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Notation
D = {z ∈ C : |z| < 1} f ∈ Hol(D), f(z) =

∑
n f̂(n)zn

I H2 = {f ∈ Hol(D) : ∥f∥2H2 =
∑

n |̂f(n)|
2 <∞}

∥f∥2H2 =

∫
|z|=1

|f(z)|2
|dz|
2π

I D = {f ∈ Hol(D) : ∥f∥2D =
∑

n(n + 1)|̂f(n)|2 <∞}

∥f∥2D = ∥f∥2H2 +

∫
|z|<1

|f ′(z)|2
dA(z)
π

I L2
a = {f ∈ Hol(D) : ∥f∥2L2

a
=

∑
n

|̂f(n)|2
n+1 <∞}

∥f∥2L2
a
=

∫
|z|<1

|f(z)|2
dA(z)
π

D ⊆ H2 ⊆ L2
a

Operators

If ℋ ∈ {H2,D,L2
a }, then

(Mz ,ℋ) is defined by (Mz f)(z) = zf(z) ∀f ∈ ℋ

(Mz ,H2) = unilateral shift

(Mz ,D) = Dirichlet shift

(Mz ,L2
a ) = Bergman shift

Invariant subspaces

ℳ ∈ Lat(Mz ,ℋ) iff ℳ ⊆ ℋ is a closed subspace and if
Mzℳ ⊆ℳ



ℳ⊖ zℳ = ℳ ∩ (zℳ)⊥ is called the wandering subspace for ℳ

I Cyclic invariant subspaces: Let f ∈ ℋ, f , 0
[f ] = span {f , zf , z2f , z3f , ...} =
the cyclic subspace generated by f .

I Zero-set based invariant subspaces: Let {λn}n∈N ⊆ D,
ℳ = I({λn}) = {f ∈ℳ : f(λn) = 0 for all n}.

Then
I dim[f ]⊖ z[f ] = 1.
I If I({λn}) , (0) is zero-set based, then dim ℳ⊖ zℳ = 1.

Beurling’s Theorem, 1948

Theorem
Let (0) ,ℳ ∈ Lat(Mz ,H2), then

I dim ℳ⊖ zℳ = 1,
I if ϕ ∈ℳ⊖ zℳ, ∥ϕ∥ = 1, then

ℳ = [ϕ] = ϕH2, so
ℳ

ϕ
= H2,

I ϕ ∈ℳ⊖ zℳ, ∥ϕ∥ = 1 is an inner function,
i.e. |ϕ(z)| = 1 for a.e. |z| = 1.

ϕ(z) = czn
∏
k⩾1

λk

|λk |

λk − z
1 − λk z

e−
∫2π

0
eit+z
eit−z

dσ(t)
(σ singular, |c | = 1).

Arne Beurling (1905-1986)

Bergman space invariant subspaces

Theorem (Apostol, Bercovici, Foias, Pearcy, 1985)
If n ∈N ∪ {∞}, then there is ℳ ∈ Lat(Mz ,L2

a ) such that

dim ℳ⊖ zℳ = n.

Corollary (Sandwich Theorem, ABFP)
If for all ℳ,N ∈ Lat(Mz ,L2

a ), ℳ ⊆ N, dim N ⊖ℳ > 1, there is
K ∈ Lat(Mz ,L2

a ),
ℳ & K & N,

then every operator on a Hilbert space of dim > 1 has a
nontrivial invariant subspace.



Theorem (Hedenmalm, 1991)
If {λn}n∈N ⊆ D, if

ℳ = {f ∈ L2
a : f(λn) = 0 for all n} ∈ Lat(Mz ,L2

a ),

if ϕ ∈ℳ⊖ zℳ, ∥ϕ∥ = 1, then

H2 ⊆ ℳ

ϕ
⊆ L2

a .

Theorem (Aleman, Richter, Sundberg, 1996)
If ℳ ∈ Lat(Mz ,L2

a ), then

ℳ = [ℳ⊖ zℳ].

If dim ℳ⊖ zℳ = 1, if ϕ ∈ℳ⊖ zℳ, ∥ϕ∥ = 1, then

ℳ = [ϕ] and H2 ⊆ ℳ

ϕ
⊆ L2

a .

Dirichlet space invariant subspaces, I

Theorem (Richter-Sundberg 1991-92, Aleman 93)
Let (0) ,ℳ ∈ Lat(Mz ,D), then

I dim ℳ⊖ zℳ = 1,
I if ϕ ∈ℳ⊖ zℳ, ∥ϕ∥ = 1, then

ℳ = [ϕ] = ϕD(mϕ), and D ⊆ ℳ

ϕ
= D(mϕ) ⊆ H2,

I ϕ ∈ℳ⊖ zℳ, ∥ϕ∥ = 1 is a contractive multiplier, i.e.
∥ϕf∥ ⩽ ∥f∥ ∀f ∈ D, in particular |ϕ(z)| ⩽ 1 for |z| < 1.

D(µ) = {f ∈ Hol(D) :

∫
|z|<1

|f ′(z)|2
∫
|ζ|=1

1 − |z|2

|z − ζ|2
dµ(ζ)

dA(z)
π

<∞}

dmϕ(z) = |ϕ(z)|2
|dz|
2π

Dirichlet space invariant subspaces, II
Recall: If (0) ,ℳ ∈ Lat(Mz ,H2), then ℳ = ϕH2, ϕ inner.
Mϕ : H2 →ℳ ⊆ H2, f → ϕf is isometric.
Hence P = MϕM∗ϕ is a projection with kernel
= kerM∗ϕ = (ranMϕ)⊥ = ℳ⊥, i.e. Pℳ = MϕM∗ϕ.

Theorem (McCullough-Trent, 2000)
Let (0) ,ℳ ∈ Lat(Mz ,D), then
there are {ϕn} ⊆ M(D) such that

Pℳ =
∑

n

MϕnM∗ϕn
(SOT)

The proof uses that kλ(z) = 1
λz

log 1
1−λz

is a CNP kernel
(complete Nevanlinna Pick kernel).

Theorem (Greene, Richter, Sundberg, 2002)

ntl- lim
λ→z

∑
n

|ϕn(λ)|
2 = 1 for a.e. z ∈ T

Theorem (Shimorin, 2002)
The reproducing kernel for each harmonically weighted
Dirichlet space D(µ) is a CNP kernel.
Careful: It is not true, that if ℋ has a CNP kernel and if
ℳ ∈ Lat(Mz ,ℋ), then ℳ has a CNP kernel.

Corollary
Let ℳ,N ∈ Lat(Mz ,D(µ)), with

(0) ,ℳ ⊆ N ⊆ D(µ)

and extremal functions ϕℳ, ϕN, then

D(µ) ⊆ N

ϕN

= D(µϕN
) ⊆ D(µϕℳ

) =
ℳ

ϕℳ

⊆ H2.



Two-isometric operators

Wold decomposition

Theorem
Let T ∈ ℬ(ℋ) be isometric, i.e. ∥Tx∥ = ∥x∥ ∀x ∈ ℋ

(equivalently, ⟨Tx,Ty⟩ = ⟨x, y⟩ ∀x, y ∈ ℋ).
Then

T = S ⊕ U with respect to ℋ = ℋ1 ⊕ℋ2,

U unitary (=isometric and onto), ℋ2 =
∩

n Tnℋ

S unilateral shift of multiplicity dim ℋ ⊖ Tℋ

Tℋ = Sℋ1 ⊕ Uℋ2 = Sℋ1 ⊕ℋ2

∩
n

Tnℋ =
∩
n

Snℋ1 ⊕ℋ2 = (0)⊕ℋ2

If K = ℋ ⊖ Tℋ = ℋ1 ⊖ Sℋ1, then

ℋ1 = K⊕ SK⊕ S2K⊕ ...

Thus the name wandering subspace (Halmos).

Definition
We say an operator T ∈ ℬ(ℋ) is analytic, if

∩
n Tnℋ = (0).

If ℋ ⊆ Hol(D), then (Mz ,ℋ) is analytic.

Corollary
Let T ∈ ℬ(ℋ) be isometric and analytic, then T = S is a
unilateral shift of multiplicity dim ℋ ⊖ Tℋ

Corollary
Let T = (Mz ,H2), thus T is isometric and analytic, then
∀ℳ ∈ LatT, ℳ , (0) we have

T |ℳ is isometric and analytic,

hence T |ℳ is unitarily equivalent to a unilateral shift of
multiplicity dim ℳ⊖ Tℳ.
Thus, Beurling’s theorem follows essentially by showing that
dim ℳ⊖ Tℳ = 1.

(Mz,D) is a 2-isometry

f(z) =
∑∞

n=0 f̂(n)zn, zf(z) =
∑∞

n=1 f̂(n − 1)zn,

∥f∥2D =
∑∞

n=0(n + 1)|̂f(n)|2

∥zf∥2D =
∑∞

n=1(n + 1)|̂f(n − 1)|2 =
∑∞

n=0(n + 2)|̂f(n)|2

∥zf∥2D − ∥f∥2D =
∑∞

n=0 |̂f(n)|
2 = ∥f∥2H2

∥z2f∥2D − ∥zf∥2D = ∥zf∥2H2 = ∥f∥2H2 = ∥zf∥2D − ∥f∥2D

Definition (Agler)
T ∈ ℬ(ℋ) is a two-isometry, if and only if

∥T2x∥2 − ∥Tx∥2 = ∥Tx∥2 − ∥x∥2 ∀x ∈ ℋ



Theorem (Wold decomposition for 2-isos)
Let T ∈ ℬ(ℋ) be a 2-isometry.
Then

T = S ⊕ U with respect to ℋ = ℋ1 ⊕ℋ2,

U unitary, ℋ2 =
∩

n Tnℋ

S analytic 2-isometry

Proof.

Lemma (proof later)
∥Tx∥ ⩾ ∥x∥ ∀x ∈ ℋ

Verify that Tℋ2 = ℋ2, then T |ℋ2 is an invertible 2-isometry,and
(T |ℋ2)

−1 is a 2-isometry.
Then by the Lemma T |ℋ2 = U unitary.
Finally show that ℋ2 is reducing using U unitary, T
2-isometry. �

Theorem (Wandering subspace theorem)
If S is an analytic 2-isometry, and if

K = ℋ ⊖ Sℋ = (ran S)⊥ = ker S∗,

then

ℋ = [K]S =

∞⋁
n=0

SnK.

In particular, if ℳ ∈ LatT with

dimℳ⊖ Tℳ = 1

then for ϕ ∈ℳ⊖ Tℳ, ∥ϕ∥ = 1 we have

ℳ = [ϕ].

Theorem
Let T ∈ ℬ(ℋ), then the following are equivalent:
I T is an analytic 2-isometry with dim ker T∗ = 1,
I T is unitarily equivalent to (Mz ,D(µ)) for some µ ∈ M+(T).

∥f∥2D(µ) = ∥f∥
2
H2 +

∫
|ζ|=1 Dζ(f)dµ(ζ)

Dζ(f) =
∫
|z|=1

|f(z) − f(ζ)|2

|z − ζ|2
|dz|
2π

=

∫
|z|<1

|f ′(z)|2
1 − |z|2

|z − ζ|2
dA(z)
π

If (0) ,ℳ ∈ Lat(Mz ,D(µ)), if dim ℳ⊖ zℳ = 1, then

Mz |ℳ is u. e. to (Mz ,D(σ)).

We will see that ℳ = ϕD(µϕ).

Lemma
If T is a 2-isometry, then ∥Tx∥ ⩾ ∥x∥ for all x ∈ ℋ

Proof.
∥T2x∥2 − ∥Tx∥2 = ∥Tx∥2 − ∥x∥2
∥Tk x∥2 − ∥Tk−1x∥2 = ∥Tx∥2 − ∥x∥2

∥Tnx∥2 − ∥x∥2 =

n∑
k=1

∥Tk x∥2 − ∥Tk−1x∥2

=

n∑
k=1

∥Tx∥2 − ∥x∥2

= n(∥Tx∥2 − ∥x∥2)

∥Tx∥2 − ∥x∥2 ⩾ −1
n∥x∥

2 → 0 as n →∞ �



Thus if T is a 2-isometry, then

T∗T − I ⩾ 0,

so we define
D = (T∗T − I)1/2

defect operator

We have ∥Dx∥2 = ⟨D2x, x⟩ = ∥Tx∥2 − ∥x∥2
and
∥DTx∥ = ∥Dx∥ and ∥DTk x∥ = ∥Dx∥

hence ”T is isometric with respect to ∥x∥∗ = ∥Dx∥”

Theorem
If T is a 2-iso with defect operator D, if x0 ∈ ℋ, then there exists
µ ∈ M+(T) such that

∥Dq(T)x0∥2 =

∫
|q|2dµ ∀q poly.

Proof.
For n ⩾ 0 define

Mn = ⟨DTnx0,Dx0⟩

and for n < 0 set
Mn = ⟨Dx0,DT |n|x0⟩

Then M−n = Mn for all n.
Claim: {Mn} is a moment sequence, i.e.
∃µ ∈ M+(T) such that Mn =

∫
zndµ for all n

�

If Mn =
∫

zndµ for all n, then for any polynomial
q(z) =

∑
n q̂(n)zn we have∫
|q|2dµ =

∑
n,m

q̂(n)q̂(m)

∫
zn−mdµ

=
∑
n,m

q̂(n)q̂(m)Mn−m

=
∑
n⩾0

n∑
m=0

q̂(n)q̂(m)⟨DTn−mx0,Dx0⟩

+
∑
n⩾0

∑
m>n

q̂(n)q̂(m)⟨Dx0,DTm−nx0⟩

=
∑
n⩾0

n∑
m=0

q̂(n)q̂(m)⟨DTnx0,DTmx0⟩

+
∑
n⩾0

∑
m>n

q̂(n)q̂(m)⟨DTnx0,DTmx0⟩

= ∥Dq(T)x0∥2

Repeating:

If Mn =
∫

zndµ for all n, then for any polynomial
q(z) =

∑
n q̂(n)zn we have∫
|q|2dµ =

∑
n,m

q̂(n)q̂(m)Mn−m = ∥Dq(T)x0∥2

The equality of the RHS with the middle term also shows that
{Mn} is a moment sequence by the following well-known
theorem.



Theorem (Moment sequences)
Let {Mn}n∈Z ⊆ C.
The following are equivalent:
I ∃ µ ∈ M+(T) with Mn =

∫
zndµ,

I {Mn}n∈Z is positive definite, i.e.
∀ N ∈N∀a1, ...,aN ∈ C we have

∑
n,m anamMn−m ⩾ 0.

Proof.
We assume the second condition and need to show the
existence of the measure µ.
Define a linear functional on the trigonometric polynomials by
L(zn) = Mn. We will show that L extends to be a positive linear
functional on C(T), then the result will follow from the Riesz
representation theorem.
Fact (Fejer-Riesz theorem): If p(e it) ⩾ 0 is a trig poly, then
there is an analytic poly q with p = |q|2.
Thus L(p) = L(|q|2) ⩾ 0 by hypothesis for any nonnegative trig
poly p.
Now use that the trig polys are dense in C(T).

�
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