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Jumpe Diffusion

In this talk, a jump diffusion means a purely discontinuous
(symmetric) Markov process with long range jumps.

Example. Isotropic or rotationally symmetric a-stable
process X on RY with 0 < o < 2:

Eeif’(Xt—XO) — e_t|§|a7 é‘ [ Rd.

o = 2: Brownian motion
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Why do we care?

e Jumps model sudden big changes when viewed in a long
time scale.

e Anomalous super-diffusions

e Infinitesimal generator of X is A%/? := —(—=A)*/2
APu(x) = pv. [ (uly) = u)
RY ly — x|t

where ¢4, < a(2 — a). Riesz potential

e Singular obstacle problem; Dirichlet-to-Nuemann map
e Trace of diffusions on subsets.

e Time change of diffusion processes
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Challenges

e Non-local operators: not very amenable for calculation

e Typically infinitely many small jumps in any given time
intervals.

e Long range jumps
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Challenges

e Non-local operators: not very amenable for calculation

e Typically infinitely many small jumps in any given time
intervals.

e Long range jumps
Features:

e Exist in a very general setting

e Very large class and rich behaviors: polynomial,
exponential, short range, ...
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Dirichlet form

A useful tool in the study of symmetric Markov processes
is Dirichlet form theory.

X = {Pit}s0 — L +— (€, F),
where 7 = Dom(v/—£L) and

g(fag) - (V _Efa \ _£g)L2(X;m) = (_cfag)Lz(X;m)-




Dirichlet form

A useful tool in the study of symmetric Markov processes
is Dirichlet form theory.

X — {Pi}s0 — L +— (€, F),
where 7 = Dom(v/—£L) and

g(fag) - (V _Efa \ _£g)L2(X;m) = (_Efag)Lz(X;m)-

e Fukushima ('71, '75), Silverstein ('74): regular DF
e Albeverio-Ma ('91), Ma-Rockner ('92): quasi-regular DF
e C.-Ma-Rocknet ('94): quasi-homeomorphism: QR < R
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Beurling-Deny decomposition

For a regular Dirichlet form (&, F) on L2(X; m),

Suw) = 9w+ 5 [ (w00~ )P e dy)

+ /X u(x)?k(dx),

where £(¢) is strongly local: £()(u,v) =0 for uv =0
J(dx, dy): jumping kernel
x(dx): killing measure.




In this talk, we are concerned with pure jump processes
associated with regular DF (&, F):

S =5 [ () =~ u(n) (e, o)

on metric measure space (X', d, m).




In this talk, we are concerned with pure jump processes
associated with regular DF (&, F):

S =5 [ () =~ u(n) (e, o)

on metric measure space (X', d, m).

We are interested in the following stability question:
Suppose we have another DF (£, F) with J' =< J. What
properties are transferable from one to the other?
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In this talk, we are concerned with pure jump processes
associated with regular DF (&, F):

S =5 [ () =~ u(n) (e, o)

on metric measure space (X', d, m).

We are interested in the following stability question:
Suppose we have another DF (£, F) with J' =< J. What
properties are transferable from one to the other?

HKE, PHI, EHI
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Stable-like processes

Example. Isotropic a-stable process X has transition
density function

t

(a)(t,X,y) = t_d/a A m

Ilts Dirichlet form (&, F) is
1
S =5 [ ()~ uly)P ey
R xR ‘ ‘

Q. What is the heat kernel for

1

- u(x) —u 2 cxy) x
w0 = a0y

/ _
<5'(u,u)—2

with ¢(x,y) < 17




e C.-Kumagai '03: When (X, p, m) is an Alfors d-set, and

= u(x)—u 2_clxy) m(dx)m
) = [ (u6) = u) = m(dm(dy)
then p(t,x,y) <t~/ A m.

Aronson type result for stable-like processes




e C.-Kumagai '03: When (X, p, m) is an Alfors d-set, and
c(x.y)
Su,u:/ u(x) — u(y))?———ZL—m(dx)m(dy),
(wu) = | (ul) = uly)) xy)i (dx)m(dy)
t

p(x, y)ate
Aronson type result for stable-like processes

then p(t,x,y) <t~/ A

e C.-Kumagai '08: mixed-stable-like processes on more
general metric measure spaces




Example: Sierpinski gasket has Hausdorff dimension
d = log 3/ log 2 and walk dimension d,, = log5/log?2. For
any 0 < s < 1, the s-subordination of BM on X has

t =t N ———
Pt x,y) plx, y)te’

where o = sd,, € (0, d,).



The s-subordination of BM on Siepinkski gasket is a
symmetric pure jump process with jumping kernel

1
,O(X, y)d—l—a ’

Open Question: What can we say about a generic
symmetric jump process whose jumping kernel

J(x,y) = W? Does it have the same HKE?

Jo(x,y) < where o« = sd,,.
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Framework and results

(X, p, m): Metric measure space (assume m(X) = oo for
simplicity)
(€, F): regular pure-jump Dirichlet form on L[?(X, m)

.= [ [ (O Sy msm(y)

{X:}>0: corresponding Hunt process on X.




Framework and results

(X, p, m): Metric measure space (assume m(X) = oo for
simplicity)
(€, F): regular pure-jump Dirichlet form on L[?(X, m)

.= [ [ (O Sy msm(y)

{X:}>0: corresponding Hunt process on X.

We will consider condition
1

R e i e))
(Js<) (resp. (Jys>)): if the upper (resp. lower) bound
holds. Here V(x,r) = m(B(x,r)).

(Js)
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Volume and time scale

(VD) and (RVD): There are constants ¢j, ¢; > 1 s.t.
aV(x,rN<V(x,2r)<cVB(x,r)
for all x € X and r > 0.

Doubling and reverse doubling condition (Polyn) for ¢:
There are constants c3, ¢4 > 0, 5> > 1 > 0 s.t. for every
0<r<R<o0,

«(7)" <50 < a(7)"




(1) V(x,r) =< r?: J(x,y) < 1/p(x,y)9"®: a-stable-like
process (C.-Kumagai '03)
(2) [a1, ] € (0,00), v: probability measure on [ay, ap]

o(t) == ( /a a g0 u(da)> o

Especially, m(B(x,r)) < r? 0<a;<- - <a,<2,

J(X,y) _ Z Ci(va)

— p(x, y)Tres’

where ¢! < ¢i(x,y) = ci(y, x) < c: mixed-type process
(C.-Kumagai '08).




HK(¢)

HK(¢) :
1 t

PSS = VG5T0) " Vi i Dot )




HK(¢)

HK(¢) :
1 t

PSS = VG5T0) " Vi i Dot )

UHK(¢): if < holds.




HK(¢)

HK(¢) :

(t,x,y) =< ! A t
PR = Vo 1) " Vix, plxy))o(p(x, )

UHK(¢): if < holds.

e dc; >1st. Vr>0and ae. xe M,

Cl_ld)(r) < IEI:'X[TB(X,r)] < ag(r). (Es)




Theorem (C.-Kumagai-Wang 2021))

Assume that (VD), (RV) and (Polyn) hold. Then the
following are equivalent:

(1) HK(9).

(2) J, and (E;).

(3) J, and CSJ(9).
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Main Result |

Theorem (C.-Kumagai-Wang 2021))

Assume that (VD), (RV) and (Polyn) hold. Then the
following are equivalent:

(1) HK(6).

(2) J, and (E;).

(3) J, and CSJ(9).

Any of the above statements implies the process is
conservative.
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CSJ(¢) condition

° CSJ(gb) d¢, € (0, 1], Cl, G >0st. VR>r >0,
Vf € F, 3 cutoff function ¢ for B(x,R) C B(x,R +r)

(i.e. 90|B(X,R) =1, SO‘B(X,RH)C = 0) s.t.

/ £dr (¢, )
B(x,R+(1+G)r)

where U = B(x,R+r) \ B(x, R),
U*=B(x,R+ (14 G)r) \ B(x,R— Gyr).




(i) For diffusions, similar inequality was given in
Barlow-Andres, Barlow-Bass, Barlow-Bass-Kumagai
and Grigor'yan-Hu-Lau.

(ii) CSJ(¢) implies
Cap(B(x, R), B(x, R + 1)) < 57
(PI(¢) gives >.)

(iii) Under J, <, CSJ(¢) always holds if 8, < 2.




Stability of HK(r") for d-set also proved independently
and around the same time by

e Murugan and Saloff-Coste ('19): stable-like discrete
time Markov chains on d-set graphs, by generalizing
Davies’ method.

e Grigor'yan, E. Hu and J. Hu ('18): stable-like process
on d-sets.
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Main Result Il

Theorem (C.-Kumagai-Wang 2021))

Assume that (VD), (RV) and (Polyn) hold. Then the
following are equivalent:

(1) UHK(¢) and {X:}+>0 is conservative.

(2) UHKD(¢), Js.< and (E;).

(3) FK(¢), Js< and CSI(o).
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e Faber-Krahn inequality FK(¢):
1C,v > 0s.t. VB(x,r), VD C B(x,r),

w0z 56 ()

o(r)




Js does not imply HK(¢) in general. Let X = R?,
o(r)=r*+r°, 0<a<2<B.
Then for a process satisfying Jj,

EX[TB(XJ)] = r*A r2,

so (E,) and hence HK(¢) does not hold.




Js does not imply HK(¢) in general. Let X = R?,
o(r)=r*+r", 0<a<2<8.
Then for a process satisfying Jj,
EX[7g(x,n] < r* A r?,

so (E,) and hence HK(¢) does not hold.

Sharp HKE for this case and their stability has recently
been obtained in C.-Kumagai-Wang ('19/'22+), and in
Bae-Kang-Kim-Lee ('19).




PHI

CcT

2

CcT
S
:

u(t,x): X — R, is caloric or parabolic on Q if

ou :
a(t,x) = Lu(t, x) in Q.

e PHI(¢) (parabolic Harnack inequality): For every
u(t,x) > 0on [0,00) x X caloricin Q, T = ¢(R),

supu < Cg inf u.
Q+




Main Results Ill: Parabolic Harnack inequalit

Theorem (C.-Kumagai-Wang '20)

Assume that (VD), (RVD) and (Polyn) hold. Then the
following are equivalent:

(1) PHI(6).

(2) NDL(¢) and UJS.

(3) PI(¢), Js<, CSI(¢) and UJS.

(4) PHR, (E;) and UJS.

(5) EHR, (E;) and UJS.
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Main Results |ll: Parabolic Harnack inequa

Theorem (C.-Kumagai-Wang '20)

Assume that (VD), (RVD) and (Polyn) hold. Then the
following are equivalent:

(1) PHI(6).

(2) NDL(¢) and UJS.

(3) PI(¢), Js<, CSI(¢) and UJS.

(4) PHR, (E;) and UJS.

(5) EHR, (E;) and UJS.

Corollary (C.-Kumagai-Wang '20)

HK ($) <= PHI(¢) + Jy .
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e UJS: For x,y € & with p(x,y) >0,

J(x,y) < W/B(X,r) J(z,y)m(dz)

for any r < p(x,y)/2.




e UJS: For x,y € & with p(x,y) >0,
c
J(X,y)g—/ J(z,y)m(dz
m(B(X7 I’)) B(x,r) ( ) ( )

for any r < p(x,y)/2.

e NDL(¢): Je € (0,1),c >0s.t. Vxo € X, r >0,
t < ¢(er) and B = B(x, r),

pE(X,y') >

X, y" € B(xo,07(1)).

m(B(xo, ¢71(1)))’




e UJS: For x,y € & with p(x,y) >0,

J(x,y) < m/fgw) J(z,y)m(dz)

for any r < p(x,y)/2.

e NDL(¢): Je € (0,1),c >0s.t. Vxo € X, r >0,
t < ¢(er) and B = B(x, r),

X, y" € B(xo,07(1)).

Br, ¢
Py ) = B, (D))
e PI(¢) (Poincaré inequality): VB = B(x,r) and f € F,

/(f fg)2dm < Co(r //BXB ))2J(x, dy) m(dx)




|dea of the proof for HKE (very sketchy)

Lem4.15

Jos i > FK( o) > E,.
Prop7.6
Js< .
CSI(0) > E, ' UHKD(®)
A

LHK( ) € J 1 » UHK(®)

Prop3.1

SCSJ(¢) - §3.2 /
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Cacciopoli inequality

It is relatively easier to show that HK(¢) < Js + E;.
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Cacciopoli inequality

It is relatively easier to show that HK(¢) < Js + E;.

For their equivalence to Jy + CSJ(¢), a key part of our
approach uses the Cacciopoli inequality.

We show CSJ(¢) + Js < = Cacciopoli inequality.
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Cacciopoli inequality

It is relatively easier to show that HK(¢) < Js + E;.

For their equivalence to Jy + CSJ(¢), a key part of our
approach uses the Cacciopoli inequality.

We show CSJ(¢) + Js < = Cacciopoli inequality.

We then show this with FK(¢) and through a comparison
of L?-norm over balls yields the L°- as well as L!-mean
value inequalities for £-subharmonic functions for
truncation Dirichlet forms.
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Cacciopoli inequality

It is relatively easier to show that HK(¢) < Js + E;.

For their equivalence to Jy + CSJ(¢), a key part of our
approach uses the Cacciopoli inequality.

We show CSJ(¢) + Js < = Cacciopoli inequality.

We then show this with FK(¢) and through a comparison
of L?-norm over balls yields the L°- as well as L!-mean
value inequalities for £-subharmonic functions for
truncation Dirichlet forms.

The latter can be used to derive £ -.
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Cacciopoli inequality

It is relatively easier to show that HK(¢) < Js + E;.

For their equivalence to Jy + CSJ(¢), a key part of our
approach uses the Cacciopoli inequality.

We show CSJ(¢) + Js < = Cacciopoli inequality.

We then show this with FK(¢) and through a comparison
of L?-norm over balls yields the L°- as well as L!-mean
value inequalities for £-subharmonic functions for
truncation Dirichlet forms.

The latter can be used to derive £ -.
On the other hand, it is quite easy to deduce that

Jy> = FK(¢) = E4 <.



Cacciopoli inequality

Cacciopoli inequality: xo € X', s > 0, B; = B(xp, s).
Assume VD, CSJ(¢), Jy <.

For 0 < r < r/, let u: sub—harmonic on B, ., and
v=(u—20); for § > 0. ¢: cutoff function for B,,_, C B,
in CSJ(¢). Then

| drtveve)

' r

1 P\ LHPaP
< — {1 + = (1 + —) Tail (u; xo, r' + r)] / u? dm.
(r) r B

r'+r

|u(x)[m(dx)

where  Tail (u; xo, r) := ¢(r)/

B(x0,r)¢ V(x0, p(x0, x))B(p(x0, X))




Elliptic Harnack inequality

For non-local Dirichlet forms, we have some stability
results under some strong “bounded goemetry”
assumption. For strongly local Dirichlet forms,
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Elliptic Harnack inequality

For non-local Dirichlet forms, we have some stability
results under some strong “bounded goemetry”
assumption. For strongly local Dirichlet forms,

Theorem (Barlow-C.-Murugan '22+

|

Let (X, d) be a complete, locally compact, separable
metric doubling space, and m a Radon measure on X
with full support. Let (€,F) and (E', F) be strongly local
symmetric regular Dirichlet forms on L?(X'; m) satisfying

CIE(f, f) < E(F,f) < CE(F,f) forall f € F.

If (£, F) satisfies EHI, then so does (&', F).
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Thank you!
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