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Limits on Query Complexity
We almost proved thUPEE Thearmn: NP & PCP[Ec0, &Yy, T= {03, L= ply W), 4= ), = Olag) ),
Q: How seall cao quiry complaxity be?

¢ We do wt wxpect q=1 for hacd langvages

Soppose Hat L has o PR (PV) with pok lwgth £ o alphabel I, and with
4uary wwp\mil‘y q=/. Than L has a I-round 1P as Q,u,owy.

Pre (x) ~V1:9(>‘ )
T=Pk) % < V(x) oy
i) '

.
7

The pmy-qr—-‘\‘v-‘&r({-&r com nwn o1 }7 01 ww\‘)\mb S 'oalzl.
5)4 e Bmidabins on laconte Ifs Hhat ke saw Qar(\'Qf/ W Aot M@*J‘ Iﬂalz)=0(n)
for NP-hard lm\ﬂuaka,q& (@3 3AT ).

 Tha Sithvabion with ¢=1 it quike differnt.



Two-Query PCPs
Ar& 'H\UQ ""u)o—ctvf&r)o- FC.]DS7

o No , i‘( over Ha bi'\ary ol photlboet Z =003 land the PR 15 nof,fo\o)apﬁ\,e):

lomma: PCO[ Ec=0, &<\, 2 ={0,13, = poly(n), =2, = 0()034)] S

P‘E{—‘ We view o candedake PR &’(’n‘na ay L vanobly 2. 34,

For evely choww olé o0 mnaSy ,oe{on']f, the deeiston algor(H\uu\ & V(X,‘f) 1S Q Linchion
¢>‘,P (2,.,%) Hat dxper\ofs on Fwo vacabls amory He £ variebls.

I+ xel M Row 43S an O«Sﬂanm/d- O, -, 4y st //o\ ;5)('/, (ay,-.,4,)=1

I{ x €L fhn Hoe is 1o assbnmar ot Sahitliss mot than an E;wﬁradv'on £ {%,,ng.
Deciding. befiutn thise two A3 On intFante of 247 whtde is in T, |

s Ve, if ower larger alphabeks 2

lekma: - JeeN NPE PPLE=®, Bz 1=, Z= {01, Repdyln), q=2, = 0(lge)]
PQEE‘ AWL, N {T\\\i\\O\\ cl\my bu'\dw\a +o ‘HJL PC? TN.»DRW\. -
pCe [Qs,i,ﬁ,q,l‘] C PP (%= 1- (\—‘c‘s)J?-, z- Zc’/ (- 0(I+?_r)/ ‘1“'2/ (L (‘-}\701 1.



Small Query Complexity and Small Soundness Error?

Rt\:qqﬁl\ﬂ Ha PP Vwi{:;e( redutss  Soundruss ecroc bor- ¢80 1ncRases clvery com)o(asc\'%y:
Vb, PCP(&=l, &, T, L, q,c e PR E), &= 65, T=Z 0=, ¢ kg 0= tic ]
And randomness-effiiod eror rduchiv (19 vig andart) deas not Nlp for Huis .

Tdea: buadle ?uzr\is ALrosS multpla rtpe htons

Te\~-|T¢
|- |

) (R 2 M (T~ [ | Ry )- |2 -~ m
E@ LUK % S PR [ e o B Sy g O

= (i) dvae(iagd  Thidx= (a4 by) “Tlidk]= (0, b2)
Qx5 (i) - Dlx,pr, 4 8e))

Qx, pd = G, D (X, pz, (b be))

The peoof lu\aH\ and Hhe olphalel Sl Squowes.

Each quw-/ LonsSitte OF onL 97Mb°| R rQFQHI'foh.

. SoundiesS eerot did not Ancrease as mimv\ina is ot sk as had as winning ore inckanCe.
N iNfuTHon AS Hat He Sound st e(roc ,idsally quadaatially so.




Parallel Repetition

More 8&'\2(“0\113: , s leads o tha t-wise pamliel repetition of o given (non-oadaptive) FCT
We QxFed- e E-wik pamlle ;\PlHHOV\ o yrdd s iecsion:

P (Eeel, & T, 0,q, 01 PCR{El=y, &6, Ze T =5, 4=q, M=tr] .
BUT: - +he conjuctor Hhat €= €5 is fal in geneaal,

We Kaow Hat ES’ knds b 0 a8 t "’0\6\5 fo ia \'v\{"l7’. (F\‘oo{ Via KG"\SQ)o T}\QQF}II.)
And | it 9=2, Yot & - EXM(M/T) ( Elabonte prsk via Taformation Theory,)
A pplied o the RP Theorem  4his yidds svondnss &rror & 0Rr an afphabet A size |Z|=f9‘7(‘é‘):

woolacy: ¥&r0 NP < PP [E=0, &=, T=fol®®) 0 i™6¥) o2 cxoflgL ign) ]

The wakn Wimidalion 1s Hat proof long H buoms £=h04E) 55 pot A4 w wont L=poly (n)
Hua parsliel repttition ches mat fell 15 aoything for  €=0(1).

Q: Con on advave  Sib-wnstant Soundnass ease ORr o sopee-tonstont alphabet siz %
[ Whilg l@tp.‘ma q=2, of ot math ?:0(1)/ ond £-= poly (). 1



Sliding Scale Conjecture

The Fﬁvull&mq Wl As that  soundmsy ecor & 1S adhievable via an alphabet & o« poly (-,EL)
TWS wog -Fecmv\O\\-Ld in o cony echugR b‘/ B’l\\m aoll)«w\sw Lund , Rossel) i 157 :

Sh A”\C‘ Scole COV\)KC"\'\-K 3 CD(\S\'Q!\\' 0,0€N ¥ 82@:}

NP < PeP[&=0, =8, T=fo "% Qe pav), 9-90, €= 6[Iogw) ]

Leeds to a&qu»foh‘(au;f Shorktr  Sucaact qryvmfs (f{wqr qUR(I4S (o s ety l&ve/).
1 N\Q\QL& O?HMOJ haedness & AWNX\'W\AH@/\ resu -(-9/ Sever Pmlo(!/\ns/{- ANHASF
(sudn as  chirecktd sparsest ek, diecked mulhi ot and more iE B i< a ”pr,{;w—im" getn ).

The “skdig’ rfes to the pammie € Sk an nort et 10 e dikosl [0 1),

Noxt e boild Antvition for why H Conjeekont looks dike s
Ea,, why @'t we txped- € Y Lith o Jarce enogh o\phvibet (~ Z‘R)Z



Intuition for Formulation of Conjecture

S\}L\{:\ﬂ Scale Con;&drm 3 tonckant OIOQN \ 8213.4"7(:)

NP < Pep [&c=0, &= 8, T= o'W 0. b, 9-9,, = 0llsgn) 1

Why doce Hh tingachie look Like Hys!

Suppose Het L € PP (&=0,&=¢,2, K,q,r] vioo o PCY syskem (PV).

Obseryatson:

cif 3 xgL, pe S0, TeZ s VM ix;p)=) Hhen €707

o it Ixy L V’p&?o,&r Iret sy \T(x; f)tl T TAN N (pick on vandom |0cal vitw )
Moroke we may astvme Hhat Ix¢/ L Vp@fo,li':'lﬂeze s \I‘—‘(X',/))z |, DRGSR AL ot

lemma: T§ VagL 3peda 3 ¥ el Vigpko Hhin L€ Dima (ocp{ n4qliglZ1)).

peosk: By peefedt omnplibrress, Vxel I e tpeho 3 \/“(x;P):\ . Hygo R deode works 68 fllows:
Dix):= for feia,l'ér :{'\Q all Joral vitws in T reject Hhan utpot Og. Elw w‘rpw“ . W

We dednes ot €2 max {270 121713 (ond hena \ZZW(-&)%?), so that p‘s\%)é €<

whan £ 00igga) , 4= 00), |Z] = poh (1) <2209,

But what i v=w(lge), |Zle wllmnl , of € ol



Limitations for High-Soundness PCPs

The ameont of Anlorreation rad by on PR verifier As tﬂoal’Z) bis.
Ths is '\qi-emﬁc\a foc NP languops iy (6s Had: Ny an h-bit il as o Soordnss ecac) .

Tn Hhis i Hha Soundnus e st be &(2‘7,"0()‘.

Hhaapem: A stuming H (randowized ) expontatio)-time hypothasic,
3SAT dors not Aave PO wohee 7.( Iog?+loglz:l)=o(r\) and E-—-o(l"’"”’e).

T ctivlar, for = poly(n) and 9s Of) wa gotk €3 paly(l).
T obher wods in this R@M WR Cannot exprd- exponabially-Small oo, regqmllxs of alphebat Size.

The thaorm folows from o N (emmar Het givs //OdaodH'\MS £ Pocx :
_g.|
| ma: Suppose Hhat LGFQ’[&,G;,Z,Q,%(]. T &< (1-€0)-2 1! Hwn
e | _
L ¢ BPTima [Qx‘: (0, (Iov(+loalZl)4- ’03(1-802’%""‘- Qs)]'

Prool bos fue Sepe: D frorn P 4o laconic NA protocs)
@D fom lawre A ?ro‘rocn\ o B o\\ﬁ'v‘\ﬂ\m




Step 1: from PCP to Laconic MA owinyen s 7 et b i “Gotry extapy’

N _a.loed
M', .S\)FF'OS‘Q Hhot LePCf[gq,Q;,z/ﬂ,ql(]. I{: €< “_eq),z 9-'% Hun
L hos an 1A prrk with &< 1-0-€)-277", &= €5, and pe= g [IogL+ g | Z)).

proof: Lot (Peo,Vere? bR Hh PP for Lo We constrock $ha MA probocs] (Bug Via) s folloas:

PV\A(X) Vra %, %= (&, :[[ﬁ']))
. foml)u\* I1.- Fm(x). |, S&n\?\g pe Lo, 3,
2. Quus Gusy o Qe 2. Run \IPQV (X/y) ond anSwRr quaty Ae B with I—[Q]
) Sad = & 1‘[[&]) (rf Ony quicy 18 putsidn & e w:‘!lc,\')

CON\P\SL\{NSS TIF xel Hhan, e Tz G (0, ch[\/m(\(fnz\ €e. [JHh ‘arobai,.ldy (() 9" -9y ¢
B guests Hhe o gy b Henta 8 o [ Vi (x, (0,TT60)) <) > -g0)-07 1%

&u'\duss Surpos& that (10( X¢ Lot is %= (], T[Q]) st. Bep [ Vg ( xv)'\]>€s Then
ke TT= eq\wx\ fo TEL ) on @ andh acb oy otSide & & & H-ko\a\s Hha) 7R [v (=1 1>€ (eantrodichin).

Pm\&( o mpdnmeion o ()= l&l-l-lﬂf&)’: (i|'.)82+ q.lgalz [




Step 2: from Laconic MA to Algorithm

|QW\N\0\: I L ks an MA pesteanl Wity aow\\:\Awss aror g soundness ecrar € ondd prowee Commumation pe

"H\,J\ l— E Bﬂih\l [LOQF)POH (|~£‘c_ CS /V\) ] *

pwf: Eshmale Ha acsgtonc waalo:b({-y foc vy postidx 1A ?»o»{ ,

A(x):= [, For ewery postible  MA- Fm{ x

1. Soample /o.,..‘,/)kefo,tér 0nd Compie N(?r')-.:'{'lQ[b]l\/m(x,?'r,'p‘.)mgl.

W TE NE/E > (-6 - LECEs Fan outpot |

2. Oul—\b\d- 0.
T od p ek Z(F,y) ke Ha indiatoc Hat Viw (03 p)<1.

Nole that 2(%p),-,2(Fpe) ar iid smplis fromn Berroolli distibubion with bias &)= B 4 [\ (¢ F) <10
By cn additive Gﬂrmﬁ bound fcf\,...,ﬂ[ |—|’:Z‘\E\ 2(TWpil - ?(*')ln(l]s expl-E).
TF Ke L Hen 3w sb pmz-€c. }

To dishnavieh betuesn Hhase 1R pogd X< L (1-&)-€s) and
T x£L Hen ¥F piF)<Es. U &( S)

E= 0(Z% <) s Haeanr is O 45) for & wnion boved an gll 7

We condde Hho Qo( E= O( He &\3«\\'"\»1\ A fay ndont 2-S\dad teror,

(-2 &) T ) o
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Limitations for High-Soundness |OPs

Con we hope for Sij'\\{\-fca\ﬂjtl\/ belltr saundness ocror vio TOPS iastead of Pl
TR answac As | 1o @ it ocdec , NO.
The rason &s thok one can design Simibkely efficiot “algorithms for TOR

Tn wore dioil, smilacly fo o B, Ha amount of nform-tion read by an TOR visifier is 9-Jeg|Z] bits.
Ths is \:\)Lmshua foc NP languags iy (es rtading an n-bit witrws basno Soordnss ecrac) .

A—r\d SIMIIQ("y to L?{'\Of? N NS Hj\m +he Sou NANUS Kro¢ sk bR LSL<ZC’)QOK)

The fechaicl kmwa 8 as follows:
-a.l
‘UMV\O\ S\)FF'OYQ Hhat LGIOP[EQ Qs,Klz ,Q q,(] (?L\QQAS) I{: ES< ( —Qq)'l 1 %k ‘H\L/\

ﬂ

Le B\’?N[QXP (0, (lov(-ﬂoalz')*‘ K- ’Oa( leKq,,ag c ) :
s _

Boot bos s Sepe: @ frorn (public-con) TOP o latonie (publis-can) TP prvbocol
@ "ZWM \O\cof\k (pub\ic-cﬁr\) I¢ ?ro\-o(a\ \—o BQ O\\S’M‘\‘H\N
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