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OUR GOAL

Describe open parameter regions in the space of constant rates
+ total amounts where multistationarity occurs.
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OUR GOAL

Describe open parameter regions in the space of constant rates
+ total amounts where multistationarity occurs.

@ Almost all cells in a body
have the same genetic
information. Multistatio-
narity in cellular networks
can be viewed as a rationale
for decision making and cell
differentiation [Delbriick’49)].
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OUR GOAL

Describe open parameter regions in the space of constant rates
+ total amounts where multistationarity occurs.

@ Almost all cells in a body @ The capacity of
have the same genetic multistationarity of
information. Multistatio- biochemical reaction
narity in cellular networks networks for the production
can be viewed as a rationale of proteins in a cell can
for decision making and cell produce different epigenetic
differentiation [Delbriick’49)]. differencies from cell to cell.
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A TWO-COMPONENT SYSTEM

Two-component signal transduction systems enable bacteria to sense,
respond, and adapt to a wide range of environments, stressors, and
growth conditions. It relies on phosphotransfer reactions.

HEKoo 2 HK,o 22 HK,, £ HEK,,
HKo, + Htp 2% HEKy + Hip,
HEK,, + Htp 2 HEK,o + Hip,

Htp, LNy tp,

k = (ki,...,ke) are positive rate constants.
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A TWO-COMPONENT SYSTEM

Two-component signal transduction systems enable bacteria to sense,
respond, and adapt to a wide range of environments, stressors, and
growth conditions. It relies on phosphotransfer reactions.

HEKoo 2 HK,o 22 HK,, £ HEK,,
HKo, + Htp 2% HEKy + Hip,
HEK,, + Htp 2 HEK,o + Hip,

Htp, LNy tp,

k = (ki,...,ke) are positive rate constants.

The hybrid histidine kinase H K has two phosphorylable domains:
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Two-component signal transduction systems enable bacteria to sense,
respond, and adapt to a wide range of environments, stressors, and
growth conditions. It relies on phosphotransfer reactions.

HEKoo 2 HK,o 22 HK,, £ HEK,,
HKo, + Htp 2% HEKy + Hip,
HEK,, + Htp 2 HEK,o + Hip,

Htp, LNy tp,

k = (ki,...,ke) are positive rate constants.

The hybrid histidine kinase H K has two phosphorylable domains: the
four possible states of HK are HKy, HKpo, HKyp, HKpp.
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A TWO-COMPONENT SYSTEM

Two-component signal transduction systems enable bacteria to sense,
respond, and adapt to a wide range of environments, stressors, and
growth conditions. It relies on phosphotransfer reactions.

HEKoo 2 HK,o 22 HK,, £ HEK,,
HKo, + Htp 2% HEKy + Hip,
HK,p + Hip 225 HEK o + Htp,

Htp, LNy tp,

k = (ki,...,ke) are positive rate constants.

The hybrid histidine kinase H K has two phosphorylable domains: the
four possible states of HK are HKy, HKpo, HKyp, HKpp.

Htp is the unphosphorylated response regulator protein, Htp, the
phosphorylated form.
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A TWO—COMPONENT SYSTEM
Call z1,...,xg the concentration of the species of the network:
X, B ox, B oxg B oxg
X+ X5 25 X, + X (1)
X, + X5 22 X, + X

X oy x,

Under mass-action kinetics, we get the following dynamical system

d d

% = —kix1 + kazsxs, % = k1z1 — koxo + ksxaws,

d d

% = koxo — k3xs — kgx3xs, % = k3x3 — ksx425,

dx dx

d—: = —kywsxs — ksxaxs + kexe, _dtG = kyx375 + k52475 — ke T6.
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LINEAR DEPENDENCIES GIVE CONSERVATION RELATIONS

From fi1 + fo + f3 + fa = f5 + fo = 0, we get two conservation
relations:

Z1 + x2 + w3 + 14 =11,
Ts5 + 16 =15.
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LINEAR DEPENDENCIES GIVE CONSERVATION RELATIONS

From fi1 + fo + f3 + fa = f5 + fo = 0, we get two conservation
relations:

Z1 + x2 + w3 + 14 =11,
Ts5 + 16 =15.

Thus, trajectories lie in a 4d-plane in 6d-space. Total amounts 77,75
are determined by the initial conditions x(0).
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LINEAR DEPENDENCIES GIVE CONSERVATION RELATIONS

From f1 + fo+ fs + fa = f5 + fo = 0, we get two conservation
relations:

Z1 + x2 + w3 + 14 =11,
Ts5 + 16 =15.

Thus, trajectories lie in a 4d-plane in 6d-space. Total amounts 77,75
are determined by the initial conditions x(0).

This system is multistationary for ks > k.
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USING POLYHEDRAL METHODS

Our problem is to determine values of (k1, ..., kg, 11, T5) in RS for
which the polynomial system

filx) =+ = fo(x) = l1(z) — Ty = ly(z) — T2 = 0,
has more than one positive solution z € RS .
THEOREM
1 1 1 1
Assume that ks > ki. Then, kg <— + —) < kg <— + —> and for

ko k3 ki ko
any choice of total concentration constants veriying the inequalities

1 1 Ty 1 1
kse| —+— )| < = <kg|—+—, 2
6<7€2+7€3> T 6<k1+k2> @
there exist positive constants Ny, No such that for any values of By
and Bs satisfying By > N1 and B—i > Ny, the system has at least three

positive steady states after modifying only the parameters ky, ks via
the rescaling ky = B4 kq, ks = B5 k5.
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I —
There is a beautiful paper by Bihan, Santos and Spaenlehauer
STAGA’18 which uses regular subdivisions of the (convex hull of the)
exponents to get a lower bound on the number of positive solutions,
with combinatorial arguments to get new lower bounds in terms of the
number s of variables and the difference between the cardinality of the
support and s. This is on classical results on degenerations and was
used in [Sturmfels’94] to study real roots of complete intersections.
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EXAMPLE

Consider A = {(0,0), (2,0),(0,1),
(2,1),(1,2),(1,3)}, volg(A) =8 <12=3-4

1 21 1 -1 0
C‘<—2 10 -1 -1 1)'

We get the polynomial system

1-2224+y+22y—ay? = 0,
—2+2t—zly—ay?+xy® = 0,

which can be written as

C(l 2>y 2%y xy? a:y?’)t:O.
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A DEFINITION

Let C be a s x n matrix with real entries. We say that an s-
simplex A = {a;,,...,a; ., } in A is positively decorated by C
if the s x (s + 1) submatrix Ca of C' with columns indicated
by {i1,...,is41} satisfies the following:

[All the coordinates of any non-zero vector in the kernel of
the matrix C'a are non-zero and have the same sign.

J

N

Equivalently, all the values (—1)"minor(Ca,%) are nonzero
and have the same sign, where minor(Ca,7) is the deter-

minant of the square matrix obtained by removing the i-th
 column.
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EXAMPLE

fi=1-222 +y+ 2%y — ay?,
fo = =242 — 2y — zy® + ay?,

The simplex A; is positively
decorated by C' because the

C given by the
columns of Ay

1 -2 1
—2 1 0/

has maximal minors with
alternating signs (—1, 2, —3).
Indeed, As, A, and Aj are also
positively decorated by C', but
not As.



EXAMPLE

submatrix of C given by the

fl=1-222+y+ a2y — o, columns of A,

fo=—2+2? — 2%y — ay® + xy?, 1 -2 1
—2 1 0 ’

has maximal minors with
alternating signs (—1, 2, —3).
Indeed, As, A, and Aj are also

Ay As
positively decorated by C, but
not As.
f; = 0, f3 = 0 have 2 positive
Al AZ .
solutions but we can scale/

degenerate the coefficients to get

The simplex A, is positively a system with at least 4 positive
decorated by C because the roots.
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fi =0, f3 =0, 2 POSITIVE SOLUTIONS

4
3
y 2
\1
_‘5 0

1
3 1n

We can then scale/degenerate the coefficients to get a system with at
least 4 positive roots.
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DEGENERATING WITH ONE PARAMETER ¢

If we take h € R inducing this subdivision, there exists ¢, € R~ such
that for all 0 < ¢ < ¢, the number of (nondegenerate) solutions of the
following deformed system is at least 4:

th — th22g? 4 thay 4 thagly —¢hogy? = o,
—tM2 4 ¢heg? — th4x2y - ths:lcy2 + th6xy3 = 0,

E.g. h1:1,h220,h3:0,h4=0,h5:1,h6:3,t:1/12.
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THE COMMAND firstoct

@ We can check e.g using a symbolic command (like firstoct in
Singular) or numerically, that there are 4 positive roots. In
general, though, the number of positively decorated simplices in a
regular subdivision is smaller than the number of positive roots.

> LIB "signcond.lib";

>ring r= 0, (x,y), dp;

> ideal i = 1/12-2*x"2+y+x"2*y-(1/12)*x*y"2,
2F(L/12)4x2-x 2%y /12) #x ¥y 2+(1/12) 3 *x ¥y 3;
> ideal j = std(1);

> firstoct(j);

4
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THE COMMAND firstoct

@ We can check e.g using a symbolic command (like firstoct in
Singular) or numerically, that there are 4 positive roots. In
general, though, the number of positively decorated simplices in a
regular subdivision is smaller than the number of positive roots.

> LIB "signcond.lib";

> ring =0, (x.y), dp;

> ideal i = 1/12-2*x"2+y+x"2*y-(1/12)*x*y"2,
S2%(1/12)+xM2-x 2%y 1/12) #x ¥y 2+(1/12) 3 *x#yA3;
> ideal j = std(1);

> firstoct(j);

4

@ The symbolic procedure [Pedersen-Roy-Sziprglas '91] is based on

the computation of signatures of traces going back to Hermite
and it doesn’ t work for families (too many branchings).
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OBTAINING A REGION OF MULTISTATIONARITY

Let A={ay,...,a,} in R® and C = (¢; ;) € R°*". Assume there are
p n-simplices Ay, ..., A, contained in A, that are part of a regular
subdivision of A and positively decorated by C.
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OBTAINING A REGION OF MULTISTATIONARITY

Let A={ay,...,a,} in R® and C = (¢; ;) € R°*". Assume there are
p n-simplices Ay, ..., A, contained in A, that are part of a regular
subdivision of A and positively decorated by C.

Let Ca,,...a, be the cone of all height vectors h € R" that induce a
regular subdivision of A containing Ay,..., A:

A, = {heR™ : (m,,h) >0, r=1,...,40}. (3)
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OBTAINING A REGION OF MULTISTATIONARITY

Let A={ay,...,a,} in R® and C = (¢; ;) € R°*". Assume there are
p n-simplices Ay, ..., A, contained in A, that are part of a regular
subdivision of A and positively decorated by C.

Let Ca,,...a, be the cone of all height vectors h € R" that induce a
regular subdivision of A containing Ay,..., A:

A, = {heR™ : (m,,h) >0, r=1,...,40}. (3)

Then, Ve € (0,1) there exists to() > 0 s.t ¥y in the open set U
U= Uy {7 €EREg; 7™ <tole)*, r=1...,0},
the system

Zc”ry];‘(;aj :0’ izl,...,s, (4)
j=1

has at least p nondegenerate positive solutions.
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DIFFICULTIES WE NEED TO OVERCOME
@ Even if deciding if simplices are part of a same regular
subdivision is algorithmic, how to do this when the dimension or

the number of monomials is big (or when they are not upper
bounded)?
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DIFFICULTIES WE NEED TO OVERCOME
@ Even if deciding if simplices are part of a same regular
subdivision is algorithmic, how to do this when the dimension or
the number of monomials is big (or when they are not upper
bounded)?

One way out: If two simplices share a facet, then this is always
the case! But this restricts our lower bound to 2... in fact, to 3 if
there are no relevant boundary steady states We were able to
find more for sequential phosphorylations with n-sites
[Giaroli-Rischter-P. Milldm-D. ’19]
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DIFFICULTIES WE NEED TO OVERCOME

@ Even if deciding if simplices are part of a same regular
subdivision is algorithmic, how to do this when the dimension or
the number of monomials is big (or when they are not upper
bounded)?

One way out: If two simplices share a facet, then this is always
the case! But this restricts our lower bound to 2... in fact, to 3 if
there are no relevant boundary steady states We were able to
find more for sequential phosphorylations with n-sites
[Giaroli-Rischter-P. Milldm-D. ’19]

@ We get polynomials with non-generic coefficients, which are
rational functions of the original rate constants ~ and need to
assert that we can rescale n. We heavily use the results about
the structure of (s-toric) MESSI systems.
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THE CASE n = 1 GOES BACK TO NEWTON
Explanation on the blackboard!

58 a2 T>= CAD> MIOHKC & RAQ @ [seach A
4 =~ 3.mw X W *Lecturel0_s x
1 [ = | [t [ C oo ~]| et ] 2] BIU == L2 i
— > cti= 0 — 1o 4 x — rowith(plots) : uno = impliciplot(ct.t=0.1 .1, x=—3 .20, color = red) : ctx = diff (ct.x): dos == implicitplot(ctr,t=0.1.1,x=-3 .20,
color = biue) : display( [uno. dos)): dit := discrim(ct.x): folve(dit. 1)
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—0.4590099013, 0.,0.. 02590976379 @
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THE CASE n =1 GOES BACK TO NEWTON

er3 = £ = 318 4 3-x — nwith(plots) : uno3 == impliciplor(ct3,1=0.1..1.5.x==3 .20, color = red) : crx3 = diff (ct3.x): dos3 == impliciplor(crxi.t
=0.1.1.5,x=-3..20, color = blue) : display([uno3.dos3]): dit3 = discrim(ct3.x): frolve(dit3.1)
az=F20 =3P — 4 3x Ex
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dis =277 ( — 67 +4F + 41— 3)
—0.8187057148,0.,0.,0.9223015953, 1., 1. 28)
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PROOF FOR THE TWO COMPONENT SYSTEM
] Fromf2:f3:f4=f5:0weget:
k4k5x4x§ k4k5x4x§ ksxyxs ksxyxs k4k5x4x§
— T2 = , T3 = T = —
k1ks koks ko ks kske
@ We get the equations:

Tr1 =

k4k‘5$4.’1)§ k4k5x4x§ ]{251543}5 + k5$4.’t5

-1 =0
k1ks kaoks ko ks t o 1=
]{?4]65{54%'% ]C5I4{E5
—T5=0.
5T ke o 2
@ We can write this system as
C (174 Ts T4Ts z4x§ 1)t =0,
and C13 = k5 ( ) C14 - kifs) (kil + k%), 023 = Ilz_z’
Coy = ﬁ;‘ﬁﬁ
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If we order the variables (x4, z5), the support of this system is:
A= {(17 0)% (07 1)7 (17 1)7 (11 2)» (07 O)}

We depict the 2-simplices Ay = {(1,0), (1,1),(0,0)},

Ay ={(1,1),(1,2),(0,0)} and A3z = {(0,1),(1,2),(0,0)}, which form
a regular triangulation of A, associated for instance with any height
function h : A — R satisfying h(1,0) = hq, h(0,1) = ha, h(1,1) =0,
h(1,2) =0, and h(0,0) = 0, with Ay, hy > 0.

(0,1,h2)

(1,2)

(0,0)
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@ A; is pos. decorated by C' if @ Assume both inequalities

AviciA DICKENSTEIN (UBA)

and only if
Th ko ks—T5 ko kg—T5 k3 kg > 0,

and Aj is pos. decorated by
C if and only if

Th k1 ko—T5 k1 ke—T5 ko kg < 0.

If both conditions hold, then
A, is also positively
decorated by C' if and only if
k1 < k3. So, the three
simplices are positively
decorated by C under the
validity of condition in our
statement.

POLYHEDRAL METHODS

hold. Then, there exists
to € Rsq such that for all
0<t<ty,

h 2
t"laey + Cizzgas + Crgwgqwy — Ty = 0,

h 2
t"2x5 + Coz wgxs + Cog wgay —To = O,

has at least three positive
nondegenerate solutions.

Then, we need to find a
scaling in terms of the
coefficients of this system
and finally prove that this
can achieved by properly
scaling the original
coefficients (k,T"). We use
the MESSI structure for
this.



CASCADE WITH 71 TIERS

How MANY VARIABLES?

There are s < n — 1 phosphatases with any pattern of repetition (or
not), but the first two are equal. The number of variables is of the
order of 4n and the number of conservation relations is of the order of
2n, so both dimension and codimension of the steady state variety
tend to oo with n.

E
N
S0 Si
LN
F 0/"\ .
S5 S;
N~
F )‘\
)
F,_ 1 T
Sn Sp
N~
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CASCADE WITH 71 TIERS

MULTISTATIONARITY PARAMETERS FOR ANY VALUE OF n

Lcat

_—cata

oy = Ftot — S1,tot
kcatz

Leat
ag =(—22L 4 1)Fior — S1,t0t

caty
2l f— t Leat Leat
ag = i, “eip, Frot + (— featy +1— &)Etot - = S1,tot
kcatl kcatz catq kcatg kcatl
Leat Leat Leat Leat Leat
ag =(—L 4 1)(—2 + 1) Fiot +( 2 L 1)S9 0t — (—2 +1)S1, 0t
kcatl kcat catQ kcatl k?catQ

Assume one of the follovving sets of inequalities occurs:

Leat Leat
$+1> Caz,al,a4<0,a2,a3>0,
kcatl kcat2
Leat Leat
$+l<ﬂ, a1,ay > 0,a,a3 < 0.
kcatl kcat2

Then, we are able to find (for any n) conditions on some of the
remaining rate constants for which multistationarity occurs.
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COMMENTS

@ The number of conserved quantities is increased at each
tier.



COMMENTS

@ The number of conserved quantities is increased at each
tier.

@ Proof has several steps: we first parametrize the steady
state variety using results about MESSI systems, we get a
system which is sparse but the new constants are (explicit)
rational functions on the given rate constants (not generic
and many times, too many of them positive), we then
identify two simplices that share a facet for any value of n,
we use the previous theorem to describe an open set in this
new set of constants, and then we lift the conditions to the
original constants.
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MULTISTATIONARITY FOR SEQUENTIAL

PHOQSPHORYLATIONS
Wang and Sontag (2008) showed that for certain choices of param-

eters, the system can have 2[5] + 1 = n for n odd,n + 1 for n even
stoichiometrically compatible positive steady states.

Feliu, Rendall and Wiuf (2019) showed that “half” of them can be
stable for certain parameters. Evidence had been given by Thom-
son and Gunawardena (2009).

\

(Conradi, Feliu, Mincheva and Wiuf (2017) gave conditions on the
reaction rate constants to guarantee or preclude multistationarity
(> 3) based on degree theory.

[ Conradi and Mincheva (2014) gave a sufficient multistationar-

ity condition on the reaction rate constants for n = 2. Total
amounts are given in a precise implicit form, so as many witnesses
as wished can be constructed.
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(We give open parameter regions in the space of all parame-
ters with 2[§] 4 1 sc pss, while assuming in the modeling that
roughly only i of the intermediates occur, but only one suf-

fices!

(We also describe how to implement these tools to search for
multistationarity regions in a computer algebra system and
present some computer aided results for n < 5.

The method is systematic and can be applied to other net-
works.

(We don’t expect that any reduction/degeneration method
could get the conjectured upper bound 2n — 1.
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A SAMPLE COMPUTATIONAL RESULTS

n—=4

Assume Sy, > Eior + Fior. If the rate constants and total
concentrations are in one of the regions described below

max{

max{

kCﬂtg

Ecatg

kcato

Ecato

Ftot
Etot

<min{
<min{

kcatl kcatg

b
b

)
Kcatl écatg

kcatl kcatg

)
Ecatl Ecatg,

kcato kcatg }

9
gcato gcatg

kcato kcatg }

3
gcato Ecatz

F tot kcat;;
)

Etot ecatg

E tot kcatl
< )

Etot gcatl

then after rescaling of the ko,’s and £,,’s the distributive
sequential 4-site phosphorylation system has at least 5 steady
states.

AviciA DICKENSTEIN (UBA)

POLYHEDRAL METHODS



