
 

Property T and atmenability from a

geometrical viewpoint

Plan for this seriesof talks
Property T I2 atmenability

3 CATCHcubicalcomplexes

Property what 1Why 1 Who
What
For a locally compact second countable group
1 FAE
1 The trivial representation is isolated in

the unitary
dual for the Fell topology
2 Any unitary representation

with almost invariant

vectors has invariant rectors

3 Any isometric affine
action on a Hilbertspace

has a fix point also H ca r o F'T

4 Any isometric action on a median space
has a bounded orbit
If any of those conditions hold then a hasproperly

to



Why Kazhdan 67 uses property to
show that all lattices in Sla IR are

finitely generated
That 5472 L t eij riji t
is fg is an easy canputation

and if
T L Sla IR at Slu Rfp is compact is

but for general lattice
it was open

The Let a be a countable discrete

grasp with property then G is finitely
generated

We'll see a proof using the first def
of property t Recall that the unitary
dual I all unitary irreducible reps

all unitary representations
IT G U Uf LP Sf 11PM HB
continuous group homomorphism

1 de



on this set the Fell topology is described

as follows given ITE E and a triple

SEH K E G E o a representation

T c E is in the CS K E hbhd

of IT if 1yet sit
kttlgls.gs socgly z KE

tg t k
The trivial representation is

T A UNF gts Id
Proof i Enumerate G 3g gz 3
and set th Lg gn want n at

Th G If not then Tn Tht C

In a NIEMI hack on 4pm

semi regular representation so that

for any Neth Inca will act trivially
a Nhlpa Now take any get

c S SSI s fo any E o and



Tcg5,571 so for any E o and

Kcompact in G so finite if n I K I

K E Tn and TnCoty 2 trek

In E S K E hbhd of T

tf since T is isolated hence

at some point In _G
Back to some of the what almost

invariant vectors

given a representation IT a UCH

Q E G E 0 a vector get is called
CQ E invariant if
gsenpo

Mgl s Il s E S

µ
Say that the representation

4T if has

almost invariant vectors if it has
Q E invariant vectors tf Q E a compact
and HE o

ha t ch



Say that IT A has invariant vectors

if I 5 to sit ITg 5 5 Age G

Reina HIT g S SH LNgS S Tiggy
HTCg SH t 11911 2 SITg 5,5
2 Al LITCgl5,9 I
9
Tcg S s

Who Who hasCT and who doesn't
non finitely generated discrete groups
finite group
Stn IR 842 property ID goes from
lattices to the ambient group and
vice versa

sketch of why Stark has properly
keyproposition G locally canpact Noa
abelian here it will be 6 54112 X R2

N R2
If the only G invariant mean on the
Borel subsets of F is y z GA F



orel sub s of is 3 G o N

dual to the conj action Then any
1T unit rep of G with almos invariant
vectors has N invariant vectors
this is called relative property T

also t for the pair Ca N
1

For G Sk IR X 1122 N R2 this
proposition follows from the Dirac mass

at 0 being the only SEIR invariant
mean on the Boel subsets of R2

LS IR then get these

R2 ihr vectors move them around to

get Sb IR invariant
vectors

More groups with property

Aut Fu n 5 reattempts OutCtu

Ope Hod Sg g 33



g g
Who doesn't have It Zu Z
let us see why the regular representation

T Z U Elz has almost

invariant vectors it won't have any
invariant vector
want Q E 1h variant vectors fQEZ
compact I will assure Q E k k

Eso Define 5 Fu Heo n fo
n large enough so that 2nd c E

k

T forge Q

o h

111cg S 9112 52 1191427 self
E 2nd a EZ

S is CQ E invariant



Z does not have property

The same proof works for the
regular representation on any amenable

group
here pick the Follow def

discrete
G amenable HFE a finite Hao

Fu UCF E sit IFU LE
MI

So then the exact same proof as

for the case 2 works

S ku
Property

inherited by quotients

gies many non property groups

HT s Z

Property T by Betcha dela HarpeValette
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criterion for HIM

paa ai e

has a spectralgap
G semisimple with highregrk

Sp nil Ftl 20
not god H
IH2x R IH2xH 2

sun

IT G UCH

MfCx E peaty fly
1 averaging
operator

14 will act as if so spectm



if spec M E t B V Er But B
T L 1

Corner hyperbolic
T C Spca 1
hyp with

In hyp not
UIu


