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Today's goal :

I
bounded gaps
between volumes

of manifolds !



Bounded gaps between primes :

a- brief history .

I
obviously false
when h is odd !



As probabilistic interpretation
of Chebyshev's Inequality :

( chebyshev's keg : F Ca , Ca >o St .

Ct ¥ E ITCH E Ca¥)



stater of Heuristic Argument
For integers in [1 , x) :

I ( p is prime ) =
1-

log x

I ( pt2 is prime ) = ÷
If these two events are independent

,

I ( p & Pt2 prime)= Ilp prime) .ICpt2 prime)

= 1- .

I

log x logx

-
- ¥5

.



So
,
we'd expect :

# {pet :p & pts prime} I 2
'

t

Since him ¥,
→no , then

7.→a

perhaps there are why many pairs
of twin primes !

Probtem : Events "

p prime
"

d ' 'Pta

prime
"

are not indepent . The same

argument shows False !

# { pEx : pet pts prime} =



AI imper heuristic
To correct for non - independence :

Let p , pl be independently chosen random

integers . Look at :

¥i÷:::::::÷÷::
for each small

prime q .

Since I Cqlp) = Iq then

I Cqtp & qtp
' ) -- CI - IT



OTOH :

I ( qtp El qtlpta))=ICp¥O or -2 (moog))
11

{
1- 2g if q >a

1 - Z if q=2

Hence , if q>2 , the correction
factorfor

divisibility by q is :

If 8=2 , it is
1 - I
¥⇒a=②



Thus
,
define

C : = 2 . IT
t - 78

of prime
¥812

of23

I 1
.
3203236 . . .

This suggests :

#{p ex :p , p +2 prime} =C¥
T

still not a
proof that F •ly
many twin primes,
but the problem is a
bit more subtle . . .



where the heuristics fail
- - - -

*The heuristic argument relies heavily
on the assumption that the primes
are uniformly distributed among

the residue classes (mod g) .

Let ITC x ; q , a) : =#{ PEX : pea Cmooq)}

If the primes were uniformly distributed

(moo q) , we'd expect

TCx;q,a)=%
when god Ca

, g)=L .



Equi distribution for "small q
"

- - -
-

t
This really just says : the primes are

essentially uniformly distributed among
the

residue classes at mod g) when q E
X1?

-
--

↳ BV says : can take ⑦ upto

about Ha .



Tupis of primes

Q : Are the ee ly many tuples of

primes ( p tha , . . . ., pthkl?

* Some tuples clearly fail :

EI p , pt2 , Pt4 can't

|ltsky be primeally often .

one of these must
be Io (mod 3)
( & thus it can't be
prime Mlg often)



which K - tuples might work?--
- -

-

Exe (O ,2,6 , 8 , I 2)

Residue classes not covered :

1 (mod 2)

1 (mod 3)

4 (mod s)

3 (moO 7)

3 ( mod 11)



A- Conditional proof of
bounced gapes between primes

go
Just need to get
⑦ a bit above ¥

to get boo gaps



Zhang's
"relaxation" of
-
-

-

tombi -Vinogradov
ready



Bended gapes between primes Cat last! )



Hew Large are the gaps?

O

T
can get
this down
to 6 by
assuming
generalized
Eliot-Halberstam
conjecture



Sketch of Maynard -Tao- -
-

⇐÷÷÷÷÷÷÷÷÷÷÷
Setup : For large N, look for n in [N, 2N)

Let W : = IT P
.

PE logloglog N

H admissible ⇒ we can choose vEk St .

god (v thi , W) =I V I E ie K .

W-tr : pre - sieve the set to just
those n satisfying HEVCmod w) .

Our sample space becomes
S2 : = { N en-2N : nEV (mod w)}



Let wcn) denote nonnegative weights,
Xp the char. function of theset of primes.

£ : = [ Wen)

NE n <2N

hEV (mod w)
K

S2 : = [ ( [Xgplhthi)) Wen )
i--I

N E n 22IN

NE VCmod w)

SYS
,
is a weighted avg .

of the #

Of primes among
nth1

, . . . ,
hthk

over R
.



key idea : If SI, > m -I fr some
MERt then at least m of

the nth1
,
. . . ,
nthk are prime ,

for some nER .

For this method to work
,
we need to

choose weights wCn) St :

* Sa & S, can
be estimated

using tools of asymptotic analysis

* Salsa is large



Bended gaps between Peries in
chebotaev Sets





Generalizing Thorner's work- - -

←
This was the
hard part#

men had pairs of primes
instead of

tuples of pain ideals←This part
was an

easy generalization



two proofs :

① Use a different version of

due ← Bombieri - Vinogradov &

to check that the Maynard-Morty
petersen ' Tao machinery still works .2013

↳ lots of messy analytic NT

② Give an algebraic argument to
show that our problem can

be reduced to Thorner's

↳ no analytic NT



Back to gentry . . .

IAlso holds when Me . . . . , Mk
are
arithmetic hyperbolic

3- manifolds



If sketch

00
P

only depends this depends ogon k

BCF ⇒ If two orbifolds have the
same field of def. K

but their associated B's

ramify at different primes P
then their volumes will

differ by some function of
the NCA's .



Morad : primes w/ gaps between
them produce orbifold w/
volumes lying in boo
length intervals .

wheat's missing?
Need the orbifold to have

Length spectra containing£

I
quadratic extensions Ky
embed into the B's

an arrange this by choosing
primes Ramifying in the B

's) to lie

in certain
chebotarevsets

TThat's why weneed bod gaps betweenprimes in Chebotareu sets



Thank you
!


