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SoI I
N > 4 , p odd prime
c ° n o n z e r o cusps o n X,(N),@ (i.e., → O EXOCN)).

5,9=4, (KIN), co, 74,1T o s , = H, IX,Carl, I p ) t

Yµ°=(kzlZ[Mn.#11×074,)t E 442am,#T, 7412))t (Steenbergt r a p prod.)
U I

Y, = 1K£12Can]1×04,)t E ' H Y Ecnn.pt?2pl2Dt

Tino: Siu → Y,}, Tino(Eu :v ] t ) = { l - f i , I -g i f t , nu t h a t c h , Cmv)-(l)
(Atkin-Lehner. Manin)

T Iµ
: S , → Y , restrictions o f T IN

I Eisenstein' ideal i n a n y w t . 2 , l eve l N Hecke alg.
I - ( Te - i - l - l > ,

e t N , Ve- l , l ' N )

Conf. ( S . ) I i ) Tivo i s Eisenstein, two T - O H T E I

( z ) u t t.SN/Is, → Y , induced by I T, i s a n i s o m .

theorem (FnKaya-Kato) Tivo i s Eisenstein i f p I N o r p tan ) .

theorem (s.-Ventralesh) T i vo (Te-I-ke>) t o t l t N .

4=(7%2)" - ApX I , A p syluwp-sgp.IQ. AN-7414].

Reward T h e obst ruc t ion i n F - 6 proof l i e s i n t r i v i a l d-eigenspace.
I s t h e conj. really t r u e t h e r e ?

§ 2 ¥
Now t a k e p 7 5 (p-3 should be f i ne ) . X, I N405.

TN = H '(X IN) , 2pct) (eitale whom.)



h,-cuspidal 74.-Hecke alg. G T N v i a adjoint ops. He a c t s a s Te*).

O ; ↳ ' → Off e v e n . 2pA) alg. of values.
F o r A 11N-med.} Ao - Awa , 74,101Cap] w l AN-74,10)Ldp) induced by0 .
A n → h µ by E j ] - g ? " (meaning G ' ] a c t s o n J w a s k j >*)"-Lj>).

Assumptions: ' I N-Npr, ptMPCM) 2 )A primitive a t L I M
3 ) Gw" l p ) # I f o r 0 5 ' viewed a s prim. D e v . c h a r . 4 ) O#W?

T , =fTN/ITµ)@. Under assumptions o n %µ¥5 ofstsfpf.GE-
mud.O → P m - T N →

w ) . P N E (SNIIS,)y a s fin-mud. w ) t i v . GQ-action,
a Q , I CAN@Ioli) a s hµ[GQ]-mod., z e "Oj ac ts a s Cj]"!
• s e q . l o c . s p l i t a t a l l 1 1M p .

Hen,3%4=1 NzB -G ) Lj-7. Mazur-Wiles thNl⇒o⇐µNts)o.

Reenar-k) Assumptions ( 2 ) 4 1 3 ) e n s u r e S E S sp l i t a t 1 1 M & p , rasp.

Assumption ( 4 ) gives 3g integral. ( 1 ) & ( 2 ) c a n a t l eas t b e

c o n n e d individually (upcoming thesis of F . Vu ) .

T h e map T , → Q , i s given by pairing 4 Manin-Drinfeld splitting
o f H ' IX, INI, Qpa)) → H 'LY, I N I , Qpin) applied t o 3 9 0 - 0 3 ,
w h i c h l i e s i n T N . (Pairing i s twisted Poincare' duality).

Th i s gives GQ → Homylf, B) ⇐ Pw a s hiv-meds. Restricts t o

h omow. o n t e Q u e , pro) → u n r a m . I w . med. X - P v by local splitting
1×6')Gallrlalumpillo = CYN)-0 & map factors through t h i s .
r n >

IN,-0: Muto → ISNI I s , ) f h uman . i f A -meds.

$ 3 Conjecture
I N → o n ,O a s wel l .

Conjecture ( S . ) I N ,o & TN,-0 a r e inverse maps .



Theory (Tukaya-Kato, F k s ) es'µ IN,g o on,a =3'm.

theoreas (Ohta ) I N ,o i s om . i f 0lp4pzP n o t injectic.
Cu i L im a l s o h a v e r e s u l t of Wabee & Wang-Erickson).

Remains e) I N , o defined k equiv. form of conj. formulated long before 0 µ g .
2 ) compr & I . Npr,@ t r a c eKo r e s . compatible, s o get conj. i n tiny

3)
Tulino.it#nlost''neeIedttfor%EE'dI5ndic:'Edin
etion' l i e n , Lafferty.

4 ) I f 0 0 0 = 1 refines I w a s a s awa m a i n conj. (which follows from I t isom.),
a s i t describes I t explicitly o n symbols.

5 ) I n 2 0 2 2 prepr in t , I define a n o t i o n of "intermediate cohomology"
t o r e m o v e 3 ' f r om b o t h sides of F - K resu l t . However, t h e
t w o sides a r e n o longer obviously connected. Obta in equivalent
formulation requiring existence of "intermediate" z e t a e l ts . modulo I .

8 4 Cyclotemic units

Question: Does t h e E S o f gelotomic u n i t s a l s o a r i s e i n t h e geometry
o f modu la r curves? I . e . , a r e both d iv is . i n I M C s e e n geometrically?

Yes, a s described i n Skinner's t a l k . H e mentioned a long i n i progress

j o i n t project 4 W a k e . I ' v e n e v e r spoken o n t h i s , a n d i t f i t s

closely i n 4 r e s t o f t a l k , s o I ' d l i k e t o o u t l i n e o u r perspectie.
I should n o t e t h a t essentially t h i s cons t ruc to r w a s given by Anderson,
C . Br inkmann Cthesis), w / extensions by Harder, related work o f Huber-kings.
We w e r e motivated by a re la ted cuspidal e x t n . c l a s s i n w o r k of Fukaya-Kan.

N 3 4 , p 7 5 prime. G o a-cusps i n X - X , (N), C ' non-a-cusps.
Y e Y, 1N) c Ya = Y u c a c X . Y, I N I - Y,CNbeefy,).
I n = HI, ( Y , Ep 111) e .ta le a h e m . compactly supp. a t G

O → IF" (Cx , Ep 1111→ off → H '( Yo , 2pct))→ o S E S

Here, No(Co) I A f l " , IN -AN lenorm, E D I .



F o r Cc,N f l , g = g%I"" " a ) E H'(Yo, Epa,)GQ v i a K amm e r map.

'

pu l l b a c k by map f r om Z p , i n g , t o g e t
0 → I T, ( i ) → EN → I p → O .

→ [ Ew ] E H ' ( I b p ) , T.tl))) ¥ H'(74µm,#p],74411444241,7411Mt.

t h e o rem [ E n ) = (i-Sn)"-"" d o " (up t o power of 5 , ) .

Pro-of ( s . -Wake ) : Reca l l 0 * 1go,,÷) = l - SN .
Spectral seq . gives c o m m . diagram % = i f , I N I u re-cusps.

H ' ( U g a , I p 111)
¥ H l( K l u n , Fp], 2pm)t

I I

H ' l Y a , 2,111160 I s H
'

( 2 1 ¥ } F i lm )
A s 2 ( g ) = [ E n ] , d o n e . 4

Question H o w t o avo id u s e o f g?

O → f l
'

(X , 2pct)) → H'(Yu , 2pm) → Fife?Ep)-O
g - "daily)". 3 N o n O-cusps .

Marin-Drinfeld → splits a f t e r x0Qp a s h[God-meds.

F a i l u r e t o s p l i t measured b y congruence m o d u l e , wh i c h i s computed

v i a res idues o f E i s . s e r i e s (Ohta, Lafferty).
I n f a c t , dlogly) i s a n E i s . s e r i e s u l r e s . - divlg)
G i v e n a n y e l f . o f Ho l t , 74,160 u l integral splitting. C a n pull back

t o get e x t n . c l a s s . Computation o f congr. module w i l l t e l l u s

n o n split i n c a s e o f daily),
E u l e r system re ins . r e a d o f f v i a Bernoull i d i s t .

I f w e project E µ t o O-eigenspace W I o e v e n pr im . ( t u t ) ,
get drilgly - r e s (Gg) , Gola) - SEEEthaldq", a s i n Skinner's talk.

S o Gg r e c o v e r s (I-%)@.

8 5 Lis incocycles ( joint w l S.-Ventatesh)

Toy c a s e s Gm l a . Gm-43-spec I Q [ z , I , ' F z ] .



×
Mot iv ic w h o m .

O → H ' (Gim,2111 ) → H '(Gwil l3,2111 ) I 4%913., 1 ) → O

" s " s " s

° - Vin - Ugh-1,3 2 - I → O

l - z - 1 (simple roots
Hare Sn E Gimlocum) & 5,5*11-21=1-Tn.
I d e a : I - X , 1 N ) u n i v . g e n . e . c . E - f u } < 3 Gim-913

few 55N

.

Y, CN) i s . SpecI QCnn).

Now cons ider GimlQ. d - M £ 2 ) n GLz(Oh:) a c t s o n r ight.
[ w o r d f n s . 2 , , Z z

-

theorem (s.-Venkatesh) T h e r e i s a n "explicit" parabolic cocycle
Ott : GL z ( 2 ) → k z (Q i(①n i l ) / L f - z , ,2237 t h a t i s E i s e n s t e i n :

(Te - l - [ 1 1 * 1 0 i s a • boundary t f primes I ,

P = f : Gersten complex K = [ K > → K , → K o ]

Kz(lQlGm4) → top K , COX( D I ) → to K o ( Q l d )
d i v i s o r 115 z e r o cycle 115

I Q ( D ) " K

K equivariant fo r l e f t d - a c t i o n b y pullback.

Right e x a c t w l Hac k ) I H2(Gin,1 1 2 1 ) .
.

T a k e e - [ I ] E K£47 ) . connecting map → [ t o ] E H
'

(GHZ),TE).
C h o o s e u - l - z i t o n Gmx { I } E Gim, J u - e .
C a n def ine @ ( r ) by 2 @ ( r ) - ( 0 * - 1 ) n .

Properties: - u f ixed by ( '*¥) ⇒ On parabolic.
s On( 8 ) = s u m o f 8*91-z , , l -zz } = : < 8 7 .

(8=1981) → F k t v i s ( b i , d i t t 2 2 u l O s i c k V o s 10,11, uh,-deter) l b , do]
d e t ( 'a'÷, bid.) - i ⇒ O H - EE, {(big-1¥,)7).

•

Te e = s u m o f o r d e r l subgps. o f Mf = ( l t a t t l e
→ ( Te - l - 63*1 [On] t o .

Ambiguity 421%2, 2 7 reduced by considering [ m 7 * f i x e d parts, m a 1 . 4



KzCQl(Gm4) Ilium, H2(Gim-U,2121) U E Gin o p e n subsch..

Y E T , ( N ) → O c t ) l i e s i n l i m o v e r U w ) ( 1 ,5N)#U.

Def ine NON = ( l i e n )#01 poem) .

theorem ( S . -V. ) n o n : To ( N ) → Kal#NIKKI ,-9,37
i s parabolic, E i sens te in f o r l t N , a n d a h om om . o n T.CN) inducingI T .

(w lou t inverting 2 , g e t Cu iv ] → { i-5,9, I-5,53).
I Man i n

Core I t o ( T e - I - l a > ) - O H l t h

Rem-arkl Using EZ for E → Y , ( N ) universal, a l s o g e t a

Hecke-aguilar. fo r L t v cocycle e @ i C-Lo lz ) → k£01,154)XO2 '
t h a t pulls b a c k t o Hecke equ iv. fo r I T N z e t a map £1130].

2 N ? H, I X , (N), 7L' ) → H-LX,CN), I ' [ IN ] (21) Cou 2 h )

const ruc ted by Go n c h a r o v & B r u n a u l t v i a o t h e r m e a n s Cn n Hecke).

Avoiding P-eigensp. fo r (74Pa) ×, get Hecke f o r U N z e t a map

2 , 5 ' : H , (X i ( N ) ,Zp) → E . H2(X, ( N ) , 74, (2 )) ' d
tidemp. removing w2

const ruc ted by Fubaya-Kato.

Pic tu re : E- Icc) e . . Gim-4 1
S - V I l o , i n t f l o , ' I S - V

Y, I N I ←£ . SpecQlluw).
F - K

Remark2y T h e prespecialized Hecke-equivar. whom. classes c a n be constructed

very quickly v i a e i ther a spectral seq. attached t o K o r v i a equirariant
mo t i v i c w h o m . (a lso suggested by Kings), E . g . ,

[ t o ] c o m e s from H3g↳1z, (Gin-913, 2421) a n H8↳cz, ({11, 1%11 E 2 !

(Parabolicity & specialisation a r e m o r e subtle.)

Work-in-progress: H,-(Bianchi) → +121ray-classfield
image.

quad.) v i a Eisenstein cocgdefor E X E '

(Lecoutuner, S . , sh ih ,Wang) E ,E ' C M by 0 k .


