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Let 7(V,S) denote the maximum cardinality of a collection of
pairwise non-commensurable arithmetic hyperbolic 2-manifolds
derived from quaternion algebras, each of which has volume
less than V' and geodesic length spectrum containing S.

Theorem (Linowitz, McReynolds, Pollack, T., 2018)

If m(V,S) — 0o as V — oo, then there are integers
1 <r,s <|S| and constants c1,co > 0 such that

aV coV
l—i m(V,5) < 1—L
log(V')" 2" log(V) "2

for all sufficiently large V.
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Theorem (Linowitz, 2018)

Fix a finite set S of nonnegative real numbers for which
w(V,S) = 00 as V — oco. Let r be the cardinality of S and
define 6 = % ifr=1and@ = 2# otherwise. If ¢ > 0 and
Vi=0te <« W <V then as V — oo we have
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Let m(V,S) denote the maximum cardinality of a collection of
pairwise non-commensurable arithmetic hyperbolic 2—orbifolds
derived from quaternion algebras, each of which has volume
less than V' and geodesic length spectrum containing S.

Theorem (Linowitz, McReynolds, Pollack, T., 2017)

Suppose that w(V,S) — oo as V — oco. Then, for every k > 2,
there is a constant C' > 0 such that there are infinitely many
k—tuples M, ..., M, of arithmetic hyperbolic 2—orbifolds
which are pairwise non-commensurable, have length spectra
containing S, and volumes satisfying |vol(M;) — vol(M;)| < C
forall1<i,j <k. /‘\
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Conjecture (de Polignac, 1849)

For all positive even integers h, there are infinitely many pairs
of primes p,p + h.
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Theorem (Chebyshev, 1852)

Approximately b%g;r, of the integers in [1, x| are prime.
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Theorem (Bombieri-Vinogradov)

For any constant A > 0, there exists B = B(A) such that

E max

a (mod) ¢
9<Q (a,q)=1

T
(log z)A’

T

T e
©(g) logx

m(x;q,a) —

1/2

where () = ( L

l&g z)B"

Conjecture (Elliott-Halberstam)

The Bombieri-Vinogradov theorem still holds if we take
Q = 29, for any 0 < 1.

We call 0 the level of distribution of the set of primes.
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Definition

We say that a k-tuple (hy, ..., hx) of nonnegative integers is
admissible if it doesn’t cover all of the possible remainders
(mod p) for any prime p.

Ex (0,2,6,%,12)

Pasidwe Classes naob Covered:
L (mod )
1 (mod 3)
Y (mod 5)
3 (mo2 )
3(mpd11)



A CoaOitional PQ_q{\’ Q_f
lbovndeo §ops lbetoeen prmeS

Theorem (Goldston, Pintz and Yildirim, 2009)

If (hi,...,hy) is admissible and the Elliot-Halberstam
Conjecture holds with Q = x'/%{" ) then there are infinitely
many n such that at least 2 of n+ hy,...,n + hy are prime.




For any constant A > 0, there exists B = B(A) such that

max m(zg,a) — —— | <4 —
Z a (mod) q (z:9,0) o(q)logz| * (logz)A’
=@ (ag)=1
zl/2
where Q = W
Theorem (Zhang, 2013)
There exist n,6 > 0 such that for any given a,
Z g, a)— ‘,A*
<0 ¢(q) logz (log 2)
(g,0)=1

q squarefree & y -smooth

where Q = 21/t and y = 2.
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Corollary (Zhang, 2013)

There are infinitely many pairs of primes that differ by at most
70, 000, 000.

Theorem (Maynard-Tao, November 2013

Let m > 2. There for any admissible k-tuple H = (hy, ..., hy)
with “large enough” k (relative to m), there are infinitely many
n such that at least m of n+ hy,...,n+ hy. are prime.
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Theorem (D. H. J. Polymath, 2014)

There are infinitely many pairs of primes that are at mos
apart. /}\
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Theorem (Thorner, 2014)

Let K/Q be a Galois extension of number fields with Galois
group G and discriminant A, and let C be a conjugacy class of
G. Let P be the set of primes p{ A for which (KT{Q) =
Then there are infinitely many pairs of distinct primes

p1,p2 € P such that |p1 — pa| < ¢, where ¢ is a constant
depending on G,C, A.




Some examples of Chebotarev sets:

@ The set of primes p =1 (mod 3) for which 2 is a cube
(mod p).

e Fix n € Z™. The set of primes expressible in the form
x2 + nyQ.

@ Let 7 be the Ramanujan tau function. The set of primes p
for which 7(p) = 0 (mod d) for any positive integer d.

@ The set of primes p for which #E(F,) =p+1 (mod d)
for any positive integer d.
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Theorem (Linowitz, McReynolds, Pollack, T., 2017)

Let L/K be a Galois extension of number fields, let C be a
conjugacy class of Gal(L/K), and let k be a positive integer.
Then, for a certain constant ¢ = cr, /i c 1., there are infinitely
many k—tuples P, ..., P, of prime ideals of KK for which the
following hold:

L/K L/K
0 (==Y =c,
Q@ Py,..., P lie above distinct rational primes,

© each of P, ..., Py has degree 1,

Q |N(P)) — N(P;j)| < ¢, for each pair of i,j € {1,2,...,k}.

horner's theorem is the case where K = Q.
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Let w(V,.S) denote the maximum cardinality of a collection of
pairwise non-commensurable arithmetic hyperbolic 2—orbifolds
derived from quaternion algebras, each of which has volume
less than V' and geodesic length spectrum containing S.

Theorem (Linowitz, McReynolds, Pollack, T., 2017)

Suppose that 7(V,S) — oo as V — oo. Then, for every k > 2,
there is a constant C' > 0 such that there are infinitely many
k—tuples My, ..., M, of arithmetic hyperbolic 2—orbifolds
which are pairwise non-commensurable, have length spectra
containing S, and volumes satisfying |vol(M;) — vol(M;)| < C
foralll' <4 9=<k
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Borel’s Covolume Formula:
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