
 

Distributions
Ref Wikipedia Max's notes

Formalize the notion of an object
which is pointwise ill defined yet
averages are well defined

Notation Given multi index
α x1 da E Nd

let

2 24 29
α

Xa

Natural space of test functions
Schwartz space
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S S Rd ft CCR

ape Nd
If lap 20

where

I flly sup 1 2171 71
ERA

In words f and all of its
derivatives decreases faster than
any polynomial

Examples CE Rd e XP

Topology on S characterized by



fk f if

Ifk flap 0 α β

This makes S into a Freche't

space a complete metrizable TVS
whose topology comesfrom countable
family of seminorms

Def A tempered distribution is a
continuous linear functional

S

The TVS of tempered distributions
is denoted s S Rd

Ex Dirac delta to f flo
Continuous because if

fk f in S



then
fic fielo flo f f

Derivative of BM on R Let
B be a standard BM

3 4
which means

3 f f dB

One can then show that a so this
is continuous and thus is a tempered
distribution

Fourier transform

For fe Lt Rd define



Ff p fdx f x ftp.x
Hd

PE Rd

Define also inverse Fourier transform

F f X Gdp f p ftp.x

lemma If fe S then Ff Ffs
and

FF f Iff f

lemma 724 p 2 11 p Ffp



Corollary FAF p 4T ppFfp

Plancherel for figes
f g Ff Fg

where
It g I fix get dx

Rd

Since S L is dense this
allows to extend F to L

Lemma fagh Fg



For fe Lt Id define

Ff n Fln fax fix é
tinx

d

ne Ed

Then Fourier inversion

f Ʃ fin en
need

where enly eatinx

If f ECCI then series
converges ptwise unit if fell 9
then series converges in L



Plancherel

foxfix get Ʃ fin gins
Id need

Fourier transform on the lattice
As in Max's notes
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2 n f

periodic boundary



Let EI
ᵈ
be the

dual of Aa

For f A g A

Fef eᵈƩ fix é2tikx
EAq

Fig X gas e
ik die

Remark The E factor in AI
arises because if

K K E Rd K K EE Ed
then

is e
Tik X

x frit
define the same function



Let a µ MZ n E

Remark Note that if K M 2 then

is e
Hik x

is not periodic in

For f A g Agdefine

Fem f k Ed Ʃ fix Etik
EAEM

Fil g x Ʃ guyeatin
KE a M



Now for f A define

Dif X fixtsei fix
E

Mi fly f x fix ee

E

Agfix Mi fix

I fixtee tflx aei

24 7

Have that

7 fix ok fefly e
ik

e eaikix
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Aef x folk Fflk Ʃ 2Ésinkiest
Aq ja

ekik
For m 70 have that

1m 51 XY
gik X Y

Ʃ
KE MI n E ft d
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m 125 sin TEKI



Appendix

How to remember the formal identity

fdp e P f x

Rd
Or equivalently

z HIP e
P Solx

let ke be the heat Kemel on
Rd i e

Kex exp 1



We have that

Ke So as 0

Want to find gelp st

ke X fdp gelp eiP
Rd

Then take time ge to obtain

formal identity for do We compute

E If

dp exp Ipp eip

Rd

exp 1



Characteristic fn of Nlo

Thus

Ke X exp 1

qffdpexpl f.pl
Rd e P

Taking 0 obtain the
desired formal identity


