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Sketch
2D

free boundary problem

Y

Q) water domain

S free surface

vV vy VY VvYyYy

S air
water inviscid,

h incompressible
——Q &— > constant density

> Q (and all appearing
functions) L-periodic

/ water ce in X
u Q \ —8¢2 > flatbed Y =0
L > presence of gravity and
- X (possibly) surface
‘ tension
~» constants ¢ > 0,
020

> Euler equations in Q
> kinematic boundary conditionon S and Y = 0

> dynamic boundary equation on S



New results on global bifurcation oftraveling periodic water waves
Basics

L The differential equations

Equations
Time-dependent

> Euler equation in Q(t):

D
D—l; =uw+(u-Viu=-V(p +gY)

> incompressibility in O(t):

Vou=0
> kinematic boundary condition on
2Q(t) 'S (F = 0}:
DF
Dr ~°

> dynamic boundary equation on
S(f):
P = Patm — 0K

(x mean curvature)

constant speed ¢
of propagation
in ej-direction
—_———
change to
moving frame
—_———>
X—-ctw X
u-ce;wu

v

Steady
Euler equation in Q):
(u-Vyu=-V(p+gY)
incompressibility in Q:
V-u=0

kinematic boundary condition
onSandY = 0:

u-n=0

dynamic boundary equation on
S:
P = Patm — 0K
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Vorticity, stream function

> vorticity w
w=VXu :c9xu2 —3yu1

> vorticity equation (2D!)
(u-V)w =0 (1)
> stream function ¢

V-u=0 = J:u=Vy=©y,—¢x)
= -V)p=0 2)

v

(in non-degenerate cases:) (1) and (2) imply a functional relation

w=y)

> this gives
AY =-VxVy=-Vxu=-w=-y®1)
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Boundary conditions

> kinematic boundary condition:
V&Y -n=u-n=0 = ¢ locally constant on boundary
> 1) determined up to constant ~» consider
Pp=0onS, Pp=-monY =0(meR)

> Bernoulli’s law: hydraulic head

2 Y v |? ¥
E:|uT|+p+gY+/O y(s)ds:| i' +P+gY+/O y(s)ds

constant in Q:

VE = (u-V)u—-wu* +V(p +gY) + y()Vy =0

> dynamic boundary condition:

\v4 2
P = patm — 0k = l;l}l -ox+g(Y-h)=Q,

¥
Q = E - patm — gh — / y(s)ds constant on S
0
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Summary
original steady equations stream formulation
incompressible Euler (u-Viu=-V(p +gY)
S _ Ay = ~y(§)
quation in ) V.-u=0
. ) . =0 onS
kinematic boundary condition | u-n=0onSandY =0
Pp=-m onY=0
dynamic boundar % llJ|2
yCondition onS Y P = Patm = 0K B
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History
Irrotational (y = 0)
> Srokes mid 1800’s: formal expansions, conjecture about wave of greatest height

120 120

> Levi-Civita, STRUIK, NEKRASOV ‘205, JoNEs & ToLaND ‘80s: small-amplitude waves
> Krasovskn ‘61, KEapy & NorBURY '78: large-amplitude waves
> Amick, FRAENKEL & TorLanp “82, PLotnikov ‘82: proof of Stokes’ conjecture
Rotational (y # 0)
> GEersTNER 1802, CrAPPER ‘57, KINNERSLEY '76: explicit solutions
DuBrEIL-JacOTIN “34: small-amplitude, small y
Govon ‘54, ZEIDLER '73: general y

CoNsTANTIN & StrRAUSS ‘04: large amplitude, general y

vy VvV VvYyyYy

'04—: AmBrosg, CONSTANTIN, EHRNSTROM, EscHER, GrovEs, HENRrY, Hur, KozLov, KuznEeTsov,
LokHaru, MARTIN, MATIOC, MATIOC, STRAUSS, VARHOLM, VARVARUCA, WAHLEN, WALSH, WEISS,
WHEELER, WRIGHT, . . .
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Motivation

m semi-hodograph transform g = X, p = ¢
m conformal change of variables

naive: scaling the height on each vertical ray

f:;:;fl csrtl:glllay;::/ vorticity | global bifurcation °ve:r‘:f’i‘l’img
CONSTANTIN &
StrAUSS ‘04 W X X X
CONSTANTIN &
VARVARUCA '11 m X constant
MARTIN 13 ® constant X
CONSTANTIN, STRAUSS &
VARVARUCK 16 W X constant
Hazior &
WHEELER 21 m ! X constant
Henry & Marioc “14 v X
VarHoLM 20 X X

Try to allow for all properties in full generality!
strategy: use conformal change of variables, rewrite equations as “identity plus compact”

Isolitary case
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Do overhanging waves exist (without surface tension)?
> no, if flow is irrotational (SeieLvoGeL “70; Amick '87)
> no, in case of constant vorticity for downstream flows (CONSTANTIN, STRAUSs & VARVARUCA "21)

> yes, numerical evidence in case of constant vorticity for upstream flows (e.g., SIMMEN &
SarrMAN '85; DyacHenko & Hur '19)

18 A ] BBfgT B
12+ 1 12r B
vo M)} =350, o B) K =73 o€ 3 -0y 6 B 6 Y—Yﬂ
o ] m K_\ -2 0 2% —-2n 0 2n
g : : e I
X =1.03¢ o By Bmi7e .. P eims 2 1 12
° : : 0 ; I : 0 ! 1 !
- - - —2n 0 27 21 0 2n
o @) mlatz i =1580 o D=1 18 'E j 1 18 | F ! T
. . . 12+ 1 12F B
INEVANEVANE .99 E IaVatal
0 \ , ; 0 . . \
< s g 0 SRR 0 - 21 0 2n —2x 0 21
SIMMEN & SAFFMAN Dyachenko & Hur

> yes, rigorous results for small gravity and constant vorticity (Hur & WHEELER '21)
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Why “identity plus compact”?

Or, how to obtain a global bifurcation result?

> degree methods especially useful in connection with semi-hodograph transform; requires
assumptions (properness, Fredholmness, spectral properties) at all points, not only at
solutions

> analytic methods: requires assumptions only at solutions, therefore easier to check; but
analyticity is a strong condition

> identity plus compact: requires work to reformulate the equations, but saves some work
later; is it even possible to reformulate the equations in this way?
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L Laminar flow solutions

Laminar flow solutions

v

Y y=0 Y 7':('am\l,¢()
h h
_—
_
L x L x
y » arbitrars > we rather work with shifted
h ’ ' lzb/\ =y(+h)
> equations for ¥
- Yy, = —y@h  on[-h,0],
- Y10) =0, Py(0) = A
[ > assume ) € Clzc;i(R), 17 lloo < o0
X

A € R bifurcation parameter,
A = horizontal velocity at surface

m = m(A) = —pr(=h)
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Conformal change of variables (see CONSTANTIN & VARVARUCA "11)
Y y

~
o
-
@)

H!
L
P X —h
> H=U+1iV: Q) — Q conformal > V =V[w + h] uniquely determined by
> H:Q; — Qhomeomorphism w= V(~,AO‘)/—:hOv1a nQy,
> “surface to surface, bottom to bottom”
. U L U . V=w+h ony=0,
(x+Ly)=Ulxy+L, V=0 ony = —h

V(x+L,y)=V(x,y)

h unique (fixed in the following) > U harmonic conjugate of —V

v

> surface S parameterized by

\4

H unique up to translations in x
> Sofclass CV8, >0

— L .
— |dH /dz| = [VV| #0in T S= {(x +(Cyw)(x), w(x) + h) 1x € R}
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New equations

>

>
>

C}f Fourier multiplier with symbol —i coth(kvh), v := 2m/L (¢~ assume (w) = 0)
after suitable translation U(x,0) = x + (C ,fw)(x)
mean curvature

(1 + (clgw')(x))w"(x) - w'(x)(CLw”)(x)

= xlwl() = "
((1 + (Clw)(x)? + w'(x)Z)
we work with the unknown (g, w, ¢), where

2
v=(+ypt)oHT, Q:%+q

> natural assumptions: w > —h onR, x = (x + (Cﬁw)(x),w(x) + h) injective on R

> new equations:

Ap = =y( + PHIVVI* +y (@) inQ,,
$=0 ony=0andy =-h,
and ((Sf)(x) := f(x,0))
2 Lo/ \oiy?? _ ot oLt
(Spy +4) _6(1+Chw)w W+gw:Q -

3/2
2((1 + Cﬁw’)2 + WIZ)W+ wrZ) /
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Identity plus compact

v

focus now on the case 0 =0

v

try to rewrite equations as

(q,w,¢) = M, q,w, )
with M compact
> easy: compactness in ¢: Mz := A, where A = A(A, w, ¢) solves

AA ==y +PHIVV + y(h) inQ,,
A=0 ony=0andy =-h

> harder: compactness in w
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Compactness in w

Lemma
Under suitable regularity assumptions and if ¢ = A(A, w, P),

(Soy + 1)
2((1 +Clw')? + w’z)

+gw=Q
is equivalent to
(R cos((Cﬁ)’lp(lnR) > =1,
W = Rsin((ChL)’lP(ln R)),
where

1S9, A, w, §) + Al

V2(Q - gw)

R(A, q,w, ) =
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Rabinowitz

Theorem (Rabinowitz)
Assume

>

vy VvV VvYyyYy

X Banach space, U C R x X open,

F € C(U; X) admits the form F(A, x) = x + f(A, x) with f compact,
Fx(-,0) € C[R; L(X, X)),

F(20,0) =0,

Fx(A,0) has an odd crossing number at A = Ag (satisfied if assumptions of Crandall-Rabinowitz
are met).

Let S denote the closure of the set of nontrivial solutions of F(A, x) = 0 in R x X and K denote the
connected component of S to which (Ao, 0) belongs. Then one of the following alternatives occurs:

(i) K is unbounded;
(i) K contains a point (A1,0) with A1 # Ag;
(iii) K contains a point on the boundary of U.
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Main theorem

Theorem
Assume

> there exists Ag # 0 such that
> 0 is not in the Dirichlet spectrum 0f<9§ +7'(W0) on [-1,0],
> the dispersion relation d(—(kv)?, Ag) = 0 has exactly one solution ko € N,
> the transversality condition d, (—(kov)?, Ag) # 0 holds.
Then one of the following alternatives occurs:
(i) K is unbounded: |A| unbounded, or w unbounded in Cg’eér(R) forany 6 € (5/6,1], or vorticity
unbounded in LP (physical domain) for any p > 1;
(i) K contains a point (A1,0,0) with A1 # Ao;

(iii) a wave of greatest height is approached, i.e., Q — g maxg w — 0 along a sequence of solutions;

(v) self-intersection of the surface profile occurs;

)
)
(iv) the conformal map degenerates, i.e., minR((l + Cﬁw')2 + w’z) — 0 along a sequence of solutions;
)
(vi) intersection of the surface profile with the flat bed occurs.
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Remarks

> ifsupy’ < 72 /h?, unboundedness of A implies unboundedness of the relative mass flux m(A)

> the norm in the unboundedness alternative for w is quite weak; in fact, this alternative can
even be removed in case of downstream flows

> instead, 1/ minR((l + Cﬁw’ )+ w/z) can be thought of as a “part of the norm of w” in an
unboundedness alternative

> analytic global bifurcation (requiring Fredholmness at solutions and a certain compactness
property of the solution set), which provides stronger conclusions, can also be immediately
applied in case y is real-analytic
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Nodal properties

> maximum principles can be applied to the function —)x = u, and the linearized elliptic
operator

-A- )//(IP),
after changing to the flattened domain (similarly to ConsTanTIN, STRAUSS & VARVARUCA "16)

> however, some spectral assumption is needed; sufficient:
2

supy’ < 2

> (typical) results:

> no intersection with the flat bed
> surface elevation strictly monotone from crest to trough
> self-intersection of the surface can only happen exactly above a trough
> looping back to a trivial solution cannot appear in many cases; e.g., if
(< and Aoy 20
su — an >
PY <5 0y
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Thank you for your attention!
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