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What is a Computer Assisted Proof?

Are CAPs
 insightful?

Are CAPs 
useful?

Are computers
infallible? 

Are computers
reliable?

My Definition:  A proof involving computations.
e.g. 109 is prime; 9 < 𝜋2 < 10 

Is the computer
 a human?



Stages of the CAP

Neumaier’s definition: Periodic orbits in Duffing oscillator

Stage 1 

• Qualitative understanding 
reduces the problem to a finite 
number of subproblems

Stage 2

• Reduce each subproblem to a 
finite number of equations and/or 
inequalities to be checked

Stage 3 

• A specialized computational 
algorithm is executed

Stage 1 

• Use Fourier analysis to convert the 
problem to a 𝐹 𝑥 = 0

Stage 2

• Derive formulas for 𝜖, 𝛿, 𝛾 bounds so 
that a solution exists if ∃ 𝑟∗> 0 s.t.

𝜖 + 𝛿𝑟∗ + 𝛾 𝑟∗ 𝑟∗
2 < 𝑟∗

Stage 3 

• Compute everything with interval 
arithmetic



Approximate Solution

• Asymptotic expansion
• Standard numerics

• Machine learning

Explicit Theorem

• Proof checks a FINITE # of 
conditions / inequalities

• Not “ … ∃𝜖 > 0 … ”

Computer 
Assisted 

Proof

Typical CAP of 𝑓 𝑥 = 0



Week 1

• Essential Methods
• Interval arithmetic, definite integrals, 

matrix algorithms

• Types of problems we’ll solve
• min

𝑥∈𝑋
𝑓(𝑥)

• 𝑓 𝑥 = 0

• Applications: 
• Trefethen’s 100 digit challenge
• Nonlinear ODEs

• Representing functions
• Taylor series, Fourier series



Interval Arithmetic

• There is a theory of interval arithmetic in one and higher 
dimensions. 
• Gives enclosures of the exact answer, but can have overestimation

• Implementation: Intlab 
• Other implementations: 

• CAPD (Computer Assisted Proofs in Dynamics) 
http://www.capd.ii.uj.edu.pl 

• Julia interval arithmetic package and more specifically RadiiPolynomial 
• C++ interval arithmetic library 

http://www.capd.ii.uj.edu.pl/


Norm bounds, integration and root finding

• Matrix challenge problem:
• Bound a norm of a truncated matrix, and then bound the tail of the 

missing pieces

• Integral challenge problem: 
• Use rigorous integration to get bounds on a (crazy complicated) integral

• Period three implies chaos: 
• find periodic orbits for the logistic map by rewriting it as a root finding 

problem and rigorously solving 



Series solutions and their tails

• Henon Heiles equation: 
• Represent integration of an ODE using a (truncated) Taylor series and then 

bound the tail

• Duffing equation: 
• Represent a periodic orbit as a truncated Fourier series and then bound 

the tail



Week 2

• Additional Topics: 
• Infinite dimensional CAPs
• Continuation, Bifurcation, PDEs

• Group Projects
• Water waves, pattern formation, stability, 

bifurcations, blowup, chaos



Continuation, bifurcation, BVP, Chebyshev

• Rewrite parametrized problems as root finding problems and 
validate

• Rewrite bifurcation problems as extended systems which are root 
finding problems, along with a few nondegeneracy conditions

• Solutions to boundary value problems and PDEs can be 
represented as a truncated series, and we bound the tails

• Chebyshev polynomials are another type of series: trigonometric 
polynomials in disguise, can be validated 



A few non-systematic recent examples 

• Disclaimer of bias: We give a few examples of interesting papers 
(and some pretty pictures). 

• This not a systematic survey!!







Current topics in the field:

• Dynamical systems
• Maps    ODEs PDEs DDEs Integrodifferential Equations

• What to study/validate
• Equilibria and stability
• Solving initial value problems
• Periodic solutions 
• Quasi periodic solutions
• Chaos
• Stable/unstable manifold, heteroclinic orbit, homoclinic orbit, 
• Blow up of solutions



Current topics in the field:

• PDEs 
• Type of Solution
• Type of Domain

• Fourier - Periodic, Neumann boundary conditions, 
• Other spectral Methods : Spherical, radial, unbounded
• With finite elements, anything! 

• Type of equation 
• Semi-linear
• Emerging work on quasi linear 



Manifolds using parameterization method
Use series solutions to describe manifolds



Chaos via geometric horseshoes or manifolds 
Some classic papers Recent work



Celestial mechanics

• A larger literature of celestial 
mechanics

• Of interest to very applied 
people (eg. NASA, JPL)



KAM theory Moore Prize Winner 2018



Continuation methods alternatives

Using 
(Chebyshev) 
series for 
continuation in 
one and two 
parameters

Red herring!



Finite Element method
 

• The ‘finite element 
method’ offers another 
way to represent solutions, 
and bound error
• Applicable to general 

domains
• Less accurate / slower 

convergence



Blowup in PDEs

• Blow up solutions can 
often be renormalized 
through a suitable 
change of variables

• Study the dynamics of 
the new system



Machine Learning

• How to get approximate 
solution?
• Asymptotic analysis, 

standard numerics
• Machine learning, divination

• Neural Networks 
themselves can be viewed 
as a dynamical system
• Exhibits periodic orbits, 

chaos



Fundamentals of Interval Arithmetic



Applications to solving differential equations



Resources Beyond

• See bibliography available on summer school website:
https://www.slmath.org/summer-schools/1107

https://www.slmath.org/summer-schools/1107
https://www.slmath.org/summer-schools/1107
https://www.slmath.org/summer-schools/1107


Project to Publication Pipeline

• Past summer school projects have 
led to publications

• Stages of writing a math paper
– Formulating question

– Proving results

– Write up / frame in broader lit.

• How long does it take to publish a 
paper?
– 1,3,5,∞ years

• Continuing your project, or not
– Authorship / Acknowledgements



Survey

https://forms.gle/wDiRuU2cj55kGYmC9

One of two surveys
Please fill out SLMath survey later this morning

https://nam11.safelinks.protection.outlook.com/?url=https%3A%2F%2Fforms.gle%2FwDiRuU2cj55kGYmC9&data=05%7C02%7Cesander%40gmu.edu%7Cfa29d120727844bcc55f08ddc571eae6%7C9e857255df574c47a0c00546460380cb%7C0%7C0%7C638883815273884129%7CUnknown%7CTWFpbGZsb3d8eyJFbXB0eU1hcGkiOnRydWUsIlYiOiIwLjAuMDAwMCIsIlAiOiJXaW4zMiIsIkFOIjoiTWFpbCIsIldUIjoyfQ%3D%3D%7C0%7C%7C%7C&sdata=%2FMyQMEgFNQcVwaZZN1dE2f%2FTh0TvpOdlhNhCHz6tKOk%3D&reserved=0
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