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Recall from yesterday :-
--

Our motivating Question :-
- -

If two arithmetic hyperbolic 2 - or 3 -

manifolds have many overlapping geodesic

lengths , are they necessarily commensurable?
↳ Ne .

"

Lots
"

of p - w
non - Commensurable

.

Key idea :

see::::::*: my:*::::3arithmetic hyperbolic
P 2 - El 3- manifolds

Tnumber theory geometry

#



today's play:
① Introduce quaternion algs .

② Show how to construct a

Dirichlet series whose coeffs .

Count quaternion algebras

③ Apply a Tauberian Thm to
obtain an asymptotic for the

Count of quaternion a Igs w/

I disc l E x ( w/ certain geometrically
-

motivated conditions) .

④ Derive geometric consequences!



I
. Quaternion algebras & orders

Brougham Bridge :



potation : write C- 1
,
-1
,
IR) instead of

Ht . 1%
0 can be

replaced w/
other fieldscan replace of char Ow/ other units

in IR

EI (I ,I , IR) has i2=j2=1 &

ij = -ji .

observe :

(1,1, IR) E MaHR)
i ↳ [EE )
j ↳ [ I E)



In general :
Ca , b , IR ) = {

HI if a, b so

Ma CRI Otw
µ
9

Thus
,
Ca

,
b
,
IR) is either a division

algebras or isomorph.at#R) .

* If we replace IR w/ other fields :

P In general , there won't be a
unique division alg IF .



Extension of Scalars
- -
-

Let k be a field , KYK a field ext .

If B -- Ca , b,K) is a quaternion alg IK ,
then

B⑦Kk
'

= la , b ,
K' jglmlfoortantarithmetic

is a quaternion a Ig / K
'

.

applications

Def If B is a quaternion alglk , let

Bp '

- = B ④k Kp .

we say B is ramified et I

if Bp is the unique division

algrkp .

Otw
,
B splits in L?



Def Let RamCBI denote the Infinite)

set of primes at which B is

ramified .

The discriminant Ef#
is the ideal defined by

a CB ) := IT p .

ape Ram(B)
number
field

Det Let B be a quaternion alga!
The reduced neem of B is the

composite map

B↳Maco Ets Cl



Let k be a number field w/

ring of integers Ok .

Defy An orderer of a K
- alg . is a subring

which is also a f.g . Ok -module

containing an K.

- basis of the algebra .

Det An order is maximal if it is not

properly contained in any other

order .

Exe Math) is a maximal order
of Mac0h)

EI Ok is a maximal order of K .



Hey arithmetic surfaces
arise fern quaternion atgebras

0
we want to generalize the following
construction of PSLack) :

Mac0h13Mack)→ SLACK) →Black)
P T

Replace replace

w/ quaternion w/ maximal

quaternion
"8 Blk in

order a

which a unique Consider the embeddingreal prime splits

f : B→ Ma ( R) .



Restricting f to 01← e Its of O
w/ reduced

& projecting onto PSL,HR) no-m 1

gives an embedding :

f : O ' → PSL a CR) .

Notice

If :(O ' ) is a discrete s.g.
of isometries w/ finite covolume

* If B is a division alg , then

f- (O') is cocoonpact .
* If g- (Ot) is torsion - free then

tH7is a hyperbolic
2 - manifold .

hyperbolic surfaces commensurable
Wr things of this form are arithmetic



I
. Coveting Quaternion Algebras
w/ P bed Embeddings

0

Got
:::*:: no:÷÷÷÷:÷÷::



* we sketch a proof of the special
case where r-- I , i. e. ,

"

÷:÷÷÷÷÷:÷÷i÷÷÷



Sketch # PI (re)
Bg①, these

Let D= { pits :p .- finite} ramify i. B .
Q -

- { qsla : q, infinite}}
From Black Box :

④ A
= IT pi Tq ; where :

9 tsien 1EjEm ①All pi's
, q; 's areFrom ③ PIED GJEQ Fnma distinct

④ ( i.e.
>
AI -free)

② ntm is every
T
From②

Thus
, our task is to count :

#{ IAIEX : A satisfies to}



Let Feld = IT (1 tips)
p finite or infinite

P does not split in L

Can rewrite Fz (s) as :

E ¥
A as in ④

except wet
condition that
htm is even

↳ TO make up for this :

Let Fa Cs) = IT ( I - ips)
P finite or infinite
p does not split in L

Let FCS) i = Ez ( Fels) tFa Cs))
Then FCS) has 2) (mth) VA , So

Fls ) = E IIs
A as in④



upshot : we can estimate

#{ Blk w/ Alex :} by taking
B admits an

embedding of UK

¥ (partial sums of aeffs of Fels)) t

÷ (partial sums of aeffs of Fa Cs))

How to take partial sums of Gaffe :

- -
- -
-

* First
,
reformulate Fa Cs) so that

we only need to sum over finite primes
-

Note : If p is an infinite prime , then

1 tips = It Is = 2 .



co ← Non -

so Fees) = 20 . { an YET?
P function

n =I

# of infinite primes
that do not split in k

fCn) = {
1 if n satisfies ④ w/out

even # of
prime factors

0 Otw condition

* similar for Ecs) :
D

Facs) -- (Ea:#aiming) . E b
from infinite

h =z
PrimeT

* Use Wirsing's Thm t partial
summation

to show :

⇐bin -- ol?.am)



wheat Remains :
① Check analytic conditions
② Apply Delange's Tauberan Thm

florally , this isthe orderof a

O
"Pole

"

but

actually it
can be any
singularity
that blows③ obtain an asymptotic up , like
a power

(this proves the case where r--1) of .

* In our toy example , f = ta & B e ta .



HI
. translating Eur Number

Theoretic Result to eEt Result

0

←finite
set

se. . . .. .
erk



→ The 3- manifold pf is the
PI sketch same but we PS lack) instead

Let M be an arithmetic hyperbolic
2-manifold arising from CK

,
B) w/

fundamental group T s PSLa
CIR)

.

There is a bijection :

{ Cs : 5-→ M} e- {Cbp : of IT
p p

closed geodesics T conjugacy classes
on M of hyperbolic e Its

JET

Geodesic lengths l Ccs) are given by

¢oshl¥=±Tr{8#/
-



Let X z : = Unique eigenvalue of 8
/ w/ IX z I > 1 .

unique bro Iet= It , Hr H >2
So one eigenvalue is 71 & one is a1

( in abs. Value)

* Each closed geodesic Cy determines a

maximal subfield kg of the

quaternion algebra B .

Ko = KCXs)

(That's how he, . . .

,
lr geodesic

lengths in the geometric result

correspond to La
,

.. .

,
Lr in the

number theoretic result)



Conclusions .

-

.

①There are lots of pairwise
non - Commensurable 3 - manifolds

4 a great deal of overlap in their

geodesic lengths .

② The counting function looks a bit
like the count of prime numbers . . .


