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Theorem (Hamilton, 1843)

The R-algebra H with basis {1,i,j,ij} and
defining relations
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Theorem (Wedderburn)

For any field F, if the F-algebra (a,b, F') is
not a division algebra then
(aa ba F) = I\IQ(F)
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Elementary results from geometric group theory:

o Isom™(H?) = PSLy(R).

@ Every orientable hyperbolic 2-manifold is of the form

H? /T for some discrete subgroup I' of PSLsy(R).
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Theorem (Linowitz, McReynolds, Pollack, T., 2018)

Fix a number field k, and fix quadratic extensions

Li,Lo, ..., L. of k. Let L be the compositum of the L;, and
suppose that (L : k| = 2") The number of quaternion algebras
over k with discriminant having norm less than x and which
admit embeddings of all of the L; is

~§-21?/(log )\,

as x — 00. Here ) is a positive constant depending only on the

L; and k.
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Useful results from algebraic number theory:

(1) p| A <= pramifiesin B <= B ® K, is a division
algebra.

(2) The total number of primes that ramify in B is even.

(3) For {p1,....,p¢} in K with even cardinality, there exists a
unique quaternion algebra B/K that ramifies at those
primes (and hence has A = py---py).

(4) L embeds into B <= no prime of K that divides A
splits in L/K (hence, A is squarefree).
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Theorem (Delange's Tauberian Theorem)

Let G(s) = > % be a Dirichlet series satisfying:
© any >0 for all N and G(s) converges for Re(s) > p.

@ G(s) can be continued to an analytic function in the
closed half-plane Re(s) > p except possibly for a
singularity at s = p.

© There is an open neighborhood of p and functions
A(s), B(s) analytic at s = p with
G(s) = A(s)/(s — p)? + B(s) at every point in this
neighborhood having Re(s) > p.
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Theorem (Linowitz, McReynolds, Pollack, T., 2018)

Fix g ber field k, and fix quadratic extensions
Q:l, I y ’of k. Let L be the compositum of the L;, and
suppose that [L : k] = 2". The number of quaternion algebras

over k with discriminant having norm less than x and which
admit embeddings of all of the L; is

~0 - :171/2/(10g:p)1_2l",

as x — 00. Here 0 is a positive constant depending only on the

L; and k.

Let m(V,S) denote the maximum cardinality of a collection of

pairwise non-commensurable arithmetic hyperbolic 2—orbifolds

derived from quaternion algebras, each of which has volume
less than V' and geodesic length spectrum containing S.

Theorem (Linowitz, McReynolds, Pollack, T., 2018) Se

If m(V,S) = oo as V — oo, then there are integers
1 <r,s <|S| and constants ¢y, ca > 0 such that

)
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for all sufficiently large V.
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Let m(V,S) denote the maximum cardinality of a collection of

pairwise non-commensurable arithmetic hyperbolic 2—orbifolds

derived from quaternion algebras, each of which has volume
less than V' and geodesic length spectrum containing S.

Theorem (Linowitz, McReynolds, Pollack, T., 2018)

If m(V,S) — oo as V — oo, then there are integers
1 <r,s <|S| and constants c1,ca > 0 such that

V oV
AU <n(V,8) < —2
log(V')1=2 log(V')1=3

for all sufficiently large V.
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