SLMath June 15, 2025

SLMath Summer School on OT: Day 6 - Problem Set 1

1. Let 7. denote the entropic optimal transport plan between p and v, with
corresponding potentials f, g.. Define ¢, := 1 || - ||* — f.. Compute the
derivatives of ¢, and conclude that

Voe(z) =E, [Y | X = 4],
Vip (r) =€ 'Cov, (Y | X =2x).
2. Recall the definition of the rate function of the large deviation of EOT

from the class (with I' := supp(7*)-support of Monge-Kantorovich solu-
tion):

k
I(z,y) := sup  sup sup [Z (c(i,y:) — C($i7yo(i))):|
kENL (z;,y:)k_,CT o€Perm([1,k]) - 1

where (z1,71) := (z,y). Suppose that dual Kantorovich problem be-
tween p and v w.r.t. the cost function ¢ has unique solution upto some
additive constant. Then show the following

[ J
where 1* and 9* are solution to the Kantorovich dual problem.
Hint: Use the variational description of ¢*(z) and ¥*(y), i.e.,

¢*(x) :=sup sup sup
YEY MENL (25,4) 1" (@ y)CT

c(z,y) — c(Tm, Y) + ATy Ym—1) — (Tm—1,Ym-1) + - - -

+ ¢(1,Y0) — c(wo, ?Jo)]
e Furthermore, if (z,y), (2/,y') are such that (2/,y), (z,vy') € I, then,
I(w,y) + 1(2,y") = c(z,y) + c(@’,y) — c(a',y) — ez, y)).

3. Suppose 7 € II(u,v), but 7 is not absolutely continuous w.r.t. pu ® v.
Then show that

0 u({(xl,xl) 3L, Us € BY), Py, (Us) > 0, By (Upsr) = o}) >0
where P, denotes conditional probability under © and Uz = U;.

4. (Identity behind the equivalence between primal and dual EOT)
Consider the probability spaces (X, B(R?),u) and (Y, B(R?),v). Sup-
pose Q be the space of all v : XxY — R, such that [ y(z, y)du(z)dv(y) <
00. Then for any measurable h : X x ), show that

sup{/h(Ly)v(ﬂf,y)du(fv)dV(y) —/v(fc,y)(logv(:r,y) —1)du(x)dV(y)+1}

YEQ

_ / (@9 _ 1)y, y)dpu(z)dv(y).



