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Motivation

1. Lozenge tilings – GUE, LLN, LLT

2. Asymptotic Algebraic Combinatorics and Representation Theory

(©Dan Betea, IHP Paris)
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Standard Young Tableaux
Integer partitions λ ⊢ n :

λ = (λ1, . . . , λℓ), λ1 ≥ λ2 ≥ · · · ≥ λℓ > 0, λ1 + λ2 + · · · = n

Young diagram of λ:

SYT of shape λ = (λ1, . . . , λk ):

T : λ
∼−→ {1, . . . , n} and Ti,j < Ti,j+1,Ti+1,j

T = ∧

<

1 3 4 7 10

2 5 8

6 9

λ = (3, 2, 1):

1 2 3
4 5
6

1 2 3
4 6
5

1 2 4
3 5
6

1 2 4
3 6
5

1 2 5
3 4
6

1 2 5
3 6
4

1 2 6
3 4
5

1 2 6
3 5
4

+ all
transposed

Hook-length formula [Frame-Robinson-Thrall]:

f λ := #{SYTs of shape λ} =
|λ|!∏
u∈λ hu

=
6!

5 ∗ 3 ∗ 3 ∗ 1 ∗ 1 ∗ 1
= 16

Hook length of box u = (i , j) ∈ λ: hu = λi − j + λ′
j − i + 1 = # ∈

u
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Schur functions

Vλ – irreducible GLN(C) module, weight λ

sλ(x1, . . . , xN) = χVλ


x1 0 · · ·
0 x2 · · ·
...

. . . · · ·




Weyl character formula:

sλ(x1, . . . , xN) :=

det
[
x
λj+N−j

i

]N
i,j=1∏

i<j (xi − xj )

Jacobi-Trudi identity:

sλ1,...,λk
= det

 hλ1
hλ1+1 · · · hλ1+k−1

hλ2−1 hλ2
· · · hλ2+k−2

...
. . . hλi+k−j

...


k

i,j=1

Semi-Standard Young tableaux of shape λ :

s(2,2)(x1, x2, x3) = x21 x
2
2

1 1
2 2

+ x21 x
2
3

1 1
3 3

+ x22 x
2
3

2 2
3 3

+ x21 x2x3
1 1
2 3

+ x1x
2
2 x3

1 2
2 3

+ x1x2x
2
3

1 2
3 3

.
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Unrestricted and symmetric lozenge tilings

Tilings of the hexagon a× b × c × a× b × c, s.t.

Unrestricted Vertically symmetric Centrally symmetric

a

b

c a

b

c

O

Limit behavior: fluctuations near the boundary (GUE), limit surface, CLT?
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The Schur generating function: domain setup
Domain Ωλ(N):
positions of the N horizontal lozenges on right boundary are:

λ1(N) + N − 1 > λ2(N) + N − 2 > · · · > λN(N)

3 +2

+1

5

1

2 +3

4

+4

λ(5) = (4, 3, 3, 0, 0)
0 + 0

0 + 1

0 + 2

0 + 3

0 + 4

0 + 5

8 + 6

8 + 7

8 + 8

8 + 9

8 + 10

λ = (a, . . . , a︸ ︷︷ ︸
c

, 0, . . . , 0︸ ︷︷ ︸
b

)

↔ a× b × c... hexagon.
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Tilings probability: skew SSYTs

. Lozenge tilings with right boundary λ(N)
⇐⇒
Semi-Standard Young Tableaux T of shape λ(N)
and entries 1, . . . ,N.

Tilings with horizontal lozenges on vertical line k
at positions xk = (η1, . . . , ηk ) = η
⇐⇒
SSYTs T whose entries 1..k have shape η

Prob{xk (λ) = η} =
sη(1k )sλ/η(1

N−k )

sλ(1N)
,

Proposition[Gorin-P’2013] For any variables
y1, . . . , yk , the Schur Generating Function of xk

is Sλ(y1, . . . , yk ) :=

E

 sxk (y1, . . . , yk )

sxk (1, . . . , 1︸ ︷︷ ︸
k

)

 =
sλ(y1, . . . , yk ,

N−k︷ ︸︸ ︷
1, . . . , 1)

sλ(1, . . . , 1︸ ︷︷ ︸
N

)
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The explicit Schur Generating Functions1

λ1 +N − 1

λ2 +N − 2

λN

x31

x32

x33

Line j = 3

Tn – set of tilings, x j (T ) – horizontal
lozenge positions on line j of T ∈ Tn

E

 sxk (T )(y1, . . . , yk )

sxk (T )(1, . . . , 1︸ ︷︷ ︸
k

)

∣∣∣∣∣ T ∼ Unif (Tn)


=
∑
ν

sν(y1, . . . , yk )

sν(1k )
Pr(xk (T ) = ν) = ...

• = Sλ(n)(y1, . . . , yk ) =
sλ(n)(y1,...,yk ,1

n−k )

sλ(n)(1
n)

for Tn = Ωλ(n).

• =
∏

i y
m/2
i ·

so(m
2 )

n (y1,...,yk ,1
n−k )

so(m
2 )

n (1n)
for Tn – symmetric tilings of n ×m × n....

• = S
( b
2 )

a/2 (y1, . . . , yk )
2 for Tn – centrally symmetric tilings of a× b× c... hexagon.

1from [Gorin-P’2013], [P, 2014, 2015]
Greta Panova 8



Algebraic Combinatorics Lozenge Tilings I Multivariate weights NHLF K-HLF

The explicit Schur Generating Functions1

λ1 +N − 1

λ2 +N − 2

λN

x31

x32

x33

Line j = 3

Tn – set of tilings, x j (T ) – horizontal
lozenge positions on line j of T ∈ Tn

E

 sxk (T )(y1, . . . , yk )

sxk (T )(1, . . . , 1︸ ︷︷ ︸
k

)

∣∣∣∣∣ T ∼ Unif (Tn)


=
∑
ν

sν(y1, . . . , yk )

sν(1k )
Pr(xk (T ) = ν) = ...

• = Sλ(n)(y1, . . . , yk ) =
sλ(n)(y1,...,yk ,1

n−k )

sλ(n)(1
n)

for Tn = Ωλ(n).

• =
∏

i y
m/2
i ·

so(m
2 )

n (y1,...,yk ,1
n−k )

so(m
2 )

n (1n)
for Tn – symmetric tilings of n ×m × n....

• = S
( b
2 )

a/2 (y1, . . . , yk )
2 for Tn – centrally symmetric tilings of a× b× c... hexagon.

1from [Gorin-P’2013], [P, 2014, 2015]
Greta Panova 8



Algebraic Combinatorics Lozenge Tilings I Multivariate weights NHLF K-HLF

The explicit Schur Generating Functions1

λ1 +N − 1

λ2 +N − 2

λN

x31

x32

x33

Line j = 3

Tn – set of tilings, x j (T ) – horizontal
lozenge positions on line j of T ∈ Tn

E

 sxk (T )(y1, . . . , yk )

sxk (T )(1, . . . , 1︸ ︷︷ ︸
k

)

∣∣∣∣∣ T ∼ Unif (Tn)


=
∑
ν

sν(y1, . . . , yk )

sν(1k )
Pr(xk (T ) = ν) = ...

• = Sλ(n)(y1, . . . , yk ) =
sλ(n)(y1,...,yk ,1

n−k )

sλ(n)(1
n)

for Tn = Ωλ(n).

• =
∏

i y
m/2
i ·

so(m
2 )

n (y1,...,yk ,1
n−k )

so(m
2 )

n (1n)
for Tn – symmetric tilings of n ×m × n....

• = S
( b
2 )

a/2 (y1, . . . , yk )
2 for Tn – centrally symmetric tilings of a× b× c... hexagon.

1from [Gorin-P’2013], [P, 2014, 2015]
Greta Panova 8



Algebraic Combinatorics Lozenge Tilings I Multivariate weights NHLF K-HLF

MGF asymptotics

Proposition (Gorin-P’2013)

Eν∼GUEk

 sν−δk (y1, . . . , yk )

sν−δk (1, . . . , 1︸ ︷︷ ︸
k

)

 = exp

(
1

2
(y2

1 + · · ·+ y2
k )

)
,

Etiling of Ωλ(N)

 sxk (y1, . . . , yk )

sxk (1, . . . , 1︸ ︷︷ ︸
k

)

 =
sλ(N)(y1, . . . , yk , 1

N−k )

sλ(N)(1N)
=: Sλ(N)(y1, . . . , yk )

Proposition (Gorin-P’2013)
For any k real numbers h1, . . . , hk and λ(N)/N → f we have:

lim
N→∞

Sλ(N)

(
e

h1√
NS(f ) , . . . , e

hk√
NS(f )

)
e

(
− E(f )√

NS(f )

∑k
i=1 hi

)
= exp

(
1

2

k∑
i=1

h2i

)
.

Theorem (Gorin-P’2013)
Let Υk

λ(N)
= {xk , xk−1, . . .} –collection of positions of the horizontal lozenges on lines

k, k − 1, . . . , 1 of tiling from Ωλ(N), then

Υk
λ(N)
− NE(f )√
NS(f )

→ GUEk (GUE-corners process of rank k).

Greta Panova 9
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Asymptotics of normalized Schur functions

Sλ(N)(x1, . . . , xk ) :=
sλ(N)(x1, . . . , xk ,

N−k︷ ︸︸ ︷
1, . . . , 1)

sλ(N)(1, . . . , 1︸ ︷︷ ︸
N

)

Theorem [Gorin-P’2013] For every partition λ and any x ∈ C \ {0, 1} we have

Sλ(x ;N, 1) =
(N − 1)!

(x − 1)N−1

1

2πi

∮
C

xz∏N
i=1(z − (λi + N − i))

dz,
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(x − 1)N−1

1

2πi

∮
C
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Theorem[Gorin-P’2013] If λi (N)
N
→ f

(
i
N

)
[...], for all fixed y ̸= 0:

lim
N→∞

1

N
lnSλ(N)(e

y ;N, 1) = yw0 −F(w0)− 1− ln(ey − 1),

where F(w ; f ) =
∫ 1
0 ln(w − f (t)− 1 + t)dt, w0 – root of ∂

∂w
F(w ; f ) = y .

If λi (N)
N
→ f

(
i
N

)
[...], for any fixed h ∈ R:

Sλ(N)(e
h/

√
N ;N, 1) = exp

(√
NE(f )h +

1

2
S(f )h2 + o(1)

)
,

where E(f ) =

∫ 1

0
f (t)dt, S(f ) =

∫ 1

0
(f (t)− t + 1/2)2dt − 1/6− E(f )2.
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Asymptotics of normalized Schur functions
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N−k︷ ︸︸ ︷
1, . . . , 1)

sλ(N)(1, . . . , 1︸ ︷︷ ︸
N

)

Multivariate: [Gorin-P’2013 ]

Sλ(x1, . . . , xk ;N) =
k∏

i=1

(N − i)!

(N − 1)!(xi − 1)N−k
×
det

[(
xi

∂
∂xi

)j−1
]k
i,j=1

∆(x1, . . . , xk )

k∏
j=1

Sλ(xj ;N, 1)(xj−1)N−1.

Corollary[Gorin-P’2013]

If
ln
(
Sλ(N)(x ;N, 1)

)
N

→ Ψ(x) unif. on a compact M ⊂ C. Then for any k

lim
N→∞

ln
(
Sλ(N)(x1, . . . , xk ;N, 1)

)
N

= Ψ(x1) + · · ·+Ψ(xk )

uniformly on Mk .
More informally, under various regimes of convergence for λ(N) and x1, . . . , xk we have

Sλ(N)(x1, . . . , xk ) ∼ Sλ(N)(x1) · · · Sλ(N)(xk ).
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Limit surface for symmetric tilings

Theorem (P, 2014)
Let n,m ∈ Z, such that m/n → a as n → ∞, where
a ∈ (0,+∞). Let Hn(u, v) – height function of a
symmetric tiling of n × m × n... hexagon,i.e.

Hn(u, v) =
1

n
y
⌊nu⌋
⌊nv⌋ − v .

For all 1 ≥ u ≥ v ≥ 0, as n → ∞:
Hn(u, v) converges unif. in prob. to a deterministic
function L(u, v) (“the limit surface”).

For any fixed u ∈ (0, 1), L(u, v) is the distribution function of the measure m, given by its
moments: ∫

R

trm(dt) =
r∑

ℓ=0

(r
ℓ

) 1

(ℓ + 1)!
u−r+ℓ ∂ℓ

∂zℓ
zpΦ′

a(z)
p−ℓ

∣∣∣∣∣
z=1

,

where Φa(e
y ) = y a

2 + 2ϕ(y ; a) − 2 and...

h(y) =
1

4

(
(ey + 1) +

√
(ey + 1)2 + 4(a2 + a) (ey − 1)2

)

ϕ(y ; a) = (
a

2
+ 1) ln

(
h(y) − (

a

2
+ 1)(ey − 1)

)
− (

a

2
+

1

2
) ln

(
h(y) − (

a

2
+

1

2
)(ey − 1)

)

+
a

2
ln

(
h(y) +

a

2
(ey − 1)

)
− (

a

2
−

1

2
) ln

(
h(y) + (

a

2
−

1

2
)(ey − 1)

)

Theorem (P, 2015)
The scaled height function Hn(u, v) of a centrally symmetric tiling of an a × b × c... hexagon
converges uniformly in probability to a deterministic function L(u, v) – the limit surface, as
n → ∞, where n = a+c

2 and a/n, b/n – approx constant.
The limit surface coincides with the limit surface for the uniformly random tilings of the hexagon
(without symmetry constraints).
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Lozenge tilings with multivariate weights
Plane partitions with base µ, height d

3 2 1
2 1

y1y2
y3

y4

y5
y6

x1
x2

x3

x4

x5

x3 − y5
weight

weights of horizontal lozenges = xi − yj

Theorem (Morales-Pak-P’2017)
For tilings with base µ and height d, we have that∑

T∈Ωµ,d

∏
(i,j)∈T

(xi − yj ) = det[Ai,j (µ, d)]
d+ℓ(µ)
i,j=1 ,

where

Ai,j (µ, d) :=


(xi−y1)···(xi−yd+ℓ(µ)−j )

(xi−xi+1)···(xi−xd+ℓ(µ))
, when j = ℓ(µ) + 1, . . . , ℓ(µ) + d ,

(xi−y1)···(xi−yµj+d )

(xi−xi+1)···(xi−xd+j )
, when j = i − d , . . . , ℓ(µ),

0, when j < i − d .
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Corollary (Krattenthaler, Stanley etc)
Consider the set PP(µ, d) of plane partitions of base µ and entries less than or equal
to d. Then ∑

P∈PP(µ,d)

q|P| = q
∑

r rµr det[Ci,j ]
ℓ+d
i,j=1,

where

Ci,j =


(−1)d+ℓ−iq(d−i)(d+ℓ−j)− (d−i+ℓ)(d−i−ℓ−1)

2 1
(q;q)d+ℓ−i

, when j = ℓ+ 1, . . . , ℓ+ d ,

(−1)d+j−iq(d−i)(µj+d)− (d+j−i)(d−i−j−1)
2 1

(q;q)d+j−i
, when j = i − d , . . . , ℓ,

0, when j < i − d ,

E.g. µ = (2, 1), d = 1:

∑
P∈PP((2,1),1)

q|P| = q0 + q1 + 2q2 + q3
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Theorem (Morales-Pak-P’2017)
The partition function for tilings of the a× b × c × a× b × c ( µ = a× b, d = c)
hexagon with horizontal lozenges weights xi − yj is given by

Z(a, b, c) :=
∑

T∈Ωa,b,c

∏
(i,j)∈T

(xi − yj ) = det




(xi−y1)···(xi−yc+a−j )

(xi−xi+1)···(xi−xc+a)
if j > a

(xi−y1)···(xi−yb+c )

(xi−xi+1)...(xi−xc+j )
if j = i − c, . . . , a

0, j < i − c


a+c

i,j=1

The probability that a path through (i , di ) exists is

Prob(path) =
det[Ai,j (µ, d)] det[Āi,j (µ

∗, c − d − 1)]

Z

Matrix Ā has xi → xa+c+1−i and yj → yb+c+1−j .

µ = 31

µ∗ = 20
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Simulation: base = δn

Weights: ”hook” weights (4n − i − j) versus uniform (i.e. 1).
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Factorial Schur functions, multivariate lozenge tilings

s
(d)
µ (x|a) :=

det
[
(xj − a1) · · · (xj − aµi+d−i )

]d
i,j=1∏

1≤i<j≤d (xi − xj )
,

Excited diagrams E(λ/µ):
λ = (3, 3, 2), µ = (2, 1)

E(λ/µ) =
{

, , , ,
}

Theorem (Ikeda-Naruse, Kreiman + Knutson-Tao,
Lakshmibai-Raghavan-Sankaran)
Let µ ⊂ λ ⊂ d × (n − d). Let v(n − d + 1− i) = λi + (n − d + 1− i) and
v(j) = d + j − λ′

j . Then

s
(d)
µ (yv(1), . . . , yv(d)|y1, . . . , yn−1) =

∑
D∈E(λ/µ)

∏
(i,j)∈D

(yv(d−i+1) − yv(d+j))

τ 3 2

2 0

1

y1
y2

y3
y4

y5
y6

x2
x3

x4
x5

x6

x1

d

µ
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Hook formulas for skew shapes

Standard Young Tableaux of shape λ: 1 2 3
4 5
6

1 2 3
4 6
5

1 2 4
3 5
6

1 2 4
3 6
5

1 2 5
3 4
6

. . .

Hook-length formula [Frame-Robinson-Thrall]:

f λ := #{SYTs of shape λ} =
|λ|!∏
u∈λ hu

=
6!

5 ∗ 3 ∗ 3 ∗ 1 ∗ 1 ∗ 1
= 16

Hook length of box u = (i , j) ∈ λ: hu = λi − j + λ′
j − i + 1 = # ∈

u

Standard Young Tableaux of skew shape λ/µ: 3 5
1 4

2 6
No product formula:

λ/µ = δn+2/δn:
3 7

1 5
2 4
6

←→ 6 > 2 < 4 > 1 < 5 > 3 < 7 f δn+2/δn = E2n+1:

1 + E1x + E2
x2

2!
+ E3

x3

3!
+ E4

x4

4!
+ . . . = sec(x) + tan(x).

Euler numbers: 2, 5, 16, 61....
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Hook-Length formula for skew shapes

Excited diagrams: E(λ/µ) = {D ⊂ λ : obtained from µ via }

Theorem (Naruse, SLC, September 2014)

f λ/µ = |λ/µ|!
∑

D∈E(λ/µ)

∏
u∈[λ]\D

1

h(u)
,

where E(λ/µ) is the set of excited diagrams of λ/µ.
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Hook-Length formula for skew shapes

Excited diagrams: E(λ/µ) = {D ⊂ λ : obtained from µ via }

Theorem (Naruse, SLC, September 2014)

f λ/µ = |λ/µ|!
∑

D∈E(λ/µ)

∏
u∈[λ]\D

1

h(u)
,

where E(λ/µ) is the set of excited diagrams of λ/µ.

f (4321/21) = 7!

(
1

14 · 33
+

1

13 · 33 · 5
+

1

13 · 33 · 5
+

1

12 · 33 · 52
+

1

12 · 32 · 52 · 7

)
= 61
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Hook-Length formula for skew shapes

Excited diagrams: E(λ/µ) = {D ⊂ λ : obtained from µ via }

Theorem (Morales-Pak-P’16)
For skew SSYTs, we have that

sλ/µ(1, q, q
2, . . .) =

∑
T∈SSYT (λ/µ)

q|T | =
∑

D∈E(λ/µ)

∏
(i,j)∈[λ]\D

[
qλ

′
j−i

1− qh(i,j)

]
.
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∑
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q|T | =
∑

D∈E(λ/µ)

∏
(i,j)∈[λ]\D

[
qλ

′
j−i

1− qh(i,j)

]
.

sλ/µ(1, q, q
2
, . . .) =

∑
T∈SSYT (4321/21)

q|T| =
q3

(1 − q)4(1 − q3)3
+ 2 × q5

(1 − q)3(1 − q3)3(1 − q5)
+ · · ·
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Hook-Length formula for skew shapes

Excited diagrams: E(λ/µ) = {D ⊂ λ : obtained from µ via }

Theorem (Morales-Pak-P’16)
For skew SSYTs, we have that

sλ/µ(1, q, q
2, . . .) =

∑
T∈SSYT (λ/µ)

q|T | =
∑

D∈E(λ/µ)

∏
(i,j)∈[λ]\D

[
qλ

′
j−i

1− qh(i,j)

]
.

Theorem (Morales-Pak-P’16)
For (reverse) plane partitions of skew shape λ/µ:

∑
π∈RPP(λ/µ)

q|π| =
∑

S∈PD(λ/µ)

∏
u∈S

[
qh(u)

1− qh(u)

]
.

where PD(λ/µ) := {S ⊂ [λ] : S ⊂ [λ] \ D, for some D ∈ E(λ/µ)}.
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Applications of NHLF

• Asymptotics of f λ/µ: log f λ
(n)/µ(n)

∼
1

2
n log n.

• Product formulas for special f λ/µ.
a

b

c

d

e

a
b

c

cc
a

b

c

c

e

d

(iii)(ii)(i)

• Weighted lozenge tilings.

• Principle evaluations of Schubert polynomials and asymptotics.
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Product formulas

a
b

c

d

e

a
b

c

cc
a

b

c

c

e

d

(iii)(ii)(i)

Φ(n) := 1! · 2! · · · (n − 1)!, Ψ(n) := 1!! · 3!! · · · (2n − 3)!!,
Ψ(n; k) := (k + 1)!! · (k + 3)!! · · · (k + 2n − 3)!!, Λ(n) := (n − 2)!(n − 4)! · · ·

Theorem (Morales-Pak-P’17)
The number of skew SYTs of shapes as in (i), (ii), (iii) above, with side lengths
parametrized by a, b, c, d , e, are:

f sh(i) = n!
Φ(a)Φ(b)Φ(c)Φ(d)Φ(e)Φ(a+ b + c)Φ(c + d + e)Φ(a+ b + c + e + d)

Φ(a+ b)Φ(e + d)Φ(a+ c + d)Φ(b + c + e)Φ(a+ b + 2c + e + d)
,

f sh(ii) = n!
Φ(a)Φ(b)Φ(c)Φ(a+ b + c)

Φ(a+ b)Φ(b + c)Φ(a+ c)

Ψ(c)Ψ(a+ b + c)

Ψ(a+ c)Ψ(b + c)Ψ(a+ b + 2c)
,

f Sh(iii) =
n! Φ(a)Φ(b)Φ(c)Φ(a + b + c) Ψ(c; d + e)Ψ(a + b + c; d + e) Λ(2a + 2c)Λ(2b + 2c)

Φ(a + b)Φ(b + c)Φ(a + c)Ψ(a + c)Ψ(b + c)Ψ(a + b + 2c; d + e)Λ(2a + 2c + d)Λ(2b + 2c + e)
.
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Increasing Tableaux

< Increasing Tableau Standard Increasing Tableau

∧ 1 2 6 8
2 3 8
6

1 2 3 5
2 3 4
5
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Increasing Tableaux

< Increasing Tableau Standard Increasing Tableau

∧ 1 2 6 8
2 3 8
6

1 2 3 5
2 3 4
5

m(T ) := max{T (i , j)}, [T<k ] = {(i , j) : T (i , j) < k} e.g. [T<4] =

Theorem (Morales-Pak-Panova’21+)
Fix d ≥ 1, β ∈ R. For every λ ⊢ n with ℓ(λ) ≤ d, we have:

∑
T∈SIT(λ)

m(T )∏
k=1

([
d∏

i=1

1 + β
(
[T<k ]i

)
+ d − i + 1

)
1 + β

(
λi + d − i + 1

) ]
− 1

)−1

=
1

(−β)n

ℓ(λ)∏
i=1

(
1 + β(λi + d − i + 1)

)λi
∏

(i,j)∈λ

1

h(i , j)
.

(K-HLF)
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Theorem (Multivariate K-HLF, Morales-Pak-Panova’21+)
Fix d ≥ 1. For every λ ⊢ n with ℓ(λ) ≤ d we have:

∑
T∈SIT(λ)

m(T )∏
k=1

([
d∏

i=1

1 + β y[T<k ]i+d−i+1

1 + β yλi+d−i+1

]
− 1

)−1

=
1

βn

d∏
i=1

(
1 + β yλi+d−i+1

)λi
∏

(i,j)∈λ

1

yd+j−λ′
j
− yλi+d−i+1

.
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βn

d∏
i=1

(
1 + β yλi+d−i+1

)λi
∏

(i,j)∈λ

1

yd+j−λ′
j
− yλi+d−i+1

.

Corollary:

∑
T∈SIT(λ)

q
∑

T (i,j)
m(T )∏
k=1

1

1− q|[T≥k ]|
= q

∑
(i,j)∈λ i+j−1

∏
(i,j)∈λ

1

1− qh(i,j)
.
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q5
1

(1− q3)(1− q2)
1 2
2

+ q6
1

(1− q3)(1− q2)(1− q)
1 2
3

+ q6
1

(1− q3)(1− q2)(1− q)
1 3
2

= q5
1

(1− q3)(1− q)2
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Generalized Excited Diagrams D(λ/µ)

Type I move Type II move

D
( )

=

{
, , , ,

}
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Generalized Excited Diagrams D(λ/µ)

Type I move Type II move

D
( )

=

{
, , , ,

}

Non-intersecting Delannoy paths[MPP] with forbidden configuration:

A1
A2

B1

B2

B1

A1
A2

B2
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Skew K-HLF

Theorem (Morales-Pak-Panova’21+)
Fix d ≥ 1, β ∈ R. For every µ ⊂ λ with ℓ(λ) ≤ d, we have:

∑
T∈SIT(λ/µ)

m(T )∏
k=1

([
d∏

i=1

1 + β
(
[T<k ]i + d − i + 1

)
1 + β (λi + d − i + 1)

]
− 1

)−1

=
∑

D∈D(λ/µ)

(−β)|D| − |λ|
∏

(i,j)∈λ\D

β (λi + d − i + 1) + 1

h(i , j)
.

(K-NHLF)

Theorem (Morales-Pak-Panova’21+)
For every µ ⊂ λ, we have:

∑
T∈SIT(λ/µ)

q|T |
m(T )∏
k=1

1

1− q|[T≥k ]|
=

∑
D∈D(λ/µ)

∏
(i,j)∈λ\D

qh(i,j)

1− qh(i,j)
.
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Factorial Grothendieck polynomials

(double Grothendieck polynomials for Grassmannian permutations)

x ⊕ y := x + y + βxy , x ⊖ y :=
(x − y)

(1 + βy)
, ⊖ x :=

−x
1 + βx

,

and [x | y]k := (x ⊕ y1)(x ⊕ y2) · · · (x ⊕ yk ) ,

[McNamara]: The Factorial Grothendieck polynomials are given by:

Gµ(x1, . . . , xd | y) = det
(
[xi | y]µj+d−j (1 + βxi )

j−1
)d
i,j=1

∏
1≤i<j≤d

1

(xi − xj )
.

Vanishing property:
evaluation at yλ := (⊖ yλ1+d ,⊖ yλ2+d−1, . . . ,⊖ yλd+1) for ℓ(λ) ≤ d ,

Gµ(yλ | y) =

{
0 if µ ̸⊆ λ,∏

(i,j)∈λ(yd+j−λ′
j
⊖ yλi+d−i+1) if µ = λ.

Pieri rule:

Gµ(x | y)
(
1 + βG1(x | y)

)
=
(
1 + βG1(yµ | y)

) ∑
ν 7→µ

β|ν/µ|Gν(x | y) .
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Skew K-HLF

Evaluations of factorial Grothendieck polynomials Gµ(yλ|y) for µ ⊂ λ
(K-theory of the Grassmannian)

[Graham-Kreiman]: Structure constants

Kλ
µλ =

∑
D∈D(λ/µ)

(−1)|D|−|µ|
∏

(i,j)∈D

yd+j−λ′
j
− yλi+d+1−i

1 − yλi+d+1−i
.

[Lenart–Postnikov] Equivariant K-theory Chevalley formula:

Kλ
µλ

(
Kλ
1λ − 1 + wt′(µ)

wt′(µ)

)
=

∑
ν 7→µ

(−1)|ν/µ|−1 Kλ
νλ ,

where wt′(µ) :=
∏

(i,j)∈µ

1− yi+j−1

1− yi+j
.

Compare with Chevalley formula for factorial Grothendiecks at β = −1:

Gµ(yλ | y)
(
G1(yλ|y) − G1(yµ | y)

1 + βG1(yµ | y)

)
=
∑
ν⊋µ

β|ν/µ|−1 Gν(yλ | y) .

General β: substitute yi ← −βyi

Theorem (Skew K-HLF, Morales-Pak-Panova’21+)
Fix d ≥ 1, β ∈ R. For every µ ⊂ λ with ℓ(λ) ≤ d, we have:

∑
T∈SIT(λ/µ)

m(T )∏
k=1

([
d∏

i=1

1 + β yνi (T<k )+d−i+1

1 + β yλi+d−i+1

]
− 1

)−1

=
∑

D∈D(λ/µ)

β|D|−|λ|
∏

(i,j)∈λ\D

βyλi+d−i+1 + 1

yd+j−λ′
j
− yλi+d+1−i

.
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Asymptotic Algebraic Combinatorics

• Asymptotics of f λ/µ when λ, µ→ limit shape?

• Asymptotics of structure constants:

Littlewood-Richardson cλµν

sµ(x)sν(x) =
∑
λ

cλµνsλ(x)

Kronecker coefficients g(λ, µ, ν):∑
λ,µ,ν

g(λ, µ, ν)sλ(x)sµ(y)sν(z) =
∏
i,j,k

1

1− xiyjzk

• Asymptotics of Schubert polynomial
evaluations, pipe dreams:
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T h

y a n

o u k

!

∣∣D(δn+2k/δn)
∣∣ = 2

−
(
k
2

)
det
[
sn−2+i+j

]k
i,j=1
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