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Low-Degree Testing
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Interlude: the magic of polynomials
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Univariate Polynomials: a Basic Test
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Univariate Polynomials: a Different Attempt
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Univariate Polynomials: the Rubinfeld-Sudan Test
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Recall the linear testing analysis
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Analysis of the RS Test - Part 1
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Analysis of the RS Test - Part 2
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Analysis of the RS Test - Part 3
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Extending the RS Test to Multivariate Polynomials
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A few words about low-degree testing

Low-degree testing for quantum states,
and a quantum entangled games PCP for QMA

Anand Natarajan* Thomas Vidick'

Abstract

We show that given an explicit description of a multiplayer game, with a classical verifier and a
constant number of players, it is QM A-hard, under randomized reductions, to distinguish between the
cases when the players have a strategy using entanglement that succeeds with probability 1 in the game,
or when no such strategy succeeds with probability larger than % This proves the “games quantum PCP
conjecture” of Fitzsimons and the second author (ITCS’15), albeit under randomized reductions.

The core component in our reduction is a construction of a family of two-player games for testing
n-qubit maximally entangled states. For any integer n > 2, we give such a game in which questions
from the verifier are O(logn) bits long, and answers are poly(loglog ) bits long. We show that for
any constant ¢ > 0, any strategy that succeeds with probability at least 1 — ¢ in the test must use a state
that is within distance §(¢) = O(€°) from a state that is locally equivalent to a maximally entangled state
on n qubits, for some universal constant ¢ > 0. The construction is based on the classical plane-vs-point
test for multivariate low-degree polynomials of Raz and Safra (STOC’97). We extend the classical test to
the quantum regime by executing independent copies of the test in the generalized Pauli X and Z bases

Low-degree tests at large distances

Alex Samorodnitsky*

September 27, 2018

Abstract

We define tests of boolean functions which distinguish between linear (or quadratic)

Testing Low-Degree Polynomials over GF'(2)

Noga Alon * Tali Kaufman Michael Krivelevich * Simon Litsyn ®
Dana Ronf

July 9, 2003

Abstract

We describe an efficient randomized algorithm to test if a given binary function f : {0,1}" —
{0,1} is a low-degree polynomial (that is, a sum of low-degree monomials). For a given integer
k > 1 and a given real € > 0, the algorithm queries f at O(% + k4F) points. If f is a polynomial
of degree at most k, the algorithm always accepts, and if the value of f has to be modified on at
least an e fraction of all inputs in order to transform it to such a polynomial, then the algorithm
rejects with probability at least 2/3. Our result is essentially tight: Any algorithm for testing
degree-k polynomials over GF(2) must perform Q(2 4 2%) queries.
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A Sub-Constant Error-Probability Low-Degree Test, and a Sub-Constant

Improved low-degree testing and its applications Error-Probability PCP C
Sanjeev Arora* Madhu Sudan'
Princeton University [BM T. J. Watson Research Center Ran Raz |
Abstract 1 Introduction

NP = PCP(logn,1) and related results crucially de-
pend upon the close connection between the probability with
which a function passes a low degree test and the distance
of this function to the nearest degree d polynomial. In
this paper we study a test proposed by Rubinfeld and Su-
dan [29]. The strongest previously known connection for
this test states that a function passes the test with probability

Abstract

The use of algebraic techniques has
(probabilistic) characterizations of tr We introduce a new low-degree-test, one that uses the
classes. These characterizations invol restriction of low-degree polynomials to planes (i.e.,
tween an untrustworthy prover (or r affine sub-spaces of dimension 2), rather than the re-
glo;y:o;né;l(lt::: \;e)n[flcrsl lsnM\::ﬁ: striction to lines (i.e., affine sub-spaces of dimension
cally verify ws;usﬁ‘i)iuty of abool 1)- We prove the new test to be of a very small error-

ing very few bits in a “proof string” p probability (in particular, much smaller than constant).

4 for so 7/8 iff the functi cment = § with In IP=PSPACE [24 31] the verifiecth:  The new test enables us to prove a low-error char-

acterization of NP in terms of PCP. Specifically, our
theorem states that, for any given € > 0, membership
in any NP language can be verified with O(1) accesses,

haracterization of NP *

Shmuel Safra *

of the most fundamental avenues of research in theory
of computer-science.

Since the early days, when the classes P and NP were
defined, and the question was posed as to whether they
are the same or do they differ, many problems were
shown to be NP-complete, thereby increasing the weight
on finding stricter characterization for the class NP.

NP has since been given a few alternative charac-
terizations. The one most commonly applied being
Cook’s [CooT71], which characterizes NP in terms of effi-
cient verification of proofs (or nondeterministic compu-
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tations).
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