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Leon Green (1960) asked if the spectrum of M determines its
isometry class.

The spectrum of M is essentially the collection of frequencies
produced by a drumhead shaped like M.

Mark Kac (1966) popularized this
question for planar domains:

Can you hear the shape of a drum?




® \SoS‘pecjpral "4'37 | 0o metric

Theorem (Vigneras, 1980)

There exist isospectral
non-isometric hyperbolic 2- and

3-manifolds.

A pair of isospectral but non-isometric hyperbolic 2-orbifolds
(due to B. Linowitz and J. Voight).



® \QDQPQQJUIJ =#7 | So metric

Theorem (Gordon, Webb, Wolpert, 1992)

One cannot hear the shape of a drum.
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Theorem (Reid, 1992)

If M is an arithmetic, hyperbolic
surface and LS(M) = LS(N) then
M and N are commensurable.

Theorem (Chinburg, Hamilton, Long, Reid, 2008)

If M and N are arithmetic hyperbolic 3-manifolds and
LS(M) = LS(N) then M and N are commensurable.




bn the other hand.. .

Theorem (Futer and Millichap, 2016)

For every sufficiently large n > 0 there exists a pair of
non-isometric finite-volume hyperbolic 3-manifolds { M, N}
such that:

© vol(M) = vol(N).

@ The (complex) length spectra of M and N agree up to
length n.

© M and N have at least " /n closed geodesics up to
length n.

Q M and N are not commensurable.
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Theorem (Delange's Tauberian Theorem)
Let G(s) = > §¢ be a Dirichlet series satisfying:
© ay >0 for all N and G(s) converges for Re(s) > p.

@ G(s) can be continued to an analytic function in the
closed half-plane Re(s) > p except possibly for a
singularity at s = p.

© There is an open neighborhood of p and functions
A(s), B(s) analytic at s = p with
G(s) = A(s)/(s — p)? + B(s) at every point in this
neighborhood having Re(s) > p.

Then as ¥ — oo we have

Z aN = (;F(i(pﬂ)) + 0(1)) 2 log(x)? 1,

N<lz




