
Higher dimensional problems

Numerics in two dimensions

In order to plot a function of
the form u x y we need to

specify grid points
Xp 1 1 a Mt

Yk k l ns

where we evaluate u

Notational dash
a two dimensional

array
is a matrix

are

firstentryincreasesnow column
in

y
down

secondentry
increases

whereas for a graph secondentry
increases up

first entryincreases



To adjust for this I use the convention

nuke u xe yk
code to graph u x y sinity cosity

linspace 1 1 Nx

y linspace 2,3 Ny

Xxigy meshgrid x y
uu sin pi xx cos 2 pi yy
mesh xx yy un

Labels for Uke Xe4k Kil 1,23 in xx yy

Y __ 310 320 33
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When working with discretized values

it is more convenient to convert
matrix u into a vector using
the reshape command

a reshape uu N 1

Eg uu
s

reshapelau41

More U Un Until 412 jun 12 int Unpy
generally

f flying f Xiynt flxa.fi flxa.Yni f Xn.nyn

Kronecker Product R a E IR SEIR

monca.ss.fi
S

his raas rabs

Eg Kron A I vs kron I B



Differentiation in higher dimensions

Assume that for u x in 10 uXia Uk

there is a 10differentiation matrix D E IR

for u on a grid

fit l

How can we differentiate in the 20case

Ux I kron D I U where u reshape un

does the same operation to all ofthefixedxp

Uy know I D a

fixed y points are treated the same

Eg Δ Us Uxxt Uxx

ΔU knon D I kron I 02



Completeness of two dimensional families

Theorem
Let 1 0 a 0 b be a rectangular

domain Assume

Xm is a complete orthogonal set
on 22 0 a

4 is a complete orthogonal

set on L 0 b

Then 9min x y Xm Un ly
is a complete orthogonal set in

L 0 a x o b

Proof suitable application of
Jubini's theorem

What this means is that you
could make complete orthogonal sets
out of cos Knx cos jitx eat tky

or any mix



Multidimensional Fourier transforms
Let 9mn xx Xmex Yuly
Let afxe bx are the grid points
associated with interpolation via Xm
usingtransform dXt

Let my Ykeby are the

grid points associated with interpolation

by 4 using transform dyt

Then given unke U Xe Yk
we can find the interpolation

coefficients aake for

9 xy É cake Xmk Unly

such that this interpolates u

g XesYk ulxe.tk
suchas

Use dXt on onedimm of unke foe
dYt on theotherdiminof the result dst



Example StationaryOhtaKawasakiEquation

out X u 43 dou 0 where xe I

D 0,1 2 0,1
with boundary conditions

x 0 outward normal on or

and 84 0 4H orderequation extracond

9mn x x cos mtx cos n X2

Δ 9mn m tn T 9mn x Xa

The strategy is the same as in 10

write
u xuxa amn 9mn x



Use the 2 dimensional transform
Let amn be a starting guess
Let uu NNN idet dat amn with padding

Find un UU 13and unpad to get w
Transform back and divide by any
Multiply the terms of arm by

172 m tn for each Δ

Thus we get
c2 m tn mm X Wmn do amn
reshape C2 to be a longcolumn
This is when we applyNewton's method
What about the Jacobian
We could compute a derivative but
it is also possible to sub in an

approximate derivative e o ci o o

h is small 10 6 is about right for doubleprecision
k column A K F ath ex Fla h ek 2h


