SLMath June 15, 2025

SLMath Summer School on OT: Day 6- Problem Set 2

1. (Absolute Continuity of Push-Forward Measures) Let X and Y
be two measurable space, f : X — ) be a measurable function. Let
p € P(X) be a probability measure and v € LP(u; X'). Then f#(vp) is
a signed measure measure on X satisfying the following properties:

o fi(vp) < fu(n).
e Let w be the Radon-Nikodym derivative of f#(vu) w.rt. f#(u).
Then,
Wl e ramay < Jvllze(ux)

2. Suppose € P(X) and v € P(Y) where X, Y C R% Define f, : X xY —
R? for any ¢ € [0,1] as fi(z,y) = (1 — t)z + ty. Let 7™ be the Monge-
Kantorovich coupling between p and v w.r.t. the squared-distance cost
function. Define y; := fi#n% and v, := fi#((y — x)7%). Let v; be the
Radon-Nikodym derivative of v, w.r.t. p;. Then show the following:

/ lox (&) Pdpun(r) = / ly — a|dn¥ (z, ).

e Show that (uy,v;) satisfies the continuity equation, i.e.,

d .
% + div(pevy) = 0.



