) — g>ljexiti=l R
Z I H |[T>k]| g H el
TESIT(N) I

& 1 o 1 o 1
(1-¢3)(1-4q?) (1-¢*)(1-q%)(1-q) (1-*)(1-q°)(1-q)

2]

5 1
(1-4¢*)(1-9q)?

Greta Panova 22

=q



Algebraic Combinatorics Lozenge Tilings | Multivariate weights NHLF
000 0000000 00000 0000

Generalized Excited Diagrams D(\/pu)
Type | move  Type Il move

Ton &
()RR

Greta Panova

K-HLF
fele] Jelele

23



Algebraic Combinatorics Lozenge Tilings | Multivariate weights NHLF
000 0000000 00000 0000

Generalized Excited Diagrams D(\/pu)

Type | move  Type Il move

S IE<T. =
() B R R A

Non-intersecting Delannoy paths[MPP] with forbidden configuration:

b

BT BT
I_—I TBJ = BQ‘ @a@
REdCURNRE e e T

Greta Panova

K-HLF
00e00C
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Skew K-HLF

Theorem (Morales-Pak-Panova'21+)
Fixd >1, 8 € R. Forevery u C X with £(\) < d, we have:

O 1+ B([Taidi+d —i+1) -
> H({H 1+8M\+d—i+1) 1)

TESIT(A/ 1) i=1 (K-NHLF)
D D ) LI LR i | B(Ai+d—'ll+1)+1.
DED(N/ k) (L)END h(i.J)
Theorem (Morales-Pak-Panova'21+)
For every pn C A\, we have:
(™ )
\T\ — a
Z H |[T>k]| B Z ) H 1— ghtiy) ~
TESIT(A/ 1) DeD(N/p) (iJ)END

Greta Panova 24
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Factorial Grothendieck polynomials

(double Grothendieck polynomials for Grassmannian permutations)
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Factorial Grothendieck polynomials

(double Grothendieck polynomials for Grassmannian permutations)

xdy = x+y+ Bxy, xey::%, Ox =

and  [x]y]* == (x @) (xDy2) - (x B yi),
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Factorial Grothendieck polynomials

(double Grothendieck polynomials for Grassmannian permutations)

xdy = x+y+ Bxy, xey::u, Ox = —
(1+8y) 1+ px’

and  [x]y]* == (x @) (xDy2) - (x B yi),

[McNamara]: The Factorial Grothendieck polynomials are given by:

d—i i1\ 9 1
Gulxt, s xay) = det(bo [yt oy ) [ ———
W idjeq (K0T %)

Greta Panova 25
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Factorial Grothendieck polynomials

(double Grothendieck polynomials for Grassmannian permutations)

x@y = x+y+pBxy, xeyrzw, Ox = — |
(14 8y) 1+ 8x

and  [x]y]* == (x @) (xDy2) - (x B yi),

[McNamara]: The Factorial Grothendieck polynomials are given by:

H#.

. . d
Gulxt, oo xaly) = det ([ [y 9 (1 + By ) :
1<i<j<d (i —x5)

ij=1

Vanishing property:
evaluation at yx := (O ¥a,1d>© Yaprd—1s-- > O ¥Yag+1) for £(A) < d,

0 iz A,
[gperWaj-x © yaird—iv1)  ifp=2X

Gulyrly) = {

Greta Panova 25
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Algebraic Combinatorics
0000 0000eC

Factorial Grothendieck polynomials

(double Grothendieck polynomials for Grassmannian permutations)

x@y = x+y+pBxy, xey::u, Ox = — |
(14 8y) 1+ 8x

and  [x]y]* == (x @) (xDy2) - (x B yi),

[McNamara]: The Factorial Grothendieck polynomials are given by:

H#.

. . d
Gulxt, oo xaly) = det ([ [y 9 (1 + By ) :
1<i<j<d (i —x5)

ij=1

Vanishing property:
evaluation at yx := (O ¥a,1d>© Yaprd—1s-- > O ¥Yag+1) for £(A) < d,

0 iz A,
[gperWaj-x © yaird—iv1)  ifp=2X

Gu(yrly) = {
Pieri rule:

Gu(x|y)(1+BGi(x|y) = (1+BGyuly) > B/ Gu(x]y).

Vi

Greta Panova 25
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Skew K-HLF

Evaluations of factorial Grothendieck polynomials G, (y|y) for p C A
(K-theory of the Grassmannian)
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Skew K-HLF

Evaluations of factorial Grothendieck polynomials G, (y|y) for p C A
(K-theory of the Grassmannian)

[Graham-Kreiman]: Structure constants

K}j} = Z (=1)IPI=lul H

DEDOVK) (i)eD 1 — yxtd+1—i

,Vd+j—/\/5 — YXj+Hd+1—i

Greta Panova
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Skew K-HLF

Evaluations of factorial Grothendieck polynomials G, (y|y) for p C A
(K-theory of the Grassmannian)

[Graham-Kreiman]: Structure constants

K}j} = Z (=1)IPI=lul H

DEDOVK) (i)eD 1 — yxtd+1—i

,Vd+j—A/! — YXj+Hd+1—i

[Lenart—Postnikov] Equivariant K-theory Chevalley formula:

KN —1 t/
K (7“ +w (“)) = > (~nl/H=1 K2

wt! (1) =

1=y
where wt'(u) == %
(yen Y

Greta Panova
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Skew K-HLF

Evaluations of factorial Grothendieck polynomials G, (y|y) for p C A
(K-theory of the Grassmannian)

[Graham-Kreiman]: Structure constants
Yd+j—X = YXj+d+1—i
A D|— J
Kino= > (pleelel T —————.

DEDOVK) (i)eD 1 — yxtd+1—i

[Lenart—Postnikov] Equivariant K-theory Chevalley formula:

KN —1 t/
K (7“ +w (“)) = > (~nl/H=1 K2

wt' (1) i
1—yigj
where wt'(u) == %
(yen = Vi
Compare with Chevalley formula for factorial Grothendiecks at 8 = —1:

Gy — G v/l —
Gulyxly) (%m) = Z B/ Gy (ya | y)

(=
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Skew K-HLF

Evaluations of factorial Grothendieck polynomials G, (y|y) for p C A
(K-theory of the Grassmannian)

[Graham-Kreiman]: Structure constants
Yd4j—Xi = YXj+d+1—i
KN o= S0 (Pl [T JaHTA AT
DEDOVK) (iyep 1T Yardri-i
[Lenart—Postnikov] Equivariant K-theory Chevalley formula:

KN —1 t/
K (7“ +w (“)) = > (~nl/H=1 K2

wt' (1)

=
1—yigj
where wt'(u) == %
(yen = Vi
Compare with Chevalley formula for factorial Grothendiecks at 8 = —1:

Gy — G v/l —
Gulyxly) (%m) = Z B/ Gy (ya | y)

(=
General 3: substitute y; < —By;

Theorem (Skew K-HLF, Morales-Pak-Panova'21+)
Fixd > 1, B € R. For every u C X with £(\) < d, we have:

—1

5 ”ﬁ)<[ﬁ 1+ ﬁyu,<r<k>+d7f+1] ~ 1) = Y o [ e ¥l

TesIT(A/u) k=1 \Lli=1 L4 Byni+d—it1 DED(N/ 1) (ij)emp YdHi=x) T Yaitd+1—i

Greta Panova 26
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Asymptotic Algebraic Combinatorics

o Asymptotics of f*/# when \, i — limit shape?

Greta Panova 27



Algebraic Combinatorics Lozenge Tilings | Multivariate weights NHLF
000 0000000 00000 0000

Asymptotic Algebraic Combinatorics

o Asymptotics of f*/# when \, i — limit shape?

® Asymptotics of structure constants:

Littlewood-Richardson cﬁ‘y

su(x)sv(x) = Y clusa(x)
A

Kronecker coefficients g(\, p, v):

1

1 — xyjzx

3 g m ) (sul)si(2) = [

A psv ijyk

Greta Panova
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Asymptotic Algebraic Combinatorics

o Asymptotics of f*/# when \, i — limit shape?

w)
® Asymptotics of structure constants: 1
Littlewood-Richardson cﬁ‘y
A
su(x)su(x) = D chusa(x)
A
Kronecker coefficients g(\, p, v):
1
Z g(As iy v)sa(X)suly)sv(z) = H T xvz
N ik 12k
JrJrJrJr__er
o Asymptotics of Schubert polynomial ST
evaluations, pipe dreams: ( rfJf
(]
__er
e
U

K-HLF
@0000C
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|D(6n+2k/5n)| = 27(5) det[sn_2+;+j]

ij=1
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