Exercise Sheet 1

June 8, 2026

Exercise 1 Prove that, for any o € A"(V), 8 € A*(V), it holds B A a =
(D" anp

Exercise 2 Let v € A\ (V), w € A"(V) and, for i = 1,2, v; € A, (V),
w; € A" (V). Show that

o v (wy Aws) = (viwy)Lwa,

o (v1 Avg)uw = vy a(vaw).

Exercise 3 Let wi,...,wr € A'(V), and vy,...,vp € Ay (V). Then,
(Wi Ao Awg) (1, . vg) = det(w; (v)))4,5-
What is the geometrical meaning of this quantity?

Exercise 4 Recall v € A\, (V) is simple if there exist vq,...,v, € V such
that v = vy A ... Avg.

1. Exhibit a non simple vector in R"”

2. Show that any v € A, _;(R™) is simple. Hint: use Hodge duality (see
exercise 6)

Exercise 5 Let w € C°(R™; AF(R")), and write w(z) = Dic1(en wil@)dz;.
Define the exterior derivative d: C°(R™; A¥(R™)) — C=(R"; A*™(R™)) be
defined by

n a i
dw(z) = Z Z a(;h (z)dxzp A dx;.

i€l(k,n) h=1
Let o’ € C°(R™; A"(R")). Show that
1. d2=0

2. dwAW) =dwAw' + (—=1)hw A dow’



Exercise 6 Let x: \"(R") — NA,_r(R™) be the Hodge duality operator
defined by
*w=e N...Ne,Lw

and let, with an abuse of notation, also * : A, (R") — A" ""(R") be defined by
xv =wvadx1 A ... Ndx,.

Recall that the Hodge operator is an isomorphism. Prove the following identities
for any v € C°(R™, \,(R™)) and any a € C=(R™, AN"(R")), with h < k < n:

1. sx =id

2. x(vLa) = #(v) A «

3. #(d(xv)) = (=1)"*dive

4. div(via) = (=1)k(divuLa + vida)

. n ov;
where diveo =3Z,c; D7) 5ok ()eiaday



