
SLMath June 15, 2025

SLMath Summer School on OT: Day 6- Problem Set 2

1. (Absolute Continuity of Push-Forward Measures) Let X and Y
be two measurable space, f : X 7→ Y be a measurable function. Let
µ ∈ P(X ) be a probability measure and v ∈ Lp(µ;X ). Then f#(vµ) is
a signed measure measure on X satisfying the following properties:

� f#(vµ) ≪ f#(µ).

� Let w be the Radon-Nikodym derivative of f#(vµ) w.r.t. f#(µ).
Then,

∥w∥Lp(f#µ;X ) ≤ ∥v∥Lp(µ;X )

2. Suppose µ ∈ P(X ) and ν ∈ P(Y) where X ,Y ⊂ Rd. Define ft : X×Y →
Rd for any t ∈ [0, 1] as ft(x, y) = (1 − t)x + ty. Let πK be the Monge-
Kantorovich coupling between µ and ν w.r.t. the squared-distance cost
function. Define µt := ft#πK and νt := ft#((y − x)πK). Let vt be the
Radon-Nikodym derivative of νt w.r.t. µt. Then show the following:

� ∫
∥vt(x)∥2dµt(x) =

∫
∥y − x∥2dπK(x, y).

� Show that (µt, vt) satisfies the continuity equation, i.e.,

dµt

dt
+ div(µtvt) = 0.
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