
 

Exercise Sheet 5.1

Exercise 1

I Let It Bath Bh

The process starts at o Zo Bh Bn O

Independent stationary increments t t see

It Is Bath Bh Bstht Bh Beth Beth these are I stationary increments

because Bt toois a BM

Normally distributed increments us too set

IETZe 2s IETBeth Bsn o

oar Zt 2s van Bah Bah It th Sth t s

Continuity

toes the path t to 2 101 Beth w Bn w is continuous since

t to Bt Iw is continuous

I The process starts at o I Bao g Bo o

Independent stationary increments tt.sc

since the increments of a BM are I and stationary

anasana



Normally distributed increments

If I Bat f Bas EI Fa Balts o

oar f Bat f Bas var if Bast si act s

Continuity same as I

3 Integrability

El Ntl EL exp Out Et
I exp owe Et

I ft exp
w 2tqwto't dw

At exp 13101 dw I c o

Lo Nito t density function

Since It is a continuous function of Ft measurable v.v It is Ft measurable

toe set

IETXt 17s As IT Is 1Fs
Ts IE f explow ft

since Xs so

exp lows Es
Fs

Xs Efexp olWt Ws E t s Fs

Xs IETexp O Wt Ws Ect s since Wi Ws 1 As

Xs I explow Elt si t Is exp 241s dw

Xs It Is expf w 21 1 02 t sp dw

Xs I It off exp 1 13,107 dw Xs

Isincethisisf slot s density



Exercise 2

Let XE exp oBt Et
If 070 then lineup BE so D Emyup XE o

Since Xi is a martingale by Doob's martingale thm Xi converges as

IP limp Bf so o Let Oto Emsup BE so

Since the law of Bt is symmetric liminf BE 30 as

Xo o

Us to st set

Xt Xs tBE SB

S By BE It 5BE
is a linear combination of two 1 Gaussian v.v

Xt Xu is Gaussian with

ITA Xs It BE SB t BE SEIB O

var Xt Ys var s BI BI It S BE
var s BE BE var It SIBI
Soar BI BE Ct s Oar BI
5 I E CtSIZE
t s

Cdt z

At Matt say
dbt dt dit s mdttsdB.tl
dBtdt 0 mdtyztcsdB.tl t2 mdt sdBt

Otsdtto s2dt

dXt 3 fdXtCdXtR Mdt sdBH Sdt
Ms Cdt t sdBedt I



Exercise 3

1 Xt EBE

Let fixg x'y
Xt flt Bt

Yo t It2xfcsBsl ds I dyf s Bs dBs I ayyf is Bs Is

552Bs dBs t 125135 105133ds

Tocalmartingate Youndedrariationprocess

2 Yt expItBt

foxy expixy

2xf ye'T Ly xext

ayy f Roxy

Yt 1 ItsexpSBSdBs t Bsexp SBSds t t ItsexpesBslds

3 fixy y3 3xy

2xf 34 Lyft 342 3x

2yyf 64

Note that 2x ft f ayyf o D It is a local martingale

It ft 2yflsBs dBs 3135 3sdBs



Exercise 4

I to bx and xtoox are globally Lipschitz D the strong solution

to 111 exists At o and is unique up to o probability event

Ito Yt fit St where fixy eby
dye ebtds't bebts'tdt

ebtlbstdtto.SE dBt best stdt

OH dBt

2 The SDE for Y has also a unique strong solution given that Yo 1

This equation characterizes the exponential martingale ECOB which gives

Yt explore g't
St ebtS't exp Bt exp OBt Of



Exercise 5

1 The process Bt defined as I sgnits dis is a local martingale

Bt It sgnits dates ftads t

B is a BM from Levy's characterization thm

I sgnlXl B sgnix synth X Ign X X X

a s At o Xt I sgners dBs

3 If Y X D Y sgna B Sgn Y B 214 03 B

The local martingale

Zt 11 X O B t Agree dBs
has quadratic variation Z t Its 0 ds

ELIZA E I Iago ds Pets o ds o

therefore 2 is as constantly O which implies 2 0

We conclude Y sgnly B



Exercise 6

EYE Bt 7 C guts exp Bt expires

IP EYE Bt C Plage exp dBt explda

Etexp BT
exp dc

exp Ed'T dc

minimize over d dat f



Exercise 7

1 If X B is a solution to 2 D X is a local martingale

Then IBM B Xt te T past tot is unbounded

therefore CX t o as too

2 Since ox o OXER and dBt Ia dit
X t
gt Bot It Is dat's fans dat's of opry

dr A

From the recurrence of onedim BM that B visits every real number a manytimes

the RHS of 1A o as X t o X t o a s

Therefore T o a S


