
Numerics using Chebyshev polynomials

Chebycher differentiation is anotherway
to solve differential equations
We interpolate u x on E 1,1
using a polynomial ofdegree Ntl
at a specific set of non evenly
spaced grid points which have high
density close to the end points
Xx cos KTN k 0 N Chebyshev Points

Why For any interpolatingpolynomial P X

F X PX Fifitapanic
and these Chebyshev points minimizeq x

Also Chebyshev interpolation is

agnostic about boundary values



Let uk U Xk and consider the
vector no u i un ERNA
Then Dr dice IRADINA

the Chebyshev differentiation matrix
What does it do It gives
the derivative of the appropriate
interpolant of the a vector

Thus

Dr u

in
with extreme spectralaccuracy

as longas
u x is sufficiently smooth



Example solve

019
U X f x on 1,1

4 1 u 1 0 boundary

Steps
u or Un unknown

f f x flxn calculated

Then Dpu f
is the correct equation for u UN 1

But what about the boundary
We want no UN 0

How to incorporate this into the

system Modify DT in first lastnow

A at i d

8 dryjid
9 11

u Ang



Linear eventual linear solve

Nid Example u du f u 1 u 1

Again f u are vectors as above

Inside the interval

DP X In u f

gives our discretized equation
What about boundary conditions

We know that

Dr U it the derivativeapprox

Trf g
onto

LET
up want0

Thus let A DJ XIN
and now

iTOPROWI

i mean



Example

What about Robin conditions

Nonlinear Eventually Newton's method

acrobinid out 4 43 0 on D 1,1
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Example

What about 20 problems

Linear eventually linear solve

YEE Uxx ayy uxy f on 1,1

with a O on or

Let Dr be the derivative matrix
vector ofChebyshevpoints

Then xx yy meshged x x

is the grid for 20 Chebshev

Thus kront Dn I krohn I Dn are

the corresponding matrices for finding
Ux Uy

Uxx Uyy Uxp

kronÑ I knon 1,8 kron1,0N kronOut

Boundary conditions Uno Urn Hoe Une
How can we insert these

p
b find abs xx 1 1labs yy 1

entries corresponding to boundary elements



Alb rows of A corresponding to

boundary elements

We want that if une is a boundary
element then Uke

Thus replace now Alb with
all zeros except a 1 along the diagonal

is A b zeros 4 N 0 12 zeroout

Now Alb b eye 4N 4N
add ondiag

f b zeros
Now v Alb



Example
The even the kitchen sink example

20 Robin boundary conditions

robind Δu f 1,1

all y 92 1 all y 1 y
α 0 1 Boulx 1 to 1 α 8 x 1 β uh1 8

Eg bxl find xx 1 etc

Clear out the corresponding nous and

replace them with the appropriate boundaryconds

Also replace the appropriate rows off with
ff 6 1 1 yy bxl 12

Note conformal mappings
can be used as domain transformations

so as to solve PDEs on non square
domains


