
Continuation with respect to avariable

We have discussed methods for
solving f x 0 f IR Rn
Now we consider me parameter families

f mix f IR x IR IR
We wish to solve the parameter

dependent equation mix f mx 0

Our goal is to discuss

continuation Given Mo
x such that flm.io

Finding nearby points MX with fMix

qq.jo
91M

µ

bifurcation a qualitative change in

dynamics occurring due to a small

change in parameter
a



Application x ̅ flux o x

If f Max 0 then x t Xo is

an equilibrium solution for u no

Definition Hyperbolic matrix

a matrix AER is hyperbolic if it has no
eigenvalues with real part equal to zero
Hyperbolic non singular

Definition Topological equivalence

x ̅ f x f E R y g y g E2R

are called topologically equivalent if there
is a function H E Ea that preserves

trajectories and their orientations

That is phase portraits of
are equivalent in terms of topological
properties



Definition bifurcation point for ODE

Consider x ̅ F Mix
and equilibrium at no x
ie f MoXo 0

Mosxo is a bifurcation point
there exist Me no such thatif

f Mk X have phase portraits
which are not topologically equivalent
to FMo x near Xo

Theorem If sufficient
conditions for continuation

Necessary conditions for a bifurcation
Let f RR IR be C and assume

fMix has an equilibrium at MosX
ie f Mortal 0

assume D f Mosxo is hyperbolic

Then Mo.xo is not a bifurcation point



Proof Since DxF µ Xo is nonsingular
the implicit function theorem

implies that there exists 8 0 suchthat

there is a function g µ S notS Bg x

such that for all me no 8 nots

f m gµs 0

this is the uniquepoint in Bs x with this property

If we only care about
qq.x.gl

9
existence of a unique

M path we can stop here

TopConj Since Dxf Moix is hyperbolic we can

choose 8 0 so that

Dxflm.gl is hyperbolic for allueB.IM
Note that hyperbolic linear systems
with the E of the same dimension

are topologically conjugate Thus

by the Hartman Groman Theorem
there is no bifurcation in Bs MoXo Do



Assume F Mix 0

Dxf M x is non singular

How can we find a local part of
2 Mix f Mix 0 given by x g µ
Predictor corrector method
Numerical pseudo arclength continuation iterativeprocess

Predictor Based on the previously
known point on the zero set find
a prediction for the next point
corrector Restrict to a line and
use root finding to correct the

original guess



Pseudo arclength continuation

Predictor

Observe that 2 2 F z 0

is orthogonal to DF 2

Of DF 2 v 0 then v is tangent to
Predictor gie Let z be on the zero curve

Let h be small

Define vi to be a normalized tangentvector

P is

Predict using the tangent line

grit Zit h Vk



Corrector We make the assumption that
2kt lies alongthe hypersurfaceorthogonal to
the tangent line solving the following
extended system

612
v gang

0 6 12 o

For Newton's method we also require DG

DG 2
e pretend

code simple examples as follows

So far this is the non validatedversion

The validated version involves finding
constructive conditions on the region

for which a unique solution exists





f X v2 f Xtu 43

FX u Δu X a 43

using finite differences



Validated continuation

The proof of continuation relies on

the Implicit Function Theorem
we now state a constructive version

of this theorem that allows for validated
continuation

Theorem Constructive ImplicitFunctionTheorem
Assumptions

If 2 11 p small residual 2 Xiu

Assume DG 0,0 ll K replacing antonsingular

Assume DF is Lipschitz with constants
11DufXiu Dap Xo 4 11 LilluHolly Lallitoll
11D F X 4 11 Lz Lyllddoll

Then as long as 4K7 1 we have a listof

specific conditions on existence and uniquenessofthezeroset

uniqueness

Fancyapproximation



What about pseudo arclength continuation

Use the theorem on theertended system

G x w 0 G 112 R

zero set

THE1
ktpredictor

Dstcorrectoreinterval

Linking condition

Since we want to bound an

entire path we need to use

many foxes Thus we require 2 0

accuracy region of the KDst
correctorpoint

to be inside the KH uniquess box



bifurcations of equilibria in 10

4 1
2

Example Saddle node bifurcation

µ x2
Phase portraits É

NO

M O

v70

f x µ x2

bifurcation diagram showing equilibria
and their stability

A stable 0,0 is a bifurcationpint
µ Since the number

unstable of equilibria changes



Example Transcritical bifurcation
y FIX

x ̅ Mx x

fly x Mx no neo ipsoMSO

Phase Portraits F 0,0 0

D F0,0

Dmf 0,0 0

Dxnf0,0 1 0

Dxxf 0,0 2 0

Bifurcation diagram

unstable ex

unstable Exchange ofstability
stable

M at 0,0

stable



Example Pitchfork bifurcation

x ̅ Mx m o

no
fly x Mx

Phase Portraits F 0,0 0

no 0 710,0

µ O Dmf 0,0

M 0 Dxnf 0,0 1 0

Dxxf 0,0 61 0

Dxxx f0,0 6 0

Bifurcation diagram
A

stable

stable unstable change of number

M of equilibria at 0,0
stable



Calculus in higher dimensions

Define f R IR

Dxf is an non matrix

DxF xo VEIR directional derivative

How about higher order derivatives

Dxxf xo un Ep 8Exjuivje.IR
Dxxxflx unsw

Eg oxuiviwk ER

Example

f x x YY Df ji
asinx

t.mx i dx

Dx f 0.1 b 4 1 2 8 4 1 1.4312

8 8 2 E



Theorem Sufficient conditions for a bifurcation

Let f R R IR be C and
consider x ̅ fMix Assume

Extended f Mono 0
System
Maxon Singularity ADf Mono has a simpleeigenvalue

of 0
Df Mono V 0

Notation right eigenvector v ie Av o.v

lefteigenvector we Atw w A Out

Then the following holds

If Q wtDnF Moixo 0 Transversality

Q2wtDxxF Mosxo v V 0 Nondegeneracy

Then there is a saddle node bifurcation

at Mosxo Birthof 2 equilibria from none

The sign of determines the direction

it opens 8,70 82 0 c





Example

Mt x en HX

f 0,0 0

DxP 0,0 1 to
Daf 0,0 1 0

Dxxf 0,0 Exp 1 0

If 4 0

Saddle node bifurcation at 0,0

opening to the left

µ



Example x ̅ Mx In HX

f 1,0

Dxf 1,0 µ kin 0

Daf 1,0 In 0

Deaf 1,0 I 0

Dx f 1,0 fix no 140

Transcritical bifurcation

Bifurcation diagram

I.fm
Example x ux x3 5

floo o Pitchfork
Dxf0,0 µ 3 25 45,0 f n µ x2 x

Dmf10,0 1,0 0 the pitchfork opensrightward

Dux F0,0 1 0

Dxxf0,0 6 20 3
10,0 0

m
Dxxx f 0,0 6 0






