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Consider functions on 0,1

fig f f x g x dx inner product

11511 f f s
norm

0,1 F x ffcxjdxc.no plus all

Cauchy sequences to make this aHilbert space
Orthogonal off g orthogonal means f g 0

Complete qklx is complete means

that for all fe ESO there exists

95 9in and a such that

11
are gelx fll ce

That is F is arbitrarily well approximable

by pk



Trigonometric polynomials

Consider the trigonometric polynomials

cos MX and sin NX on 0,1 no 1,2

Facts The following three sets are

complete orthogonal
pilo pill o

cos Kx Neumann boundary
conditions

9 10 A 1 0

sinkix Dirichlet boundary
conditions

910 fall
pilot pillcos 2kHx sink

periodic boundaryconditions

Given a function fe L 0,1 and

given N how can we numerically
determine a an such that

fn Éiakpalx best proximates f

ie minimize Ilf Fulla



Trigonometric Interpolation

Given points o t.at c t b

and Xp f tk k 1 n

find interpolating function

p t Ende de t with p k Xk

This is actually a linear problem

E fit X
Discrete cosine transform
Let c 1 ce 52 e 0 to 25th

Given X X Xp1
dat x y where yk Eixecostate

idetly where Xk Egyece cosTete

Theorem plt see cosclitt is the bestappror

unique cosine interpolantof X f tk



Example

1,2 3,0 t 818 ill it 1

y det x 0,2 00627,1 2.99581

α 0 1.00314 0.5 1.49790

p t α 52 cos A V22cos214 52 cos3174

q tk Xk k 0,1 2,3 Demo

Approximating derivatives

Let fHk and plt Éecos It
the best approximant of F interpolantof x
Then

p t Eg et de cosclitt

is an excellent approximation of 9 lt

y det x

yp 0,1 n 1 12 Y

xp idet yp



Padding since q t is smooth we

can find more points than non graphy

Let x ̅ 01 yams

glt Erie felt
But idet y is contains m points

Padding Let data be given
y dct x

I Fn Your.tn
I idet I Tk 212th

Demo

Then T I gives a refinementofplt

Example Plot 512 points of the
interpolant for data 1,2 3,0
Demo



Discrete sine transform

Let tk k t n

and Xk f t

Define y dst x yk Ei Xesinetti
idstly Xk Eye sin Atk

Then
glt de ce sin Litt α Bay

is the uniquesineinterpolant bestapproximant

for tk Xk



Discrete FourierTransform FFT

Let wn eatin cos isin E
Given to Xp C

y Fft x where ye xjw.li

as with the detldst this is

a linear transformation

ifft x where yawn

Interpolation to k 0 n I

Xo Xn i y Fft x

Then p t Ef eatist

is the unique bestapprox interpolant

Xk f tk



Complex structure for real data

Assume E IR y fft x tj.int
Then yoe.IR Yk k t sn t

consider
Demo Fft randn 10,1 Fft randn 9,1

plt ÉÉajcos a jt ÉÉ bisinHit
a Yo any Yok

aj Rey bj 2h am y
5 1

Is the unique interpolant ie

Xy 9 tk k 0 n t



Differentiation Let n be even

p t Σ atja sin2tjt ETj cos it

Algorithm y Fft x

Yp d y where
d 21T 0,1 21 1 i 0 8 1 i 2i i

xp ifft yp
kixp approximates F tk where f t Xk

Demo

Padding

y Fft X

I ifft I is a refinementofpll
on points Tk In k 0 m 1

Demo of periodicpadding.m



Nonlinearities and aliasing

assume that f t approximatedusing an

plt Eiggett
and we want to find the first in termsof

q t Éoregelt
Incomplete method

y In α

idetly
xp x X nl

yp dct xp

Aliasing illustrated by example
Euler e

x etix cosptix isinpITX

cos x isin TX

Thus we require pn coefficients to

represent the exact pH power even

in the first n terms
NUMERICAL DEMO



complete method

y In α

I Fa yo y yn PAD

idet I

IP I JP
IP dct IP

yp IP IP IPn

β YP M

Then the βcoefficients are
exactfor the first nterms

is βk 8 k 0 n 1

However with more complicated
nonlinearities our error estimates are

not as straightforward


