
 

Exercise Sheet 1

Exercise I

1 We need to prove that for any two points xyeAtB and thetas then

txt 1Hye ATB

Let a CEA bdeB Set atb and y ad Then

txt 11 fly tcatbltcs tketdl tattbtcs.tk a t d

tata th EA since A convex

tbt 11 t beB since B convex

and therefore txt 11Hye ATB I

2 D Let xyek and beta 1 At txt 1 dyek
we can write at it dy d Ight la d

Idyffly
Thus we have expressed Nxt 11dly as a convex combination of points in K

Nxt C1d y e Nkt 11 d K

Let aye k Neto 1 Then txt ft Nyt dat is d k and hence

1 11Hye k by assumption D K convex I

3 f is convex on ta b f is continuous on ta b p f is Riemann integrableonta



4 Let Xye St Neto 1

Since 4 is convex Ofdx 1 Ily E 161 1 11 dilly Edt I d t t

6 Nxt Cl Ny E St A

5 Suppose that f is not lower semicontinuous

Then FxoelR and F xn na with Xn xo st fan fixol On

Since xn xo we have fan fixo as n o f to f is dosed I

6 2 Since f is differentiable at Xo Dfsxo exists and is unique

Also fix flat Dflxotix xd Oxen D Dflxo E Jf xo

E Let ge af Xo Then fix fixolt gtix xd VXER

f is convex D g Dflxo A



Exercise 2

I IETMt IET IETMt Fts ELMt2 At 1

Therefore all Mt have same expectation

In particular IETMts Mo I

2 We apply Jensen's inequality

Recall for a convex g it holds g EXT E Elgin
Let gal max x a a g is convex

In fact let xyer
1st case Nxt 11 d y O D g txt C Ny max dxth dly

Imax LdxO max 11 174,0

dgexit is digly
2nd case Nxt 11 d y co to gidxt 11Ny max txt I dly o 0

I dmaxsx o I d maxfx a

Let set dgixit is dig ly
max Mt O g Mt

g EIMt 17s Me EIMt Fs

9
g IETMt17s gl Mt17s IETME17s

IET max Mt O 1 As A



Exercise 3

Note that

Xi bounded D St at sit at Stbe and lat expIdSt are integrable

Ft measurability is clar

we just need to check the martingale property

1 ET Sta Atta Ft IE II Xi Atta Ft

E IS't t Xtc tatts Ft
S'tis Ftmeas I
at is constant St t IETXts Ft t atte

Tta t Ft I sit I Xtra Att

S't t Mt t Atta

at me tatts D At EI Mt
2 IETSta t Ates Sta tbets1Ft ET St Xtts Atta S't Xtra tbas It

ETSE t Xt 2StXta t atteS't t AttaAtta but I Ft

SE t IETXA Ft 2 St E XtraIFt t atteS't t atte EEXue IFt bite

SE t IETth 2 SEEEtta t Atta St Atta Xts but

S't t Otis ME 2 StMeta t Atte S't t AtteMas t bets

S't t S't 2Mta Atta t Otta t AttaMat but

Then it must hold

at 2MHz Atta and be Ott tatts mast bets

At II Mk and be EI Ok t Mi t Zakmic



3 EI I
ed's't Ft 14 Iced's'tet't Fe

at
ed's Ele't't yI

It
ed's't let

dtt

Atg tents
At KII Ele't



Exercise 4

1 By Markov's ineq IPA a Plett seta I e
to
Mx It

take the infimum

2 MxIt Ele't eto IPA a ett pix 1 11 pl t pet

3 Note UXER I x ee

Ms HI Ele Xi I Ete II at pile 27

II exp piled 11 exp red11 Igp exp used 11

Therefore

IP Sn t t e t
exp led 1 u

Substitute d en E A



Exercise 5

I IET Ina Xn O 0

IET Xna IXn 2 2

2 Since Xn 70 An

IEC INI ETXn E Xo L In

3 We use the following result

Xnin bounded martingale in L D AnEgoXo and Xo Elt

This claim actually holds for submartingales

IP liminf Xk O E P Nn o 2 n o

Note that Etta him EIXn it doesn't converge in L



Exercise 6

I Recall diamA
Ryen tixYM

For all xytQn NX yl II Ni yip s É KittyD E Eg I n

On the other hand consider

x I 11 1 y 1 1 1 1

Clearly xyean and

MYKE EI E EF n

Thus Thediamian Ern D diamQM rn I

2 XI Xn YI Yn are independent v.v distributed on I I I

Eth Y Ii II IETNi Yi1 NIET X1 4212 f
Conclusion the L norm of the distance btw two random points X and Y has

orderof magnitude rn

3 Apply CLT In IgYi Nco 1

4 In 3 the weights were at but it is not essential

Effi Yi Oi IETYi o

oar AiYi Ai var Yi 0

By Berry Esseen thm we get

HEIR IP EIGiYi It Iq I e as E C 1,0 CA

where c o is an absolute constant

Remark Gi In D RHS of 1B is of order f



Exercise 7

I tf f tf kl fly l dxdy Eff f
lxldxdyttfffkxldxdyttf.IE

xffiyy
ffdd

2 By fundamental thm of calculus

fix fly d f 11tixtty at tiff it titty g xi dt

3 fix fly E diamKl ft 11 titty Idt
since Kyle diamlul txyek

We take the squares and apply Cauchy Schwarz

Ifix fly I E diam k I Df Ct tatty Pdt

we integrate over K

f f x dd x I diam K f f IDf 11 tixtty dxdydt

diam1kt If I 1Df 1 tixtty dxdydt

4 Fix x change variables 2 y C1 tix ty At I
dz thdy

f Pf I tatty I dy f 1771771 In 2 1771271 dz

5 f f dd e Idt fax IDf 2 I dz 2 diam k

Iggy fitful'd
This is the first Poincaré inequality

Poincaré constant



Exercise 8

1 It is Ft measurable fl Xt is Ft measurable

t
convex functions are continuous on the interior

of their domain and therefore f is Borelmeasurable

f Xt e L by assumption

Jensen IT f Xt Fs FLEEK Fs fits

fallen is a submartingale

2 Adaptness and fittle L as in 1

Jensen Effixt Fs f E Xt Fs fits

fat to is a submartingale

3 fix x2

fixe t is a martingale to fixt cannot be a martingale



Exercise 9 This is Proposition 2.4.1 of Vershynin Highdimensional probability

Exercise 10

Taylor Ete ELIE It
Ed Ed EEK
I EId E X Xk e
E I Ei I M or

I g EIdiMk
I g led

M I dM

It x ee ve exp g edit 1 NM

Therefore

IP EIXi t e e Efexp Egri
e dt II Eleni
e El edte

ett exp ng edit i dMl

exp att ng ed I dm

2 expf Attn ed 1 dm te ng
Med M o

D flag atty
Plug in and we get the claim I



Exercise 11

Let L be the Lipschitz constant of f

Let Xn Unit 10,13 and define the ro

Xn 2 L2Xn

Zn 2n fan 2 n fan

Let Fn offs Tn

Then Zn is a Fn martingale bounded by L

In fact conditioned on Xn there are two possible values Xn and Xn12 n t

which have same probability

EI Ena Fn znttffltntznz.tl font fantz n 2 n t fixntz n y y2

2 fun 2 n firn

En

En converges as and in L to a ro Z which is o measurable

Then Fg measurable function with 2 gal
Conditionally on In X is uniformly distributed on In Antzn and therefore

In 2 I glutdu

f Antzni font ifg a du
Therefore for all keen we have

f ka 2 n Elkan gculdu

summing weget



f K2 n flat gluidu

Let K2 x and by continuity of f we get

fix flat goaldu a


