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Introduction

Hilbert's Tenth problem asks whether there exists an algorithm to decide the
existence of integer solutions to diophantine equations.
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Introduction

Yuri Matiyasevich, 1970
Th3(Z) is undecidable.

What about Th3(Q)?

Given any field K and a natural number n, we say that a given set A C K"
is diophantine over K, or first-order existentially defined over K (or simply
"existentially defined") if there exists m € N and

PeKI[Xi, -, Xm, Y1, -+, Ya] such that, for any a = (a1, --- ,an) € K",

we have a € A if and only if there exist xq,- -+, xm € K such that
P(le"' s Xmy dl, - - 7an) =0.
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Introduction

Yuri Matiyasevich, 1970
Th3(Z) is undecidable.

What about Th3(Q)?

Given any field K and a natural number n, we say that a given set A C K"
is diophantine over K, or first-order existentially defined over K (or simply
"existentially defined") if there exists m € N and

PeKI[X1, -, Xm, Y1, -+, Ya] such that, for any a = (a1, -+ ,an) € K",
we have a € A if and only if there exist x1, -+, xm € K such that
P(Xl,"~ s Xm,dl, - ,a,,) =0.

If Z were diophantine over Q, Th3(Z) would be interpretable in Th3 (Q),
yielding undecidability of Th3(Q).
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A very elementary argument shows that if Z is diophantine, so is Q \ Z (i.e.,
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Introduction

Is Z diophantine over Q7

A very elementary argument shows that if Z is diophantine, so is Q \ Z (i.e.,
Z is universally defined in Q).

Koenigsmann, 2010

There exist n € Nand g € Z[t, x1,- - - , xp] such that, given t € Q, we have
t € Z if and only if

QFEVxi - Vx, (g (t,x1, -+ ,xn) #0)
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A very elementary argument shows that if Z is diophantine, so is Q \ Z (i.e.,
Z is universally defined in Q).

Koenigsmann, 2010

Z is universal in Q.

Jennifer Park, 2012

Given a number field K, Ok is universal in K.

K. Eisentraeger & T. Morrison, 2018

Given a global field K and a finite subset S of finite places of K, S-integers
of K are universal in K.
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Introduction
Koenigsmann, 2010
7Z is universal in Q.

Jennifer Park, 2012
Given a number field K, Ok is universal in K.

K. Eisentraeger & T. Morrison, 2018
Given a global field K and a finite subset S of finite places of K, S-integers
of K are universal in K.

The two last results are clever generalizations of the same techniques and
methods developed by Koenigsmann in 2010.
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Introduction

Koenigsmann, 2010

Z is universal in Q.

Jennifer Park, 2012

Given a number field K, Ok is universal in K.

—

K. Eisentraeger & T. Morrison, 2018

Given a global field K and a finite subset S of finite places of K, S-integers
of K are universal in K.

Complexity was also measured.

Geng-Rui Zhang & Zhi-Wei Sun, 2021

The universal definition for Z in Q can be taken to involve a polynomial with
32 unknowns and degree at most 6 - 1011
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@ Jochen Koenigsmann. "Defining Z in Q". In: Ann. of Math. (2) 183.1
(2016), pp. 73— 93. ISSN: 0003-486X. doi :
10.4007 /annals.2016.183.1.2.
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e Jennifer Park. A universal first order formula defining the ring of
integers in a number field. 2012. doi : 10.48550/ARXIV.1202.6371.

o Kirsten Eisentraeger and Travis Morrison. Universally and existentially
definable subsets of global fields. 2018. arXiv: 1609.09787 [math.NT].

o Geng-Rui Zhang and Zhi-Wei Sun. Q \ Z is diophantine over Q with 32
unknowns. 2021. doi : 10.48550/ARXIV.2104.02520 . url :
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results.
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The first aim of this talk is to present some minor improvements on these
techniques which will allow us to find more elementary proofs for these
results. The second one will involve attacking our main question by finding a
convenient spectrum of sets between Z and Q.

Some examples of such intermediate sets:
1
o7 [5]
° 7 [%] S an infinite set of primes.

o7 [(]P’ \ 5)_1}, where P is the set of all positive prime numbers and S
is a finite subset of PP.

Juan Pablo De Rasis (OSU) MSRI July 28th, 2022



Introduction

The first aim of this talk is to present some minor improvements on these
techniques which will allow us to find more elementary proofs for these
results. The second one will involve attacking our main question by finding a
convenient spectrum of sets between Z and Q.

Some examples of such intermediate sets:
1
o Z [%] S an infinite set of primes.

o7 [(IP’ \ 5)_1}, where PP is the set of all positive prime numbers and S
is a finite subset of P.

e Campana points.

Juan Pablo De Rasis (OSU) MSRI July 28th, 2022



Introduction

Given n € N, the set R, of n-Campana points is the set of all rational
numbers r € Q such that either r =0 or r #£ 0 and for all p € P,
vp (r71) € {0} UN>,.
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Introduction

Given n € N, the set R, of n-Campana points is the set of all rational
numbers r € Q such that either r =0 or r #£ 0 and for all p € P,
Vp (r’l) (S {0} U NZn-

We have Ry = Q, Rj11 C R; for all j € N, and

ﬂ@zz
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Introduction

Given n € N, the set R, of n-Campana points is the set of all rational
numbers r € Q such that either r = 0 or r # 0 and for all p € P,
vp (r71) € {0} UN>,.

We have R = Q, Rj;+1 € Rj for all j € N, and

R =z

JEN
Can we find a good first-order definition for Campana points?
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Preliminary facts

Definition

Given a field k, the (quadratic) Hilbert Symbol is the function
(—, =) : kX x kX — {1} defined as

—1, otherwise.

1, 22 — ax® — by? = 0 has a nontrivial solution,
(a’ b) =

.
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Preliminary facts

Definition

Given a field k, the (quadratic) Hilbert Symbol is the function
(—, =) : kX x kX — {#1} defined as

(2, b) 1, 2% — ax? — by? = 0 has a nontrivial solution,
a =
’ —1, otherwise.

If pe PU{oo} and a,b € Q, we let (a, b)p be the Hilbert symbol in Qp.
.
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Preliminary facts

Definition
Given a field k, the (quadratic) Hilbert Symbol is the function
(—, =) : kX x kX — {1} defined as

1, 22 — ax?® — by? = 0 has a nontrivial solution,
(37 b) =

—1, otherwise.

If pe PU{oc} and a,b € Q, we let (a, b), be the Hilbert symbol in Q.

There are two very important results in Number Theory about Hilbert
symbols.
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Preliminary facts

Definition
Given a field k, the (quadratic) Hilbert Symbol is the function
(—, =) k* x k* — {£1} defined as

1,  z? —ax? — by? = 0 has a nontrivial solution,
(37 b) =

—1, otherwise.

If pe PU{occ} and a,b € Q, we let (a, b)p be the Hilbert symbol in Q.
v

There are two very important results in Number Theory about Hilbert
symbols. First, there is an explicit formula, in terms of Legendre Symbols, to
compute Hilbert symbols.
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Preliminary facts

Definition
Given a field k, the (quadratic) Hilbert Symbol is the function
(—, =) k* x k* — {£1} defined as

(2.b) 1,  z? —ax? — by? = 0 has a nontrivial solution,
a =
’ —1, otherwise.

If pe PU{occ} and a,b € Q, we let (a, b)p be the Hilbert symbol in Q.
v

There are two very important results in Number Theory about Hilbert
symbols. First, there is an explicit formula, in terms of Legendre Symbols, to
compute Hilbert symbols. Second, a local-to-global principle.
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Preliminary facts

Computation of Hilbert symbols

If pePU{oco} and a,b € Qp, define u, := i) € Z; and

vy = Wb(b) € ZZX for each ¢ € P. Then we have:
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Preliminary facts

Computation of Hilbert symbols

If pe PU {oo} and a,b € Qp, define uy = 555 € Z, and
Ve = W € Z, for each £ € P. Then we have.

If p= o0, then (a,b),, = —1if and only if a < 0 and b < 0. Otherwise,
(a,b)s =

.
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Preliminary facts

Computation of Hilbert symbols
If pe PU{oo} and a,b € Q, define uy == Mﬁ € Z, and
vy = Wb(b) € 7, for each ¢ € P. Then we have:

If p =2, then

U2—1 V2—1

9 v22 -1 u% -1
(a,b), =(-1) 2 2

“+ 1o (b)

+ 1o (a)

(here the exponents are replaced by an element of Z/27Z via reduction
modulo 2).
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Preliminary facts

Computation of Hilbert symbols
If pePU{oco} and a,b € Qf, define uy == M%
vy = Wb(b) € Z, for each ¢ € P. Then we have:

If p € P\ {2},

€ Z, and

vp(b) vp(a)
u v vp(a)y, p=1
(a’ b)p = (_p) <_p) (_]_) p(a)vp(b) g .

P P

Legendre symbols

Juan Pablo De Rasis (OSU) MSRI

July 28th, 2022

.



Preliminary facts

Local-to-global principle
Let / be a finite set and fix {a;},; € Q*. For each (i,v) € I x (PU {oc})
fix e;, € {—1,1}. The following are equivalent:
@ There exists x € Q* such that (a;, x), = €;,, for all
(i,v) € I x (PU{oo}).
@ All these conditions hold:

@ ¢, =1 for all but finitely many (i,v) € | x (PU {oo}).
@ For all i € I we have H giv = 1.

vePU{oco}
© Forall v e PU {oo} there exists x, € Q* such that (a;, x,), = €, for
all i e l. )
Juan Pablo De Rasis (OSU) MSRI
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Several definitions

For each a, b, c € Q* we define:
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Several definitions

For each a, b,c € Q* we define:
o Hap = Q& Qa® QB d Qap, with multiplication defined as o? = a,
B2 = b, aff = —fa.
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Several definitions

For each a, b, c € Q* we define:
o H,p=QdQa®QBdQap, with multiplication defined as o? := a,
(% = b, aff = —Pa.
o Aa,b = {p cPuU {OO} : Ha,b (290) Qp % Mo (Qp)}
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Several definitions

For each a, b,c € Q* we define:
o Hap = Q& Qa® QB ® Qap, with multiplication defined as o? = a,
B% = b, aff = —fa.
o Ay ={pePU{oo}: Hyp®0 Qp Z M (Qp)}.
@ S,p = {2x1 s (x1, %2, X3, x4) € QY A XZ — ax3 — bx32 + abx? = 1}.
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Several definitions

For each a, b, c € Q* we define:
o Hip=QdQa®QBdQap, with multiplication defined as o? := a,
B% = b, aff = —Pa.
° Aa,b = {p cePuU {OO} : Ha,b (20) Qp % Mo (Qp)}
0 S.p={2x1: (x1,%,x3,x) € Q* A x¥ — ax§ — bx3 + abxi = 1}.
o T,p:=5,p+ Sap (a diophantine subset of Q).
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Several definitions

For each a, b,c € Q* we define:
o Hyp :=Q®Qa® QB ® Qap, with multiplication defined as a? = a,
B2 :=b, aff = —fa.
) Aa,b = {p cPU {OO} : Ha,b ®Q Qp % M, (Qp)}
° S,p = {2x1 - (x1, %2, X3, x4) € Q* /\X12 — ax22 - bx§ + abxf = 1}.
® T,p:=S,p+ Sap (a diophantine subset of Q).
o TSy ={u€ Top:3ve Typ(uv=1)}
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Several definitions

For each a, b, c € Q* we define:

o Hyp:=Q® Qad QB & Qap, with multiplication defined as a? = a,
B% = b, aff = —fa.
Aa,b = {p cPuU {OO} : Ha,b (290) Qp A;t” Mo (Qp)}
Sab = {2x1 L (x1,x2,x3,xa) € Q* A x? — ax3 — bxZ + abx§ = 1}.
Tap = Sap+ Sap (a diophantine subset of Q).
Ty ={u€ Top:3ve Top(uv=1)}

Sp=c Q2 TN (1-Q2 - T,).
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Several definitions

For each a, b, c € Q* we define:
o Hyp = Q& Qa® QB ®Qap, with multiplication defined as o? = a,
B% = b, aff = —fa.
D,pi={pePU{oc}: Hyp®gQp # M (Qp)}
Sap = {2x1 (x1,x2,x3,%2) € Q* A X2 — ax2 — bx3 + abx? = 1}
Tob = Sap+ Sap (a diophantine subset of Q).
TXb ={ueTop:3Ive Top(uv=1)}

5= Q2 TN (1- Q2 T,).

Jw= (12,4 12,) 0 (12, +12,).
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Several definitions

o H,p=Q® Qa® QB & Qap, with multiplication defined as a? = a,
3% = b, aff = —fa.

A,p={pePU{oc}: Hap®qQp ¥ M (Qp)}

Sab = {2x1 (x1,x2,x3,x2) € Q* A xZ — ax3 — bxZ + abx§ = 1}

Tap = Sap+ Sap (a diophantine subset of Q).

Ty ={u€ Top:3ve Top(uv=1)}

o ISy i=c QTN (1-Q%- T,

o Jop=(12,+12) N (125 + 155

o Given a,b € Q* and p € PU {o0}, we have p € A, if and only if
(a7 b)p = -
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Several definitions

o Hyp :=Q®Qa @ QB ® Qap, with multiplication defined as a? = a,
B2 = b, aff = —fPa.

Dy ={pePU{oo}: Hayp ®g Qp Z M2 (Qp)}.

Sab = {2x1 1 (x1,%2, X3, x3) € Q* Ax§ — axZ — bx3 + abx? = 1}.
Tab = Sab + Sap (a diophantine subset of Q).

Tax’b ={ueTop:3Ive Top(uv=1)}

o ISy i=c QTN (1-Q%- T,

o dop=(12,+125) N (125 + 15)-

Given a,b € Q* and p € PU {00}, we have p € A, if and only if
(a,b), = —1.

o {(a,b,r) e Q* xQ* xQ:r e J,p} is diophantine over Q.

il r = = Ty
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A parametrization of the finite sets of primes

For each a, b € Q* we define

Asb A,p\{2,00}, 2€A,pand vr(a),v2(b) are even,
o A, p\ {oo}, else.
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A parametrization of the finite sets of primes

For each a, b € Q* we define

A, p\ {00}, else.

Asb {Aa,b \{2,00}, 2€A,pandvr(a),vo(b) are even,

If a,b€ Q* then = [ PZ).
peAa,b
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A parametrization of the finite sets of primes

For each a, b € Q* we define

ab . JBap\{2,00}, 2€ A, and vy (a),r2(b) are even,
| AL\ {0}, else.

If a,b € Q* then Ja,b = ﬂ pZ(p).
peAa,b |
Corollary
If a,b,c,d € Q% then Jop+Jeg= [  PZp).
pEAa,bmAc,d )
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A parametrization of the finite sets of primes

If a,b € Q" then J, = ﬂ PZ(p)-
peAa,b )
If a,b,c,d € Q% then J,p+ Jeg = ﬂ PZ(p)-
pEAIPNAC

In particular, A** N A9 = () if and only if 1 € Jap+ Jed-
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A parametrization of the finite sets of primes

If a,b € Q% then Ja,b = ﬂ pZ(p).
peAa,b

If a,b,c,d € Q% then Jop+Jeg= [  PZy).
pEAHbNACd

In particular, A% N A9 = if and only if 1 € J,  + Jcg. This is a
(uniformly on a, b, ¢, d) diophantine property.
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A parametrization of the finite sets of primes

If a,b € Q" then J, = ﬂ PZ(p)-

peAa,b

If a,b,c,d € Q% then J,p+ Jeg = ﬂ PZ(p)-
peAa,bmAc,d

In particular, A** N A%9 = () if and only if 1 € Jap + Jcg. Thisis a
(uniformly on a, b, ¢, d) diophantine property. Hence:

{(a,b,c,d) € Q% x Q* x Q* x Q* : A** N A%Y =} is a diophantine
subset of Q@ x Q x Q x Q.
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A parametrization of the finite sets of primes

Asb A,p\{2,00}, 2€A,pandvr(a),v2(b) are even,
T 2.\ {oo},  else.

If S is any finite subset of I, there exist a, b € Q* such that A®? = S.

Juan Pablo De Rasis (OSU) MSRI July 28th, 2022



A parametrization of the finite sets of primes

Asb A,p\{2,00}, 2€ A,pand vr(a),v2(b) are even,
T Aap )\ {0}, else.

If S is any finite subset of P, there exist a, b € Q% such that AP = S.

Something slightly stronger is true.
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A parametrization of the finite sets of primes

Asb A,p\{2,00}, 2€A,pand vr(a),v2(b) are even,
T Aap )\ {oo},  else.

If S is any finite subset of P, there exist a, b € Q* such that A®»? = S.

Something slightly stronger is true.

If S is any finite subset of P, there exist a, b € Q* such that
A,p\ {00} =S, and such that co € A, if and only if |S] is odd.
Moreover, if 2 € S, we can further have v, (a) = 1.
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A parametrization of the finite sets of primes

If S is any finite subset of IP, there exist a, b € Q* such that
A, p\ {00} =S, and such that co € A, ;, if and only if |S] is odd.
Moreover, if 2 € S, we can further have v, (a) = 1.

Idea of the proof: For S = () take a = b = 1.
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A parametrization of the finite sets of primes

If S is any finite subset of IP, there exist a, b € Q* such that
A, p\ {00} =S, and such that co € A, if and only if |S] is odd.
Moreover, if 2 € S, we can further have v, (a) = 1.

Idea of the proof: For S = () take a = b = 1. Otherwise, define
a:= (1) Tpes o
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A parametrization of the finite sets of primes

If S is any finite subset of IP, there exist a, b € Q* such that
A, p\ {00} =S, and such that co € A, if and only if |S] is odd.
Moreover, if 2 € S, we can further have v, (a) = 1.

Idea of the proof: For S = () take a = b = 1. Otherwise, define
a= (—1)|s| [I,cs ¥p- We want to find b € Q* such that (a, b), = —1if
and only if p € S.
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A parametrization of the finite sets of primes

If S is any finite subset of P, there exist a, b € Q* such that
A,p\ {00} =S, and such that co € A, ;, if and only if |S] is odd.
Moreover, if 2 € S, we can further have v, (a) = 1.

Idea of the proof: For S = () take a = b = 1. Otherwise, define

a= (—1)ISI [I,cs ¥p- We want to find b € Q* such that (a, b), = —1if
and only if p € S. By the local-to-global principle, it suffices to find, for
each v € PU {00}, some b, with (a,b,) = —1if v € S and (a,b,) =1 if
velP\S.
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A parametrization of the finite sets of primes

If S is any finite subset of IP, there exist a, b € Q* such that
A, p\ {00} =S, and such that co € A, ;, if and only if |S] is odd.
Moreover, if 2 € S, we can further have v, (a) = 1.

Idea of the proof: For S = () take a = b = 1. Otherwise, define
a:=(~1)"'TI,cs ¥p. We want to find b € Q* such that (a, b), = —1 if
and only if p € S. By the local-to-global principle, it suffices to find, for
each v € PU {00}, some b, with (a,b,) = —1if v€ S and (a,b,) =1 if
veP\S.

By the formula for (—, —),, this reduces to a clever Chinese Remainder
Theorem construction.
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A parametrization of the finite sets of primes

If S is any finite subset of IP, there exist a, b € Q* such that
A, p\ {00} =S, and such that co € A, if and only if |S] is odd.
Moreover, if 2 € S, we can further have v, (a) = 1.

Idea of the proof: For S = () take a = b = 1. Otherwise, define
a:=(—1)"'T],cs ¥p. We want to find b € Q* such that (a, b), = —1 if
and only if p € S. By the local-to-global principle, it suffices to find, for
each v € PU {00}, some b, with (a,b,) = —1if v€ S and (a,b,) =1 if
velP\S.

By the formula for (—, —),, this reduces to a clever Chinese Remainder
Theorem construction (use the archimedean place to fix signs and get the
technical conditions in the local-to-global principle).
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Some additional observations

Remember: {(a,b,r) € Q* x Q* x Q:r € J,} is diophantine over Q.

Juan Pablo De Rasis (OSU) MSRI July 28th, 2022



Some additional observations

Remember: {(a,b,r) € Q* x Q* x Q:r € J,} is diophantine over Q.

Definition
For each n € N define

n
Jabn = H Ja b (set-theoretically)
i=1
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Some additional observations

Remember: {(a,b,r) € Q* x Q* x Q: r € J,} is diophantine over Q.

Definition
For each n € N define

abn:—HJab— m P

pEA2:P
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Some additional observations

Remember: {(a,b,r) € Q* x Q* x Q:r € J,} is diophantine over Q.

Definition
For each n € N define

n
Ja,b,n = HJa,b = ﬂ an(p)'
i=1

peAa,b

So we have

(Japn \ IO = () (p"Zpy \ {0}) .

PEAa’b
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Some additional observations

Remember: {(a,b,r) € Q* x Q* x Q:r € J,} is diophantine over Q.

Definition
For each n € N define

abn- HJab ﬂ an(p)'

peAa,b

So we have (5,60 \ {0}) ™ = [ (P"Z(p \ {0}) " and

PeAa,b

Proposition

{(a,b,r) eQ* xQ*xXQ:r € Japn\{0}} and
{(a, b,r) e Q" xQ* xQ:re (fapn\{0})” } are diophantine over Q.
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Completing our first aim

The set {(a, b, r) € Q% x Q% x Q: r is integral outside A%P} U
({0} x @ x Q) U (Q x {0} x Q) is universal in Q x Q x Q.
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Completing our first aim

The set {(a, b,r) € Q% x Q% x Q: r is integral outside A%} U
({0} x Q@ x Q) U (Q x {0} x Q) is universal in Q@ x Q x Q.

Proof. A defining formula for this set is

Vevd ([abcd ZOANA*P AT =] = r & (Jeg\ {o})*l)
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Completing our first aim

The set {(a,b,r) € Q% x Q% x Q: r is integral outside A%P} U
({0} x Q@ x Q) U (Q x {0} x Q) is universal in Q x Q x Q.

Proof. A defining formula for this set is

Vevd | |abed # 0N AP NASY =0 = r ¢ (Jog )\ {0}) T

Vv .
Existential Universal
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Completing our first aim

The set {(a, b,r) € Q* x Q* x Q: ris integral outside Aa’b} U
({0} x Q@ x Q) U (Q x {0} x Q) is universal in Q x Q x Q.

Proof. A defining formula for this set is

Vevd | |abed #O0A AP NASY =0 = r ¢ (Jog )\ {0}) 71

/

Vv .
Existential Universal

Universal vV Universal

Juan Pablo De Rasis (OSU) MSRI July 28th, 2022



Completing our first aim

The set {(a, b,r) € Q* x Q* x Q: ris integral outside Aa’b} U
({0} x Q@ x Q) U (Q x {0} x Q) is universal in Q x Q x Q.

Proof. A defining formula for this set is

Vevd | |abed # 0N AP NASY =0 = r ¢ (Jog \ {0})

Vv .
Existential Universal

Universal VvV Universal = Universal

Juan Pablo De Rasis (OSU) MSRI July 28th, 2022



Completing our first aim

The set {(a,b,r) € Q% x Q% x Q: r is integral outside A%P} U
({0} x Q@ x Q) U (Q x {0} x Q) is universal in Q x Q x Q.

Proof. A defining formula for this set is

VeVd | |abed # 0N AP NASY =0 = r & (Jog\ {O}) 7!

Universal

Existential

Universal V Universal = Universal

This proves what we want. l

If you want to get the original result for a specific S, just use the above
formula, but instead of letting a and b be unknowns, let them be some fixed
elements of Q* such that A?? = S.
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Completing our first aim

| repeated the above proof trying to be as explicit as | can to find the number
of unknowns and a bound for the degree of the polynomial in the formula.
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Completing our first aim

| repeated the above proof trying to be as explicit as | can to find the
number of unknowns and a bound for the degree of the polynomial in the
formula. By doing so, | attained this more specific statement:

There exists P € Z[A, B, R, X1, - -
for any a, b, r € Q, the following are equivalent:

@ ab=20or ab # 0 and r is integral outside A®?.

-, Xosp|] of degree at most 128 such that,

@ Forall x1,---,xo50 € Q we have P (a,b,r,xi, -, x50) # 0.
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What about Campana points?

As for Campana points, we can also give a nice formula.
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What about Campana points?

As for Campana points, we can also give a nice formula. If n€ N, R, is
defined by the Q-formula

Vavh (r € (Unp\{0}) 1 = r € (Jopn \ {0})—1) .
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What about Campana points?

As for Campana points, we can also give a nice formula. If n€ N, R, is
defined by the Q-formula

Vavb | re (Jp\ {0} = re (Jinn\ {0}

Existential Existential

~
Universal V Existential
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What about Campana points?

As for Campana points, we can also give a nice formula. If n € N, R, is
defined by the Q-formula

Vavb | r € (Usp\ {0) 2 = r € (Jopn\ {0})

Existential Existential

Universal | v Existential

We can turn this into a V3-definition by taking our boxed universal and
turning it into a V3; because x # 0 is the same as Jy (xy = 1).
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Upcoming research

My next objective will be generalizing this to arbitrary number fields.
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Upcoming research

My next objective will be generalizing this to arbitrary number fields.

All the technical details have already been generalized by Dr. Jennifer Park
in her 2012 work, thus the above proof will also work for number fields
providing that the important result (namely, that A®® runs through all finite
subsets of finite places) can also be shown to be true in this more general
setting.
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Upcoming research

My next objective will be generalizing this to arbitrary number fields.

All the technical details have already been generalized by Dr. Jennifer Park
in her 2012 work, thus the above proof will also work for number fields
providing that the important result (namely, that A®® runs through all finite
subsets of finite places) can also be shown to be true in this more general
setting.

This is not as easy as it seems.
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Upcoming research

My next objective will be generalizing this to arbitrary number fields.

All the technical details have already been generalized by Dr. Jennifer Park
in her 2012 work, thus the above proof will also work for number fields
providing that the important result (namely, that A®® runs through all finite
subsets of finite places) can also be shown to be true in this more general
setting.

This is not as easy as it seems. The generalization is straightforward for

number fields with at least one real infinite place (remember that we needed
such a place to make a sign correction).

Juan Pablo De Rasis (OSU) MSRI July 28th, 2022



Upcoming research

My next objective will be generalizing this to arbitrary number fields.

All the technical details have already been generalized by Dr. Jennifer Park
in her 2012 work, thus the above proof will also work for number fields
providing that the important result (namely, that A®® runs through all finite
subsets of finite places) can also be shown to be true in this more general
setting.

This is not as easy as it seems. The generalization is straightforward for
number fields with at least one real infinite place (remember that we needed
such a place to make a sign correction). For number fields with no real
infinite places, it seems that a more clever use of the Chinese Remainder
Theorem will be needed.
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THANK YOU
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