















































































































Boundary value problems

This lecture covers methods for covering
boundary value problems These methods

are numerical but will lead to
validation in a future lecture
Differential equation for u x on interval

xe 2 a b mostly I use 0,1

Boundary condition for u

Dirichlet v10 u 1 given Robin combo
Neumann U 10 U 1 given
spectral methods Represent as a

series of trigonometric polynomials 9 x

complete ie all functions in L R

can be arbitrarily well approximatedwith
linear combinations of these functions
orthogonal in L 2 ie 9 x p xdx 0 jt
respect the boundary conditions


















































































































We illustrate with a seriesof examples
Example

u u F on 0,1 secondorderlinear

U o U 1 0 HomogeneousNeumannBC

where f also satisfies the BC

Fact cool
is a complete orthogonal set
on 0,1 which each have

homogeneous Neumann boundary conditions

11 cos lax 11 f codex dxf ce
Write f x β coollix

fifex cos ktx dx E Be coolitx costaxdx
Be ficoslax cookix dx

Pk Ck

βK f
QgkH


















































































































How about numerics

For Xk
2k k 0 N 1

Interpolation
f xk Éo Be cos Ext Jk
and we can use the dat to findBe
using appropriate padding to counter aliasing

assume u x ae cos Ix

u x Eo Jae cos Ix

The differential equation becomes

E A as are coax ElPecos x
H 1 ae Be by orthogonality

as Pen
Numerically we would only go upto N


















































































































Test case

f x 1 1 sin x 1 2 cos x eo

Exactanswer u x ecositx

CODE HERE and convergence

Unknown answer

f x ecobity

Issues with method

f must satisfyBC for fast convergence
i would not be representable using this

series as it doesnt satisfy same BC

Assume Lu U t U

Lu tf 0 LUN FN
L u Un f f

u up L f f


















































































































We can actually view this as an

infinite dimensional linear algebra problem

I A x b where

A
0 α

x b

where the norm is the 2 norm

we have found a solution to F Ann u b
Ann we have no off diagonals

N

Ka unla 11 x all MEAN bull

Boundingthetail bounding the x dim'd piece

I An 1

I Axx diag Fak k Nt


















































































































HI Aox ll Ein kJ
1MY En
when K 1

Sitadx

n

11 1 And'll FN a

additionally we need

11 Pn fll If Eg Be coslexly
Thess I u wall If 11 Pn flla


















































































































Beyond linear cases

a similar but nonlinear BVP

is the stationary Allen cahn equation

u X u 43 0 U o u 1 0

We start in the same way as before

a Eo are cos Ix

u E H a cos Ix

u E.ae coseitx Eg β cos ex

Thus we have an implicit definitionofae

Effit a ae Beta cortex

By the orthogonality of cos lax thisimplies

G a Jae X ae Beta 0 1 0,112


















































































































Our numerical goal is to evaluate

UN É a cos hx

and then establish a tail bound

Computing Be from ae
If ae are known we can computeBe

Padding Fix N We know that
to find Bos PN from 90 and
we require M3N spatial points M N

Let uk Midetlaos.nsan.fi
Let Yk UP the cube of interpolantat 21

Find tidet yo ym scale constant

giving Bos Bv as the firstN terms

Now we can solve 6 using zerofinding

CODE


























































































Error bounds
The error bounds depend verymuch
on the spaces under consideration
We will give accuracy uniqueness

information in the analytic setting
as have been discussed previously
This does not give information on

either accuracy
or uniqueness on

the standard Sobolev spaces
usuallyused in PDEs For this

there are references provided


