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I
. Geometric Motivation
-
-

Let M
,
N be compact Riemannian

manifolds
.

3 Notions of " equivalence " :
① M & N are Commensurable if

they have a common finite degree
covering space.

② M & N are isometric if I an

isometry between them .

③ M & N areisospectral-ifmdti.se#ElMl=ECN) & Length isospec#
of if LSCM) = LSCN)eigenvalues
of the,acianmt ↳ multiset of lengths of closed

geodesics on M



"

Inverse
"

questions : to what extent do
the spectra of M determine its

geometry & topology ?

F±
① If LSLM) = LSCN) , are M IE N

isometric? No ← can't hear the shape
of a drum

② If LSC M) =L SCN)
,
are M El N

Commensurable ? we'll focus on

↳ Arithmetic case : yest
this one

↳ non - arithmetic case : ???
T
still
open



①



① I sospectral # Isometric

:



① I so spectral # Isometric

F So spectral non isometric planar
domains



②

i¥§cMa::%:hi

-



on the other hand . . .

* Non -arithmetic



Our motivating Question :-
- -

If two arithmetic hyperbolic 2 - or 3 -

manifolds have many overlapping geodesic

lengths , are they necessarily commensurable?
↳ Io .

"

Lots
"

of p - w

key idea :
non - commensurable

.

see::::::*:: my:*::::3arithmetic hyperbolic
P 2 - El 3- manifolds

Tnumber theory geometry

How we use This :
-
- - -

① Translate geometric question into a # theory
question via this correspondence

② Apply analytic # theory techniques
⑦ Translate back to geometry - get quanrteistgff've



Much of our work boils down

( essentially) to counting quaternion
algebras ur bdd discriminant
( subject to additional , geometrically -
motivated constraints) .

Plane
Talk## into to Analytic NT tools for

counting quaternion algebras
↳ no knowledge of quaternion algebras
or geometry needed !

Talk #2 Introduce quaternion algebras,-
:

show how to count them ,

derive geometric consequences

talks : Application of gaps between
primes to spectral geometry !



I
- Arithmetic Functions & Dirichlet series
-- - -

Det An arithmetic function is any function

f : IN→ Cl
.

Examples .

-

① Tcn) : = # of positive divisors- of n , i- e. ,
TC n) = I 1

d ln

Exe TC63=4
② Cdn) : = # { KE Et, n] : godCk, n) =I}

Exe 6167=2

③ wch)=# of distinct prime factorsofn,
i. e -

g WL n ) = g,§n I
Exe WC67=2



④ tech) = { (-11
ht" if n is I - free

0 Otw

⑤ I Cn) =1 ten

* To each arithmetic function f : IN→Cl , we
can associate a generating function .

Det Given f : N→Q
,
define the Dirichlet

series off to be
-

e

Df Cs) = & fax
h=I

E± If f- = II ,

Decss -- E.tn?--?ns-- yes,
p

Riemann
Zeta function



HI
. Multiplying Dirichlet series
* There are various ways of multiplying
Dirichlet series ( depending on how
you collect the terms) .

co

E± The Dh6t product of E an
co n =I

and Ebm collects all terms
meI

an bin for which nm is constant
,

no

i. e. , n
- m= N .

So
,
if E an El

b
n = I

[ bm are abs . anV. >
m = 1

Eine
.

Esm
P
new arithmetic
function

•

°

.
Product of Dirichlet series is

also a Dirichlet series



This motivates :

DEI tf f & g are arithmetic then the

Dirichlet Convolution fig is defined

f- *g Cn) = E feat gcb)
ab -- n

= [ fld) g ( Md) Un EIN

din

( equiv :& f(Vd) gcd))
Thus :

1-Df Cs) Dg Cs) = Df*g Cs)
-

I
f SE ¢ where Df Cs) & Dgb)
converge absolutely .



Example Vnz1 :

←
thefunction

that is 1

- gon every input

I * Ich) = [ Ild) # (Vd)
dln

= { I
dln

= Tcn) ← same function
from earlier

•
Tech)Example [ Ts = Decs)

n=1
=D
#*IN

=D
# Csl Decs)

= Cs) )
'd

Riemann
Zeta



Def An arithmetic function f is

multiplicative
,f- ( ab) = f Ca)fcb) ta, BEIN\ wrgcdla, b) =L .

-

*when f is multiplicative , then

Df Cs) -_€!tcnI=pT Ht ftp.tttpt.sk .)
-

This is called the

Euler product expansion
-
- -



I
. Using Dirichlet series in
Genting Robbins

General Idea
- -

:

① Construct a Dirichlet series
whose aeffs count a quantity
we are interested in .

Classic Example
= -

E ants , an = {
1 if n prime
0 Otw"t t

aeffs of Dirichlet
series count prime
numbers

.

Used to

prove the prime #
Theorem .



② Check that the Dirichlet series

satisfies certain "

nice
" analytic

properties so that we can compute
the limit of the partial sums of
the Goffs (gives an asymptotic)

EI ⇐ an =T¥¥ of primes#
-

Partial
Sum of co

effs

of Dirichlet
series above

morey * check analytic conditions of § ones t
ab" ↳ Applying a Tauberianthm gives :this
a

ironed prime # Thon : ITCH
pv⇐( PNT)

lime'Igx=1



Tauberian Thins roughly say : if our

:÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷:
→
Commonly

used forPat

Examines
used for

a
different

① Wiener - Ikehara
→ formulation

of PNT

② Newman 's Analytic cur integrals
)

→
Used to show③ Hardy - Littlewood
quins

④ Delange n
n

converges
↳
we use this
one to get an

asymptotic for the
quaternion algebras

we
are

interested in



we'll use this one . . .

I


