
Interval Newton's Method

This lecture covers the
interval validated version Newton's method

Interval Newtonmethod ID Krawczykmethod nD

both theoretical practical considerations

The functionspace version will appear
as the Newton Kantorovich Theorem

in a separate lecture
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Theorem Traditional Newton's Method

Let fe f x 0 DFX monsingular

Then there exists 0 such that

for all xoe Be xx

Emo Xk Xx

Let ex l1X all error at Ktt step
Then line CLN

This is called quadratic convergence
In 10
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Problems What is i will it even converge
What is the error

Being that error depends on xx

Solution

Interval Newton's Method in 10

Assume
a a a IR
f a IR be C a

f x 0 for some xx a

F an inclusionisotonicextension of f exists
F a ie f x 0 forall xea

Then by the mean value theorem

for any x.ca I geasuch that

f x f xx f g x x

Therefore x x 11



This formulais a key important factthat
allows us to define the method as follows

Let Io a the original interval

Iteratively Inew newtonstep F Fprime I

N Ix m Ik

midI infsup mid I mid indicates type

maynotbeexeadNI midI fmid1 Mfprime I representable

In N k NIK
Inew intersect NI I

Clearly 1kt C Ik
Also by the MVT plus interval resultonN

Ik for all k

Theorem Interval Newton's Method

Under the assumptions given on a f F

I is a nested sequence of intervals

converging to



Proof If m II X for some k then

N Ik m Ik
assume m XI Xx

claim mlk N Ik

Proof assume N I such that

m Iic m Ik m

g
Then F m Ii 0 m a xx

so since F 0 onlyonezero
Thus m Ik N Ik which implies
width

kt width Ik

Thus we have a nested nonempty

sequence of compact sets convergence
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Theorem Quadratic convergence of
interval Newton's method

Same theorem as the traditional case

Example Find 55 to 8 digits

Exercise Find 52 to 8 digits
starting with I 1.2

For traditional Newton
any guess

will do What happens if you start
with interval I 4,6 in theabove

What about 2,2

How does this violate hypotheses

What goes wrong in practice
How to fix this Extended interval arithmetic

Eg roi's U s.ro



automatic Differentiation
Rather than finding the derivative

by hand Intlab contains the rules

of differentiation and can create
an inclusion isotonic extension of
a derivative itself using the

gradient init command

II gradientinit I II x is FCI

FI f II FI dx is F I

Exercise Rewrite your newtonstep code
Inew newtonstep 2 I

to find the derivative automatically

Use this to compute zeros of
f x 3 5 1

Note Multivariate Newton's method is analogous



pronounced CROF CHICK

Krawczyk's method for root finding in 10

xeI MVT EI st
f x f x F g x Xx

flx f g x xx

M f x MF g x x

Xt Mf x xx Mf g x x

x MF E Mf z x xx

x x Mf x 1 MF I x ̅ x KCI

Thus we no longer divide by F I

Krawczykmethod starting with Io Iteratively
Let M F m Ii

Define m m I
K I m MFcm 1 MF I m

In In A K Ik



Theorem Krawczyk's method converges

If IT contains a zero so does Ik
If I n K Io then f has

no zeros in Io

If K Ix I then I contains

exactly one zero

Convergence is quadratic if F X is Lipschitz

Krawczyk's method for root findinginno

Search for solutions to

f x 0 where f P R
Let F DF be the extensionsof F DF
on interval I

Newton's method is possible but
Krawczyk's method is more practical
in higher dimensions



Theorem Krawczyk's method converges no

Let f R IR fec RCR F DF extensions

Ic IR

assume M DF m I nonsingular xe I

Define

K I x MF x I MDF I x

Then a b c hold as in 18 case

For example KLI I unique zero

Implementation of Krawczyk's method

Let m m Ix
Choose M DF m Preconditioningmatrix

K Ii m MF m I MDF Ii m

In I M K Ik
Implemented in INTLAB as the command

verifyn ss f interval with e inflation



Example Find 4,1 2 such that

f

On interval 0.5 0.8 0.6 0.9


