Online Learning
Lecture 4

Nicold Cesa-Bianchi

Universita degli Studi di Milano



Online convex optimization in the simplex

» Let V be the d-dimensional simplex Ay

Nicolo Cesa-Bianchi Lecture 4 Mathematics of Machine Learning 1/20



Online convex optimization in the simplex

» Let V be the d-dimensional simplex Ay
> The loss at time t of p, € Ay is £/ p, = E[(;(I})] for I; ~ p,

Nicolo Cesa-Bianchi Lecture 4 Mathematics of Machine Learning 1/20



Online convex optimization in the simplex

» Let V be the d-dimensional simplex Ay
> The loss at time t of p, € Ay is £/ p, = E[(;(I})] for I; ~ p,
» This is a linear loss with bounded coefficients ¢,(i) € [0,1] fori=1,...,d
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Prediction with expert advice

A sequential decision problem

» d actions

» Unknown deterministic assignment of losses to actions £; = (4:(1),...,4(d)) € [0,1]¢
for each time step ¢

O ONONONONONOMNONORO

Fort=1,2,...
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Prediction with expert advice

A sequential decision problem

» d actions

» Unknown deterministic assignment of losses to actions £; = (4:(1),...,4(d)) € [0,1]¢
for each time step ¢

OO OMONOBONOBOBORCO

Fort=1,2,...
1. Player picks an action I; (possibly using randomization) and incurs loss ¢;(/;)
2. Player gets feedback information: ¢;(1), ..., ¢(d)
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Regret

Ry _Zﬁt Py — mln th P

t=1 Ady—

Nicolo Cesa-Bianchi Lecture 4 Mathematics of Machine Learning 3/20



Regret
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Regret

T
RT:ZEtTpt mmetp E[Zﬁt Itl— min Zét

t=1 Ady— Lood i

Recall lower bound for the simplex: Ry = Q(vVT'Ind)
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Exponentially weighted forecaster (Hedge)

> Linear losses 4 (p,) = £, p, = E[¢;(I;)] for I; ~ p, and £; € [0,1]%
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Exponentially weighted forecaster (Hedge)

> Linear losses 4 (p;) = £} p, = E[(,(I,)] for I; ~ p, and £ € [0, 1]¢
» EG with linear losses is called the Hedge algorithm

op (Tl Vh(p)) e (-n i b0)
Soyexp (<0 Xho Vh(py))  Simyexm (<0 Xio 60))

pe+1(i) =
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Exponentially weighted forecaster (Hedge)

> Linear losses 4 (p;) = £} p, = E[(,(I,)] for I; ~ p, and £ € [0, 1]¢
» EG with linear losses is called the Hedge algorithm

op (Tl Vh(p)) e (-n i b0)
Soyexp (<0 Xho Vh(py))  Simyexm (<0 Xio 60))

» At time ¢ + 1 draw action I; 1 from p;

pe+1(i) =
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Regret bound for Hedge

1 Tl
>If17:1/%l then Ry < ;d
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Regret bound for Hedge

N Tl
> If gy = %ﬂ then  Rp < ;d

» This matches the asymptotic lower bound, including constants
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Regret bound for Hedge

N Tl
> If gy = %ﬂ then  Rp < ;d

» This matches the asymptotic lower bound, including constants

» We prove this later in a more general setting
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The bandit problem: playing an unknown game

» d actions

» Unknown deterministic assignment of losses to actions £, = (4;(1),...,4(d)) € [0,1]¢
for each time step ¢
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The bandit problem: playing an unknown game

» d actions

» Unknown deterministic assignment of losses to actions £, = (4;(1),...,4(d)) € [0,1]¢
for each time step ¢

@@@@@@@@@@

Fort=1,2,...

1. Player picks an action I; (possibly using randomization) and incurs loss ¢;(I;)

2. Player gets feedback information: Only ¢;(1;) is revealed
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A growing range of applications

> Ad placement
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A growing range of applications

Ad placement

Dynamic content/layout optimization
Real time bidding

Recommender systems

Clinical trials

vVvyvyVvyyvyypy

Network protocol optimization
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A feedback graph over actions
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A feedback graph over actions

04(1) is observed iff I; € {i} UNg(1)
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Recovering expert and bandit settings

Experts: clique Bandits: edgeless graph
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Relationships between actions

Nicolo Cesa-Bianchi

User browses a
web page

J

Entire

p—
Optimized ad processes Bids called for
i completed .
delivered in less than RTB auction
50ms!
Winning bid
accepted
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Hedge revisited on a feedback graph G

Player’s strategy must use loss estimates

t—1
> pi(i) o< exp (—7)2!@(2)) i=1,...,d
s=1
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Hedge revisited on a feedback graph G

Player’s strategy must use loss estimates

t—1
> pi(i) o< exp (—nZlZ(z)) i=1,...,d
s=1

b(4) s ‘ ‘
7 f bserved b I U
» (i(i) = Py(£ (i) observed) if £,(7) is observed because I; € {i} UNg(i)
0 otherwise

Importance sampling estimator

E, [E(z)} =5 (Et(iftiib)served) X Py (0:(i) observed) + 0 = £(i)
o 04(i)? . a 0y (i)?
E: Vt(z)ﬂ - P G0 Observed)2 X Py (¢¢(i) observed) + 0 = B,{4,(3) observed)
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Hedge revisited on a feedback graph G

Player’s strategy must use loss estimates

t—1
> pi(i) o< exp (—nZlZ(z)) i=1,...,d
s=1

b(4) s ‘ ‘
7 f bserved b I U
» (i(i) = Py(£ (i) observed) if £,(7) is observed because I; € {i} UNg(i)
0 otherwise

Importance sampling estimator

E, [E(z)} =5 (Et(iftiib)served) X Py (¢4(i) observed) + 0 = £(i)
=~ 9] 04(4)? ) 1
E; Vt(z)ﬂ = P G0 Observed)2 X Py (¢;(i) observed) + 0 < P,{4,(3) observed)
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Regret analysis
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Regret analysis

Win _ Z w1 () (i) = iexp _nti:lzs(l) _ Y (@ isarv.!
Wt i=1 Wt Wt s=1 t

d wy (i) /) bl =nlu(i

=32 exp(—n (i) (because w1 (i) = ¢ 2w (I 7140)
= W

=" pili) exp(—nhi)
i=1
d a2

~ 14

<> () (1 —nl(i) + W) (using e < 1 —x +2?/2 for all z > 0)

i=0
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Regret analysis

Wit Zwt+l(7’) ()_ie o EZ() _’U)(’L isarv.l
W, =W, pe(i) = - exp 7]8:131 =W,
d wy (i) 7 () —nhy (i
=> W exp(—n (7)) (because w41 (i) = e~ 2emt b1 0))
i=1 't
= > ili) exp(=n ()
i=1
d a0 2
~ 1
< Zpt(i) (1 —nl (i) + W) (using e™® < 1 —x + 22/2 for all z > 0)
i=0
d R 772 d
<1—n> pu(i)le(i) + 5] > o))
i=1 i=1
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Regret analysis gcont.)

. . Wi Wi )
Taking logs, usin In =In and In(1 + x) < z vyields
g log g t; W, a (I+z)<zy
Wi L ~ 7 e~ n
1 W, =1 Z Zpt(i)gt(i) + o Z Zpt(l)gt(l)z
t=11i=1 t=111=1
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Regret analysis gcont.)

. . Wi Wi )
Taking logs, usin In =In and In(1 + x) < z vyields

g log g t; W, a (I+z)<zy

Wi T d R 772 T d R
1 <=0 > o6 + =D pe(i)(i)?
w t=1i= 20z
— 7/71 t—l 2—1
Moreover, for any fixed action k, we also have
Wt s, wrea (k) ni@(k) Ind
—— , —
W 1 t=1
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Regret analysis gcont

Taking logs, using tZ:lln W;’;;l =1In WMT/IFI and In(1 + z) < x yields
Wi L ~ 7 e~ n
1 W, =1 Z Zpt(i)gt(i) + o Z Zpt(l)gt(l)z
t=11i=1 t=111=1
Moreover, for any fixed action k, we also have

T

Wt o g wra(k) > li(k) —Ind
1 1 =1

Putting together and dividing both sides by n > 0 gives

T d
>3 n@iG zzt WA
t=1i=1

t=1i=1 n
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Regret analysis (cont.)

Recall where we were:

S @i z

t=11i=1

|/\
3\
ISH
1\3\3
IIMH
INngbs
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Regret analysis (cont.)

Recall where we were:

ZZPt V(i

t=11i=1

IIMH
3\
a
1\3\3
M=
M-
=
=
=
=
[\

Take expectation w.r.t. I1,..., It

T

T d
E >N p(i)E [(i)] — > B [r(k)] | <
t=11=1

t=1
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Regret analysis (cont.)
Recall where we were:

T Ind Ne~a
Zzpt gt Zg(k)§7+§zzpt(z)€t(z>

t=11i=1

Take expectation w.r.t. I1,..., It

lz Zpt (1)Eq ft - XT:Et [?t(k)]

t=11i=1

Loss estimates are unbiased:

- d Ind n
E [Z > pe(i)(i) — Zet(k;)] <SS E
t=1

t=1i=1
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Regret analysis (cont.)

Recall where we were:

T d -
SO pe(i)l(i) —

t=11i=1

Take expectation w.r.t. 1, ...,

T d R
2 [z S (L [(0)]

t=11=1

This is just the regret

m_[zzm

t=11=1
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Regret analysis (cont.)

T

d
Zzpt(i)Et [@(1)2}1

t=11=1

Ind
RTSL—FQE
n 2
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Regret analysis (cont.)

Zzpt(i)Et [@(1)2}1

Ind 1 [ () .
IE E E bound
n + 2 [ P (¢,(i) is observed) (variance bound)

~
Il
—
-
I
A
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Regret analysis (cont.)

oy
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ﬁ
M=
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(1) E, [@(1)2} 1

pe(i) ]
P (¢,(i) is observed)
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(variance bound)
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pt(7)
- . def. of feedback graph
1 pt(l) + ZjEN(;(i) pt(])] ( )
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Il
—

2
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Regret analysis (cont.)

Ind [
Rr< ==+ TE|Y Y pG)E: [gt(z)ﬂ]
[t=1i=1

nd 7 _[&& pi(i)

<20 Ty

9 3 _;;Pt(ﬁt()ls observed)
Ind 7 R pe(i) ]

- 28 g . .
no 2 _;Z—:let(l)+zje/\/@(i)pt(3)
Ind n

< 20

=7, +2T (G)

a(@) is the independence number of G
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Independence number a(G)
The size of the largest independent set in G
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Regret bound

Ind 7
< — -
Ry " + 2Ta(G)
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Regret bound

Ry < lnnd + gTa(G) = /Ta(G)Ind
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Regret bound

Ry < lnnd + gTa(G) = /Ta(G)Ind

Note: This bound is tight for all G (up to logarithmic factors)
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Regret bound

Rr< ==+ gTa(G) = /Ta(G)Ind

Note: This bound is tight for all G (up to logarithmic factors)
Special cases
Experts (clique): a(G)=1 Ry <VTInd  Hedge algorithm

Bandits (edgeless graph): a(G)=d Ry <+Tdlnd Exp3 algorithm
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More general feedback models

508
5 4

Bandits

£

Revealing Action

Cops & Robbers
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Partial monitoring: not observing your own loss

Dynamic pricing: Perform as the best fixed price
1. Post a T-shirt price
2. Observe if next customer buys or not

3. Adjust price

Feedback does not reveal the player’s loss

1 2 3 4 5 1 2 3 4 5
1/0 1 2 3 4 171 1 1 1 1
2|lc 0 1 2 3 210 1 1 1 1
3lc ¢ 0 1 2 310 0 1 1 1
41¢c ¢ ¢ 0 1 410 0 0 1 1
5|lc ¢ ¢ ¢ 0 5/0 0 0 0 1

Loss Feedback
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A general gap theorem

> A constructive characterization of the minimax regret for any partial monitoring game
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A general gap theorem

> A constructive characterization of the minimax regret for any partial monitoring game

» Only three possible rates for nontrivial games:
1. Easy games (e.g., experts, bandits, cops & robbers): ©(v/T)
2. Hard games (e.g., revealing action, dynamic pricing): ©(7%/3)

3. Impossible games: ©(T)
(1)
e”o
(D—®
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