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Goal

compare various notions of
dimension of a group

some examples of groups

with dimension gaps



Dimensions of G

1 GeometricdimensionfG
dim G inf k l G has a k dimensional

KCG 1 complex

2 CAITO dimension of Gi by semisimpleisometries
CAITO dimssG inf k l G acts properly on a

K dim CATCO complex

3 Cubi

cubdim G inf k l G acts properly
on a k din

CATCO cute complex

4 CohomologicaldimensionofGI
Cd G inf l k l there exists a projective resolution ofZ

over ZG of length K



CAT(0) spaces
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We say Banya satisfies CATldimequale.ly if

for all p.ge JKYiZ dxCp.g EdEzCp ig
X is CATIO if every geodesic triangle satisfies

the CATCO inequality

Example CATCO cube complexes with the metric
induced by the Euclidean metric on each cube



IsometiesofCATColspacesi
An isometry g X X is

semi f
elliHic if g has

a fixed point in X

simple hyperbolic if g preserves
a geodesic line

in X and acts on it by
translation

parabolic otherwise



For the rest of the talk: G is finitely generated and torsion-free

cdG = inf{k |Z admits a projective resolution over ZG of length k}
dimG = inf{k |G has a k-dimensional K (G , 1)-complex}
CAT(0)dimssG = inf{k |G acts properly by semi-simple isometries on a

CAT(0) complex of dim k}
cubdimG = inf{k |G acts properly on a CAT(0) cube complex of dim k}

Cd G E din G E CATG dims G E cabalism G
n n

every isometrycellular structure of a CATH cube
gives a free CATCO spam complex is semi
resolution of are contractible

simple
length K G torsionfree Haglund 2007

proper action is
free



cdG  dimG  CAT(0) dimss G  cubdimG

Question Can these inequalities be strict

1 Stallings 57 If cdG 1 then

G is free
all dimensions are equal 1

2 There are many groups that don't act

properly on Cato cube complexes CARD spaces

so cubdim G D or CATCO dim G D

infinite gaps e.g BSC112



cdG  dimG  CAT(0) dimss G  cubdimG

Quatim Can there be a finite gap
3 theorem Eilenberg Ganea 57

If cd G n 3 then dim G W

If cdG 2 then dim G E3

Ei m cd G dim G

Bestuina Brady 197 Only one of the conjectures
can be true Eilenberg Ganea conjecture

or

Whitehead conjecture141 connected subcomplex of
an aspherical 2 dim CW complex is aspherical



cdG  dimG  CAT(0)dimssG  cubdimG

4 Brady Crisp 2002 certain 3 generator Artin groups

dim G CARDdims G s D

Amnp Laib c l Ebm bamber bend cbncw.EE
p p

Charney Davis 95 dim Amnp 2 t the In11ps

Brady Crisp 2002 1 CATG dims Aznp 72

2 All but finitely manyAzn
are Ji 3 dim NPC piecewise

Euclidean complex

1 p
dim Aarp 2 CATO dims Amp 3



cdG  dimG  CAT(0)dimssG  cubdimG

E.g 134 A 233 La bio labor Gab Geb cbc ca ac

braid group on 4 strands

dim 134 2 E CATO dims By 3

0M What about cub dim

The Huang J Praytycki Haettel 2016

Amnp does not act properly and cocompactly

on a CATCO cube complex unless cnn.mg 2,2

without cocompactness open



cdG  dimG  CAT(0)dimssG  cubdimG

5 CBridson 2002

Y Bridson i

X rf anrysf 8 1 X is asphenIFding z
G

Ja fois ft 2 a does not act properly

bousemainsyimm.diismomefief.co

complex
X E 3 dim CATCO cube

G TIX complex
CATcodimG adding

3
3 I X I e 2 dim NPC

double piecewise Euclideancover
complex



cdG  dimG  CAT(0)dimssG  cubdimG

6 them CJ
For every n there exists a finitely presented

c'Ck small cancellation group G with cubdimG n

always hyperbolic dim 6 2



G L SIR is C Ct if Example
TI Ez Cab Cid l

in CayCG S CaioCad
Ipl f Irl

g
J I I
piece

pieces singleedges
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C'Ct groups are hyperbolic dim 2

Gromov S Brown2016 for uniformly CK't group
Cayley complex can be folded into a

CATC 1 complex CATH dim G I

Wise 2004 C'Ck groups act properly and cocompactly on

CATO cute complexes cubdimG soo



Wiseisconsthection

E
action of FEZ on a

4 dimensional CATH cute complex

but HE S IH

II



One consequence

Example y wise 2020

There exists finitely generated G such that

dim G 2

cubdim G D

G acts properly on a locally
finite CATCO cube complex





Thank you.


