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Group action dynamics 1
Four complex parameters: (A,B,C ,D) ∈ C4.

Affine cubic surface

SA,B,C ,D = {(x , y , z) ∈ C3 : x2 + y2 + z2 + xyz = Ax + By + Cz + D}.

Every line parallel to the x-axis intersects SA,B,C ,D at two points and one can
therefore define an involution sx : SA,B,C ,D → SA,B,C ,D that switches them:

sx(x , y , z) = (−x − yz + A, y , z)

Two further involutions sy : SA,B,C ,D → SA,B,C ,D and sz : SA,B,C ,D → SA,B,C ,D

are defined analogously:
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Group action dynamics 2

Consider the group

Γ∗ ≡ Γ∗A,B,C ,D := 〈sx , sy , sz〉 ≤ Aut(SA,B,C ,D),

where Aut(SA,B,C ,D) denotes the group of all biholomorphic self-mappings of
SA,B,C ,D .

Finite index in Aut(SA,B,C ,D) and equal for generic parameters.

Consider also the finite index subgroup

Γ ≡ ΓA,B,C ,D := 〈gx , gy , gz〉 < Γ∗,

where gx := sz ◦ sy , gy := sx ◦ sz , and gz := sy ◦ sx .

The dynamics of the action of groups Γ∗A,B,C ,D and ΓA,B,C ,D on SA,B,C ,D and
their individual elements have several deep connections, including:

I dynamics on character varieties,
I the monodromy of the Painlevé 6 differential equation,
I and the aperiodic Schrödinger equation.

See, e.g. Cantat Bers and Hénon, Painlevé and Schrödinger 2009.



Group action dynamics 2

Consider the group

Γ∗ ≡ Γ∗A,B,C ,D := 〈sx , sy , sz〉 ≤ Aut(SA,B,C ,D),

where Aut(SA,B,C ,D) denotes the group of all biholomorphic self-mappings of
SA,B,C ,D . Finite index in Aut(SA,B,C ,D) and equal for generic parameters.

Consider also the finite index subgroup

Γ ≡ ΓA,B,C ,D := 〈gx , gy , gz〉 < Γ∗,

where gx := sz ◦ sy , gy := sx ◦ sz , and gz := sy ◦ sx .

The dynamics of the action of groups Γ∗A,B,C ,D and ΓA,B,C ,D on SA,B,C ,D and
their individual elements have several deep connections, including:

I dynamics on character varieties,
I the monodromy of the Painlevé 6 differential equation,
I and the aperiodic Schrödinger equation.

See, e.g. Cantat Bers and Hénon, Painlevé and Schrödinger 2009.



Group action dynamics 2

Consider the group

Γ∗ ≡ Γ∗A,B,C ,D := 〈sx , sy , sz〉 ≤ Aut(SA,B,C ,D),

where Aut(SA,B,C ,D) denotes the group of all biholomorphic self-mappings of
SA,B,C ,D . Finite index in Aut(SA,B,C ,D) and equal for generic parameters.

Consider also the finite index subgroup

Γ ≡ ΓA,B,C ,D := 〈gx , gy , gz〉 < Γ∗,

where gx := sz ◦ sy , gy := sx ◦ sz , and gz := sy ◦ sx .

The dynamics of the action of groups Γ∗A,B,C ,D and ΓA,B,C ,D on SA,B,C ,D and
their individual elements have several deep connections, including:

I dynamics on character varieties,
I the monodromy of the Painlevé 6 differential equation,
I and the aperiodic Schrödinger equation.

See, e.g. Cantat Bers and Hénon, Painlevé and Schrödinger 2009.



Group action dynamics 2

Consider the group

Γ∗ ≡ Γ∗A,B,C ,D := 〈sx , sy , sz〉 ≤ Aut(SA,B,C ,D),

where Aut(SA,B,C ,D) denotes the group of all biholomorphic self-mappings of
SA,B,C ,D . Finite index in Aut(SA,B,C ,D) and equal for generic parameters.

Consider also the finite index subgroup

Γ ≡ ΓA,B,C ,D := 〈gx , gy , gz〉 < Γ∗,

where gx := sz ◦ sy , gy := sx ◦ sz , and gz := sy ◦ sx .

The dynamics of the action of groups Γ∗A,B,C ,D and ΓA,B,C ,D on SA,B,C ,D and
their individual elements have several deep connections, including:

I dynamics on character varieties,

I the monodromy of the Painlevé 6 differential equation,
I and the aperiodic Schrödinger equation.

See, e.g. Cantat Bers and Hénon, Painlevé and Schrödinger 2009.



Group action dynamics 2

Consider the group

Γ∗ ≡ Γ∗A,B,C ,D := 〈sx , sy , sz〉 ≤ Aut(SA,B,C ,D),

where Aut(SA,B,C ,D) denotes the group of all biholomorphic self-mappings of
SA,B,C ,D . Finite index in Aut(SA,B,C ,D) and equal for generic parameters.

Consider also the finite index subgroup

Γ ≡ ΓA,B,C ,D := 〈gx , gy , gz〉 < Γ∗,

where gx := sz ◦ sy , gy := sx ◦ sz , and gz := sy ◦ sx .

The dynamics of the action of groups Γ∗A,B,C ,D and ΓA,B,C ,D on SA,B,C ,D and
their individual elements have several deep connections, including:

I dynamics on character varieties,
I the monodromy of the Painlevé 6 differential equation,

I and the aperiodic Schrödinger equation.

See, e.g. Cantat Bers and Hénon, Painlevé and Schrödinger 2009.



Group action dynamics 2

Consider the group

Γ∗ ≡ Γ∗A,B,C ,D := 〈sx , sy , sz〉 ≤ Aut(SA,B,C ,D),

where Aut(SA,B,C ,D) denotes the group of all biholomorphic self-mappings of
SA,B,C ,D . Finite index in Aut(SA,B,C ,D) and equal for generic parameters.

Consider also the finite index subgroup

Γ ≡ ΓA,B,C ,D := 〈gx , gy , gz〉 < Γ∗,

where gx := sz ◦ sy , gy := sx ◦ sz , and gz := sy ◦ sx .

The dynamics of the action of groups Γ∗A,B,C ,D and ΓA,B,C ,D on SA,B,C ,D and
their individual elements have several deep connections, including:

I dynamics on character varieties,
I the monodromy of the Painlevé 6 differential equation,
I and the aperiodic Schrödinger equation.

See, e.g. Cantat Bers and Hénon, Painlevé and Schrödinger 2009.



Group action dynamics 2

Consider the group

Γ∗ ≡ Γ∗A,B,C ,D := 〈sx , sy , sz〉 ≤ Aut(SA,B,C ,D),

where Aut(SA,B,C ,D) denotes the group of all biholomorphic self-mappings of
SA,B,C ,D . Finite index in Aut(SA,B,C ,D) and equal for generic parameters.

Consider also the finite index subgroup

Γ ≡ ΓA,B,C ,D := 〈gx , gy , gz〉 < Γ∗,

where gx := sz ◦ sy , gy := sx ◦ sz , and gz := sy ◦ sx .

The dynamics of the action of groups Γ∗A,B,C ,D and ΓA,B,C ,D on SA,B,C ,D and
their individual elements have several deep connections, including:

I dynamics on character varieties,
I the monodromy of the Painlevé 6 differential equation,
I and the aperiodic Schrödinger equation.

See, e.g. Cantat Bers and Hénon, Painlevé and Schrödinger 2009.



Previous works:

Picard Parameters: (A,B,C ,D) = (0, 0, 0, 4). “Solved” by Picard in 1889.

Markoff Parameters: (A,B,C ,D) = (0, 0, 0, 0). Motivations from number
theory. Series 1985, Bowditch 1998, etc.

Real dynamics for real Parameters: Goldman 1997, 2003, etc.

Complex dynamics of individual maps: Existence of maps in Γ and Γ∗ displaying
rather interesting dynamics (Iwasaki-Uehara 2007, Cantat 2009).

Builds on work of many from holomorphic dynamics of birational maps
(Bedford-Diller, Bedford-Smillie, Diller-Favre, Dinh-Sibony, Dujardin, etc...)

Complex dynamics of the whole group action: Cantat-Loray 2009 the action of
Γ on SA,B,C ,D preserves neither an (multi) affine structure nor a (multi)
holomorphic foliation. Except for Picard parameters (A,B,C ,D) = (0, 0, 0, 4).

Open sets where the group action is properly discontinuous for certain
parameters: Hu-Tan-Zhang 2018, Bowditch 1998.
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Previous works 2:

Finite orbits under ΓA,B,C ,D correspond to algebraic solutions to Painlevé 6.
Classified by Dubrovin-Mazzocco 2000 (some special parameters) and
completely by Lisovyy-Tykhyy in 2014.

Previous works about the dynamics of automorphism groups of complex
manifolds also quite relevant.

For example:

Cantat-Dujardin Random dynamics on real and complex projective surfaces,
2020.

However, the situation seems to be quite different for us because our mappings
are of a non-compact surface SA,B,C ,D ⊂ C3 or, equivalently thay are birational
with non-trivial indeterminacy on the compactification SA,B,C ,D .

More on that later...
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Our goals:

For any point p ∈ SA,B,C ,D we denote the orbit of p under Γ by

Γ(p) = { γ(p) : γ ∈ Γ }.

Our paper is devoted to questions about the “pointwise dynamics of the whole
group”, i.e. to the orbits of individual points, their closures, and more generally
to the nature subsets of the complex surface SA,B,C ,D that are invariant under
Γ∗ and Γ.

A motivating question: For what parameters is there an initial condition
p = (x0, y0, z0) ∈ SA,B,C ,D whose orbit is dense in SA,B,C ,D?

Does there exist p ∈ SA,B,C ,D so that Γ(p) = SA,B,C ,D

It is pretty easy to show that this holds for the Picard Parameters
(A,B,C ,D) = (0, 0, 0, 4). Does it hold for any others?
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Moreover, the techniques we develop are quite flexible and should be useful for
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Fatou-Julia dichotomy

The Fatou set of the group action Γ is defined as

FA,B,C ,D = {p ∈ SA,B,C ,D : Γ forms a normal family in open neighborhood of p}.

Proper divergence to infinity is also allowed in our normal families. (Like for
polynomial mappings of C.)

Not at all obvious if FA,B,C ,D is ever non-empty!

The Julia set of the group action Γ is defined as

JA,B,C ,D = SA,B,C ,D \ FA,B,C ,D .

FA,B,C ,D is open, JA,B,C ,D is closed, and both are invariant under ΓA,B,C ,D .

Julia set is always non-empty, but Fatou set can be empty for some parameters.
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Basic results on the Julia set:

Theorem A: For any parameters (A,B,C ,D) there exists p ∈ JA,B,C ,D such
that

Γ(p) = JA,B,C ,D ,

i.e., there is a dense orbit of Γ in JA,B,C ,D .

Theorem B: For any choice of parameters (A,B,C ,D) there is a dense set
J #

A,B,C ,D ⊂ JA,B,C ,D such that for every p ∈ J #
A,B,C ,D there exists γ ∈ Γ such

that γ(p) = p and

Dγ(p) is conjugate to
[

1 1
0 1

]
.

It turns out that the set of points p with a hyperbolic stabilizer γ ∈ Γ may have
closure strictly smaller than JA,B,C ,D .

Theorem C: For any parameters A,B,C ,D the Julia set JA,B,C ,D is connected.
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Some special parameters:

Markoff Parameters: (A,B,C ,D) = (0, 0, 0, 0).

Picard Parameters: (A,B,C ,D) = (0, 0, 0, 4).

Punctured Torus Parameters: (A,B,C ,D) = (0, 0, 0,D) for any D ∈ C.
Correspond to dynamics on the character variety of the once punctured torus.

Dubrovin-Mazzocco Parameters: This is a

A(a) = B(a) = C(a) = 2a + 4, and D(a) = −(a2 + 8a + 8)

for a ∈ (−2, 2).

Studied by Dubrovin and Mazzocco 2000. Seem to play a significant role in
several problems related to Mathematical-Physics and, in particular, on the
study of Frobenius manifolds.
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Results that hold for some parameters:

Theorem D: For the Picard Parameters (A,B,C ,D) = (0, 0, 0, 4) we have:

(i) J0,0,0,4 = S0,0,0,4 and consequently F0,0,0,4 = ∅,

(ii) The closure of the set of points J ∗0,0,0,4 that have hyperbolic stabilizers is
contained in S0,0,0,4 ∩ [−2, 2]3 and hence is a proper subset of
J0,0,0,4 = S0,0,0,4.

(ii) implies dynamics is not minimal, at least for these parameters.

Theorem E: We have the following:

(1) Punctured Torus Parameters: For any complex D not equal to 4 the
Fatou set F0,0,0,D is non-empty.

(2) Dubrovin-Mazzocco Parameters: For any a ∈ (−2, 2) the Fatou set
FA(a),B(a),C(a),D(a) is non-empty.

Moreover, the result carries over to an open neighborhood in C4 of any such
parameter.

Key idea for proof of Theorem E comes from work of Hu-Tan-Zhang 2018 and
Bowditch 1998.
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Locally discrete/non-discrete dichotomy

To understand how “big” JA,B,C ,D is and also to construct more interesting
invariant sets, we use another dynamical dichotomy.

Let M be a (possibly open) connected complex manifold and consider a group
G of holomorphic diffeomorphisms of M.

The group G is said to be locally non-discrete on an open U ⊂ M if there is a
sequence of maps {fn}∞n=0 ∈ G \ {id} that converges uniformly to the identity
on compact subsets of U.

If there is no such sequence fn on U we say that G is locally discrete on U.
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Locally discrete/non-discrete dichotomy, continued

For an action by a finite dimensional Lie group, local non-discreteness on some
open set implies that the corresponding sequence of elements converges to the
identity on all of M, i.e. that the action is globally non-discrete.

However, in our context the non-linearity of the mappings allow for local
non-discreteness to occur on a proper open subset U ⊂ M.
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Locally discrete/non-discrete dichotomy, continued.

The group G is said to be locally non-discrete on an open U ⊂ M if there is a
sequence of maps {fn}∞n=0 ∈ G \ {id} that converges uniformly to the identity
on compact subsets of U.

If there is no such sequence fn on U we say that G is locally discrete on U.

Let (A,B,C ,D) ∈ C4 be any parameters. We have the following dichotomy:

Locally non-discrete locus:

NA,B,C ,D =
{p ∈ SA,B,C ,D : ΓA,B,C ,D is locally non-discrete on an open neighborhood U of p},

Locally discrete locus: DA,B,C ,D = SA,B,C ,D \ NA,B,C ,D .

NA,B,C ,D is open, DA,B,C ,D is closed, and both are invariant under ΓA,B,C ,D .
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Co-existence of local discreteness and non-discreteness

Theorem F: There is an open neighborhood P ⊂ C4 of the Markoff Parameters
of the Dubrovin-Mazzocco Parameters such that both the locally non-discrete
locus NA,B,C ,D and the locally discrete locus DA,B,C ,D are non-empty.

Moreover, DA,B,C ,D has non-empty interior: the Fatou component from
Theorem E satisfies V∞ ⊂ DA,B,C ,D . In fact, the action of ΓA,B,C ,D on V∞ is
properly discontinuous.

We construct a relatively explicit open U ⊂ NA,B,C ,D . We can also identify
some explicit open ball in the Fatou component V∞.

Corollary to Theorem F: For every choice of parameters (A,B,C ,D) ∈ P there
is a set

BA,B,C ,D ⊂ ∂NA,B,C ,D = ∂DA,B,C ,D

that has topological dimension equal to three and is invariant under ΓA,B,C ,D .

We expect BA,B,C ,D to be “fractal” for typical parameters.
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Local non-discreteness vs. producing dense orbits

The group G is said to be locally non-discrete on an open U ⊂ M if there is a
sequence of maps {fn}∞n=0 ∈ G \ {id} that converges uniformly to the identity
on compact subsets of U.

In U your orbit can “take arbitrarily small steps”:

Could try to use this to make dense orbits in U. Idea from Loray-Rebelo 2003.

Problem is that Γ has an invariant volume form (of infinite volume).

Instead, we will use this to prove that U ⊂ JA,B,C ,D and then appeal to
Theorem A about dense orbits in JA,B,C ,D .
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Co-existence of Julia set with interior and Fatou set

Let P ⊂ C4 be the open neighborhood of the Markoff Parameters and of the
Dubrovin-Mazzocco parameters given in Theorem F.

Let U ⊂ NA,B,C ,D be the explicit set constructed in the proof of Theorem F.

Proposition: There is a countable union of real-algebraic hypersurfaces H ⊂ C4

such that this if (A,B,C ,D) ∈ C4 \ H then

(P) any fixed point of any γ ∈ ΓA,B,C ,D \ {id} is in JA,B,C ,D .

Theorem G: For any (A,B,C ,D) ∈ P \ H we have:

U ⊂ JA,B,C ,D and V∞ ⊂ FA,B,C ,D .

Corollary to Theorem G and Theorem A: For any (A,B,C ,D) ∈ P \ H there is
a point p ∈ U ⊂ JA,B,C ,D such that

U ⊂ Γ(p),

i.e. the orbit of p has closure of real dimension four.
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Did we answer our motivating question?

A motivating question: For what parameters is there an initial condition
p = (x0, y0, z0) ∈ SA,B,C ,D whose orbit is dense in SA,B,C ,D?

For parameters (A,B,C ,D) ∈ P both invariant sets NA,B,C ,D and DA,B,C ,D are
open, so for such parameters p does not exist.

For parameters (A,B,C ,D) ∈ P \ H both JA,B,C ,D and FA,B,C ,D have
non-empty interior.

I There exists p ∈ JA,B,C ,D whose orbit is dense in JA,B,C ,D (and hence in
an open subset of SA,B,C ,D .

I For any q ∈ V∞ ⊂ FA,B,C ,D the orbit of q is not dense in FA,B,C ,D .
(Action is properly discontinuous on V∞.)

A new question: Are the Picard parameters (A,B,C ,D) = (0, 0, 0, 4) the only
parameters for which there is an initial condition p = (x0, y0, z0) ∈ SA,B,C ,D

whose orbit is dense in SA,B,C ,D?
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Relation to the 2020 work of Cantat-Dujardin

They study automorphism groups of algebraic (real or complex) surfaces X .

Building on the work of Brown and Hertz 2017 and arguing from several
sophisticated techniques, they prove that, under mild assumptions, a stationary
measure that is not supported on an algebraic curve must be invariant.
“stiffness”.

They then prove that any invariant measure that is not supported within a
proper real-analytic hypersurface must be absolutely continuous with respect to
Lebesgue measure and of full support.

This would imply that a point having dense orbit in an open U ⊂ X must have
orbit that is dense in all of X .

Very different scenario from what is proved for the action of ΓA,B,C ,D in
Theorem G.

The problem seems to be that for “most” p ∈ SA,B,C ,D there is no reasonable
stationary measure you can construct from the orbit of p.
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Ghys strategy for producing local non-discreteness.

Given local holomorphic diffeomorphisms F1,F2 : Bε(0) ⊂ Cn → Cn and denote
by G the pseudogroup of maps from Bε(0) to Cn generated by F1,F2.

Let S(0) = {F1,F
−1
1 ,F2,F

−1
2 } ⊂ G .

Inductively define sets S(n) ⊂ G by stating that S(n + 1) is constituted by all
elements of the form [γi , γj ] = γi ◦ γj ◦ γ−1

i ◦ γ−1
j with γi , γj ∈ S(n).

Domains of definition of elements of S(n) may shrink as n→∞, but...

Proposition 1: Given ε > 0, there is K = K(ε) > 0 such that, if

max

{
sup

z∈Bε(0)
‖F1(z)− z‖ , sup

z∈Bε(0)
‖F2(z)− z‖

}
< K ,

then the following hold:

(1) For every n and every γ ∈ S(n), the domain of definition of γ as element
in G contains the ball Bε/2(0) ⊂ Cn of radius ε/2 around the origin.

(2) Furthermore, if γ belongs to S(n) then we have

sup
p∈Bε/2(0)

‖γ(p)− p‖ ≤ K

2n
.
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Strategy of proof of Theorem G

Let U ⊂ NA,B,C ,D be the open set constructed in proof of Theorem F.

Want to show that U ⊂ JA,B,C ,D .

We do it in two steps:

Step 1: Show that U is disjoint from any unbounded Fatou component.

Step 2: Show that U is disjoint from any bounded Fatou component.

Remark: It is “easy” to prove that any Fatou component for ΓA,B,C ,D is
Kobayashi hyperbolic.
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Action of ΓA,B,C ,D at infinity.

The closure of the surface SA,B,C ,D ⊂ CP3 meets the hyperplane Π∞ at infinity
in a “triangle” ∆∞.

Any “hyperbolic” and algebraically stable γ ∈ ΓA,B,C ,D has indeterminate set
Ind(γ) consisting of one vertex of ∆∞. (Here, Ind(γ) = {vz}).

Meanwhile Ind(γ−1) consisting of a different vertex. (Here, Ind(γ−1) = {vx}.)

One has γ(∆∞ \ Ind(γ)) = Ind(γ−1).

Points in a (yellow) neighborhood of ∆∞ \ Ind(γ) are sent much closer to ∆∞
by γ.



Action of ΓA,B,C ,D at infinity.

The closure of the surface SA,B,C ,D ⊂ CP3 meets the hyperplane Π∞ at infinity
in a “triangle” ∆∞.

Any “hyperbolic” and algebraically stable γ ∈ ΓA,B,C ,D has indeterminate set
Ind(γ) consisting of one vertex of ∆∞. (Here, Ind(γ) = {vz}).

Meanwhile Ind(γ−1) consisting of a different vertex. (Here, Ind(γ−1) = {vx}.)

One has γ(∆∞ \ Ind(γ)) = Ind(γ−1).

Points in a (yellow) neighborhood of ∆∞ \ Ind(γ) are sent much closer to ∆∞
by γ.



Action of ΓA,B,C ,D at infinity.

The closure of the surface SA,B,C ,D ⊂ CP3 meets the hyperplane Π∞ at infinity
in a “triangle” ∆∞.

Any “hyperbolic” and algebraically stable γ ∈ ΓA,B,C ,D has indeterminate set
Ind(γ) consisting of one vertex of ∆∞.

(Here, Ind(γ) = {vz}).

Meanwhile Ind(γ−1) consisting of a different vertex. (Here, Ind(γ−1) = {vx}.)

One has γ(∆∞ \ Ind(γ)) = Ind(γ−1).

Points in a (yellow) neighborhood of ∆∞ \ Ind(γ) are sent much closer to ∆∞
by γ.



Action of ΓA,B,C ,D at infinity.

The closure of the surface SA,B,C ,D ⊂ CP3 meets the hyperplane Π∞ at infinity
in a “triangle” ∆∞.

Any “hyperbolic” and algebraically stable γ ∈ ΓA,B,C ,D has indeterminate set
Ind(γ) consisting of one vertex of ∆∞. (Here, Ind(γ) = {vz}).

Meanwhile Ind(γ−1) consisting of a different vertex. (Here, Ind(γ−1) = {vx}.)

One has γ(∆∞ \ Ind(γ)) = Ind(γ−1).

Points in a (yellow) neighborhood of ∆∞ \ Ind(γ) are sent much closer to ∆∞
by γ.



Action of ΓA,B,C ,D at infinity.

The closure of the surface SA,B,C ,D ⊂ CP3 meets the hyperplane Π∞ at infinity
in a “triangle” ∆∞.

Any “hyperbolic” and algebraically stable γ ∈ ΓA,B,C ,D has indeterminate set
Ind(γ) consisting of one vertex of ∆∞. (Here, Ind(γ) = {vz}).

Meanwhile Ind(γ−1) consisting of a different vertex.

(Here, Ind(γ−1) = {vx}.)

One has γ(∆∞ \ Ind(γ)) = Ind(γ−1).

Points in a (yellow) neighborhood of ∆∞ \ Ind(γ) are sent much closer to ∆∞
by γ.



Action of ΓA,B,C ,D at infinity.

The closure of the surface SA,B,C ,D ⊂ CP3 meets the hyperplane Π∞ at infinity
in a “triangle” ∆∞.

Any “hyperbolic” and algebraically stable γ ∈ ΓA,B,C ,D has indeterminate set
Ind(γ) consisting of one vertex of ∆∞. (Here, Ind(γ) = {vz}).

Meanwhile Ind(γ−1) consisting of a different vertex. (Here, Ind(γ−1) = {vx}.)

One has γ(∆∞ \ Ind(γ)) = Ind(γ−1).

Points in a (yellow) neighborhood of ∆∞ \ Ind(γ) are sent much closer to ∆∞
by γ.



Action of ΓA,B,C ,D at infinity.

The closure of the surface SA,B,C ,D ⊂ CP3 meets the hyperplane Π∞ at infinity
in a “triangle” ∆∞.

Any “hyperbolic” and algebraically stable γ ∈ ΓA,B,C ,D has indeterminate set
Ind(γ) consisting of one vertex of ∆∞. (Here, Ind(γ) = {vz}).

Meanwhile Ind(γ−1) consisting of a different vertex. (Here, Ind(γ−1) = {vx}.)

One has γ(∆∞ \ Ind(γ)) = Ind(γ−1).

Points in a (yellow) neighborhood of ∆∞ \ Ind(γ) are sent much closer to ∆∞
by γ.



Action of ΓA,B,C ,D at infinity.

The closure of the surface SA,B,C ,D ⊂ CP3 meets the hyperplane Π∞ at infinity
in a “triangle” ∆∞.

Any “hyperbolic” and algebraically stable γ ∈ ΓA,B,C ,D has indeterminate set
Ind(γ) consisting of one vertex of ∆∞. (Here, Ind(γ) = {vz}).

Meanwhile Ind(γ−1) consisting of a different vertex. (Here, Ind(γ−1) = {vx}.)

One has γ(∆∞ \ Ind(γ)) = Ind(γ−1).

Points in a (yellow) neighborhood of ∆∞ \ Ind(γ) are sent much closer to ∆∞
by γ.



Strategy of proof of Theorem G, Step 1:
Let U ⊂ NA,B,C ,D be the open set constructed in proof of Theorem F.

Used the Ghys strategy to construct it, so have plenty of mappings close to the
identity on U.

Theorem H: Suppose that for some parameters A,B,C there is a point p ∈ C3

and ε > 0 such that for any two vertices vi 6= vj ∈ V∞, i 6= j , there is a
hyperbolic element γi,j ∈ ΓA,B,C satisfying:

(A) Ind(γi,j) = vi and Attr(γi,j) = vj , and

(B) supz∈Bε(p) ‖γi,j(z)− z‖ < K(ε). (Constant from Prop. 1)

Then, for any D, we have that Bε/2(p) ∩ SA,B,C ,D is disjoint from any
unbounded Fatou components of ΓA,B,C ,D .

If Bε/2(p) intersects an unbounded Fatou component V , then Property (B)
allows you to find a sequence of iterated commutators γn ∈ S(n), n→∞,
converging to the identity Bε/2(p) ∩ V . Hence on all of V since V is Kobayashi
hyperbolic.

Meanwhile Property (A) gives us rich enough combinatorics at infinity so that
we can choose the γn so that if q ∈ V is near infinity then γn(q)→∞.

Contradiction! Thus U does not intersect any unbounded Fatou component.
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Strategy of proof of Theorem G, Step 2

Let V be a bounded Fatou component and let ΓV ≤ ΓA,B,C ,D be the stabilizer
of V in ΓA,B,C ,D .

Theorem K Suppose that (A,B,C ,D) ∈ C4 \ H and that V is a bounded
Fatou component for ΓA,B,C ,D . Then the stabilizer ΓV of V is abelian.

Let U ⊂ NA,B,C ,D be the open set constructed in proof of Theorem F.
(Used the Proposition 1 to consruct it, so have plenty of mappings close to the
identity on U, including non-commuting pairs of mappings.)

Therefore U is also disjoint from any bounded Fatou component.

Theorem G (supposing Theorem K).
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Strategy of proof of Theorem K

Recall that any Fatou component V is Kobayashi hyperbolic.

Hence group Aut(V ) of holomorphic automorphisms of V is a real Lie group.

Let ΓV ≤ ΓA,B,C ,D be the stabilizer of V in ΓA,B,C ,D .

Then, the closure G := ΓV is a Lie group.

Elements of ΓA,B,C ,D preserve a holomorphic volume form on SA,B,C ,D .

Implies G is compact.

Checking that any element of ΓV has infinite order we conclude that G has
positive dimension.

Let G0 be the connected component of the identity in G . It is compact and
non-Abelian, hence dim(G0) ≥ 3.

Parameters (A,B,C ,D) 6∈ H implies elements of ΓV have no fixed points in V
and similarly for elements of G0.

So, G0 acts freely and properly on V and thus that V/G is a manifold of real
dimension 1.

This allows us to derive a contradiction to the fact that the Julia set is
connected (Theorem C).
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