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Tropical Complex Dynamics



1. Tree for multiply connected Fatou components

Definition. Let A be a collection on disjoint annuli of �C. Each
annulus A is canonically foliated by topological circles. For x, y � �C,
let A[x, y] be the union of leaves which separate x and y. So A[x, y] is
either a subannulus of A or an emptyset. Define d : �C� �C� [0, +�]
by

d(x, y) =
�

A�A

mod A[x, y].

Let
T = TA = �C/�A ,

where x �A y if and only if d(x, y) = 0. Then T is a tree and d induces
a (generalized) metric, which may take value �.



Let f be a rational map with a periodic Fatou component, which is
not a parabolic basin. In each periodic Fatou component other than
parabolic basin, i.e., Attracting basin, superattracting basin, Siegel
disk or Herman ring, there is a canonical foliation by circles. (Use
linearization, Böttcher etc.) Remove the leaves containing the grand
orbits of critical points, and take all the inverse images. We obtain a
collection of disjoint annuli Af on �C. From Af , the tree T = Tf = TAf

is defined.

The map f defined a continuous map F : T � T and the degree
function deg F : T � Sing(T )� N with the following properties:

if J = [x, y] is an arc in T joining x and y such that F |J is injective
and deg F is constant on J , then d(F (x), F (y)) = (deg F |J) d(x, y).

There is a dense open set in T such that any orbit from this set
eventually lands on a periodic arcs on which the return map is identity
(Siegel disks, Herman rings), a translation or an expansion towards a
point at infinity (attracting or superattracting basin).

A tree and a piecewise linear map for a rational map



Local models on small spheres corresponding to vertices

deg F = k

z �� zk

If the point on the tree is periodic, a quasiconformal surgery can be
carried out so that periodic isometric branches correspond to Siegel
disks and periodic expanding branches correspond to superattracting
basin.

A periodic orbit not intersecting Sing(T ) corresponds to a quasicircle.

An estimate on the number of critical points
folding

deg F = d1 deg F = d2

local degree � d1 + d2

# of crit pts � 2(d1 + d2)� 2� (d1 � 1)� (d2 � 1) = d1 + d2



Weakly repelling fixed point and the complexity of F
Theorem (Fatou): Every rational map of degree � 1 has a weakly
repelling fixed point (repelling or parabolic with multiplier 1).

Theorem (S.) The Julia set of the Newton’s method of a polyno-
mial is connected. More generally if a Julia set of a rational map is
not connected, there are two weakly repelling fixed points which are
separated by a Fatou component.

Typical argument in the proof: 
Suppose the Julia set is not connected. There exists a fixed point �
of F , which is the projection of a weakly repelling fixed point and ��

an inverse image of �, �� �= �.

In the case where the branch of [�, ��] at � is not fixed ...

�

��

After a surgery, there must be another weakly repelling fixed point
separated by a Fatou component.



Inverse problem 
Construction of a rational map from a tree map and local models

If Sing(T ) has finite orbit,
a surgery can be carried out.

Use quasiconformal surgery



Thurston's theorem on the characterization of rational maps 
among self-branched covering of 2-sphere.

2.



Thurston matrix



Tree associated to an invariant multicurve of a PCF map
Given a multicurve � on S2, one can associate a tree T = T� so that
each connected component of S2 � �� corresponds to a vertex of T ;
each � corresponds to an edge of T which connects the two vertices
corresponding to components of S2 � �� sharing � as boundary.

("dual graph") cf. Work by Pilgrim



Application to Levy cycle theorems

Levy cycles Theorem (Levy) If f is a postcritically topological
polynomial, then any Thurston obstruction is a degenerate (remov-
able) Levy cycle, i.e. bounds disks on which the map is homeomor-
phic.
Levy cycles Theorem (Rees) If f is a postcritically branched cov-
ering with only two critical points, then any Thurston obstruction is
either a degenerate Levy cycle or an essential Levy cycle, i.e. the Levy
cycle bounds a single component on which the map is homeomorphic.

This argument fails as soon as there are 3 critical points.



Theorem (Thurston). Suppose f : S2 → S2 is a postcritically finite
branched covering with a hyperbolic orbifold. Then f is equivalent to a
rational map, if and only if there is no f -invariant multicurve Γ with
λΓ ≥ 1.

Remark. The definition of hyperbolic orbifold is omitted. If the orb-
ifold is not hyperbolic, then f−1(Pf ) ⊂ Ωf ∪ Pf and #Pf ≤ 4. There-
fore brached coverings with non-hyperbolic orbifolds are considered to
be exceptional.

Definition. An f -invariant curve Γ with λΓ ≥ 1 is called a Thurston
obstruction.

The proof of Thurston’s theorem is given by looking at the action
of f on the Teichmüller space of S2 ! Pf :

Teich(S2 ! Pf ) = { conformal structures on S2 ! Pf with marking }/ ∼
= {ϕ : S2 → Ĉ}/ ∼Möbius+isotopy rel Pf

The pull-back f∗ acts on Teich(S2 ! Pf ). f is Thurston equivalent to
a rational map if and only if f ∗ has a fixed point in Teich(S2 ! Pf ).

Definition. A multicurve γ1, ..., γn is called a Levy cycle, if each
f−1(γi+1) contains a component γ′

i homotopic to γi and f : γ′
i → γi+1

is of degree one (i = 0, ..., n − 1), where γ0 = γn. Any Levy cycle is
contained in a Thurston obstruction.

Remark. It is known ([L], [TL1]) that if f is of degree two or a topo-
logical polynomial (i.e. there is a point ∞ ∈ S2 such that f−1(∞) =
∞), then the existence of Thurston’s obstruction is equivalent to the
existence of Levy cycle.

Theorem (Levy, Rees?). For a topological polynomial f (i.e. f−1(∞) =
{∞}) or a branched covering f of degree 2, f has a Thurston obstruc-
tion if and only if it has a Levy cycle.

Theorem (S.-Tan). There exists a mating of cubic polynomials such
that it has a Thurston obstruction, but has no Levy cycle.

2 Definition of the tree and the piecewise
linear map

2.1 Let Γ be a finite collection of disjoint simple closed curves in S2.
As a convention, S2−Γ denotes S2−

⋃
γ∈Γ γ. A graph associated with

Γ is defined as follows:

1. each γ ∈ Γ corresponds to an edge e(γ);

3

Counter example to Levy cycle theorem with 3 crit pts
One can construct a Thurston obstruction by giving a tree map and adding 
an information on local models.  When the number of branches is small, it 
is easy to create appropriate local models.  

2
1 � = 1



3. Degeneration, scaling limits, Arfeux's trees of spheres

period 2 with a parabolic pt

period 3



Inverse problem = realization problem



Specific example: degree 2, period 2 and 3 spheres

1 0

4

3
2



The map f viewed in the new coordinates should have limits

These are two scaling limits.
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Thank you!


