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|
The bigger picture

General programme: understand conformal invariants associated to
nested surfaces and its relation to the global geometry of moduli
spaces of nested surfaces.

This “nesting” appears in:
@ classical geometric function theory (image of a conformal map f in
its codomain)
@ conformal field theory (sewing)

@ quasiconformal Teichmuller theory (univalent function model,
conformal welding =sewing ).
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What's in this talk

How do harmonic objects interact with irregular (= quasicircles)
seams?

@ “overfare” of harmonic forms and functions

© Faber and Grunsky operators

© comparison integral operators of Schiffer

© scattering matrix
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Overfare

Overfare

Eric Schippers (Manitoba) Scattering MSRI 2022 4/49



Overfare

Geometric sketch of overfare

Setup: A compact Riemann surface R, separated into X1 and X, by a
complex of quasicircles =T{ U ---UTp.
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Overfare

Geometric sketch of overfare

Setup: A compact Riemann surface R, separated into X1 and X, by a
complex of quasicircles =T U---UT .

r ‘ hz = 012h1

hy harmonic on X4
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Overfare

Bergman spaces

Hodge star operator: One-form locally a(z)dx + b(z)dy (z = x + iy)

x(a(z)dx + b(z)dy) = a(z)dy — b(z)dx.

(0, B)x = / /z aniB, ol = (a,a).

Bergman spaces of one-forms:

= {a harm one form : ||o|| < oo} = A(X) ¢ A(X)
= {a € Aharm(X) : @ holomorphic}
A(X) = {a € Aharm(X) : @ antiholomorphic}

pullback: f*(h(z)dz) = h(f(z))f'(z)dz, f*h(z)dz = h(f(z))f'(z)dz.
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Overfare

Dirichlet spaces

Dirichlet spaces of functions:

Dham(E) = {h: T — C: dh € Apam(X)}
D(E)={h: T —C:dhe AX)}

D(X)={h:X - C:dhec A(X)}.

(h,g)s = (dh, dg)s

e the norm is now a semi-norm
e In a planar domain, these reduce to the usual Bergman and Dirichlet
spaces.

pullback: f*h = hof.
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Overfare

Conformally non-tangential limits
Let I be a Jordan curve with a biholomorphism v of a collar of I in ¥.

v

¥(p)

Definition (CNT limits)

The CNT limit of a function h: ¥ — C atpisCif hoy ' hasa
non-tangential limit of ¢ at ¥(p)

e This is independent of the choice of .
¢ This is the same as treating I as the abstract border of the Riemann
surface ¥.
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Null sets

‘ ¥(p)
Definition

We say that a set / C Iis null if it is a Borel set and (/) has
logarithmic capacity zero in S'.

¢ This is independent of the choice of ¢, not independent of the side!

Theorem (S Staubach, 2020)

A function h € Dyam(X) has CNT boundary values except possibly on
a null set.

o follows from Beurling’s classical theorem, and a bit of easy surgery.
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Overfare

Bounded overfare theorem

Let R be a compact Riemann surface, separated by a complex of
quasicircles I' into ¥4 and X».

Theorem (S & Staubach, 2021)

I C T is null with respect to X1 if and only if it is null with respect to ¥».
Given any hy € Dham(X1), there is a unique hy € Dy (X2) whose
boundary values agree with those of hy except possibly on a null set.

v

Theorem (S & Staubach, 2021)
Assume that X1 is connected. The overfare operator

012 : Dharm(z1) - Dharm(ZZ)

is bounded with respect to the Dirichlet semi-norm.
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Earlier versions

e in the plane, S & Staubach 2017 (note: existence of a bounded
overfare characterizes quasicircles!)

¢ Riemann surfaces with a single curve I' S & Staubach 2020.
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Earlier versions

e in the plane, S & Staubach 2017 (note: existence of a bounded
overfare characterizes quasicircles!)

¢ Riemann surfaces with a single curve I' S & Staubach 2020.

Nomenclature problems:

In 2017: “harmonicreflection”
For a while after: “transmission”
Finally settled on “overfare”.
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Earlier versions

e in the plane, S & Staubach 2017 (note: existence of a bounded
overfare characterizes quasicircles!)

¢ Riemann surfaces with a single curve I' S & Staubach 2020.

harmenic;
reflection
Nomenclature problems:
In 2017: “harmonicrefiection” transmission
For a while after: “transmission”
Finally settled on “overfare”.
overfare
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Some results in the Riemann sphere

Results in the sphere

Faber and Grunsky operators
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Some results in the Riemann sphere

Cauchy operator

e R = Riemann sphere, I' a Jordan curve separating into ¥4, ¥»
o Letl, =f(|z| = r) where f : D — ¥4 is conformal

Define for h € Dyarm(%1)

. 1 ( )
_ W) .
J1kh—rl|/‘m12 i) aw ze€ Yy

Jik : Dharm(Z1) — D(Xk) is bounded.
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Some results in the Riemann sphere

Faber operator
The Faber operator (e.g. Suetin 95) is

Il = J12(f71)* : Do(]D) — Doo(ZZ)

Note: it is defined on various spaces; J1» is taken as a direct integral
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Faber operator

The Faber operator (e.g. Suetin 95) is

If = J12(f1)* : Do(D) — Doo(X2)
Note: it is defined on various spaces; J1» is taken as a direct integral
Faber polynomials: ®,(z2) :=1£(Z") € Co[1/2].

If I and H are nice enough, the Faber series converges to IgH .

(D HaZ") =) Ha®p
n=1 n=1

where you can fill in the meanings of the blue words in various ways.
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Faber isomorphism

Theorem (“iff” Shen 09, “if” Cavus 1996)
For a domain Q_

B3 x> An/yVnd,

is an isomorphism onto D (%) if and only if its boundary is a
quasicircle.
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Theorem (“iff” Shen 09, “if” Cavus 1996)
For a domain Q_

B3 x> An/yVnd,

is an isomorphism onto D (%) if and only if its boundary is a
quasicircle.

Theorem (Wei, Wang, Hu 13)

LetT be a rectifiable Jordan curve. Then the Faber operator is an
isomorphism if and only ifT is a rectifiable quasicircle.
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Some results in the Riemann sphere

Faber isomorphism

Theorem (“iff” Shen 09, “if” Cavus 1996)
For a domain Q_

B3 x> An/yVnd,

is an isomorphism onto D (%) if and only if its boundary is a
quasicircle.

Theorem (Wei, Wang, Hu 13)

LetT be a rectifiable Jordan curve. Then the Faber operator is an
isomorphism if and only ifT is a rectifiable quasicircle.

Theorem (S & Staubach, 18)

LetT be a Jordan curve. Then the Faber operator is an isomorphism if
and only ifT is a quasicircle.

v
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Some results in the Riemann sphere

Grunsky operator

Given f : D — X1 conformal, the Grunsky operator is the unique
bounded extension of

Po(D)f*O21ls : Co[2] — Do(D)
to Do(D) where Py (D) is projection

Po(D) : Dharm(D) — Do(D).
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Grunsky operator

Given f : D — X1 conformal, the Grunsky operator is the unique
bounded extension of

Po(D)f*O21ls : Co[2] — Do(D)
to Do(D) where Py (D) is projection
Po(]D)) : Dham(D) — Do(]D))

Letting Gr; = dGr;d—' : A(D) — A(D)
This is equivalent to the integral operator (Bergman and Schiffer, 1950)

(Gr /(2 // < ZZ 5 - (C1Z)2>h(C)dAC.
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Some results in the Riemann sphere

The Ubiquitous Quasicircle

Let I be a Jordan curve. TFAE:

@ [ is a quasicircle.

Q Ji2: Do(X1) = Doo(X2) is an isomorphism. (Napalkov and
Yulmukhametov, 01).

© The Faber operator is an isomorphism (Shen 09 & Cavus 96).
© There exists a bounded transmission (S & Staubach 17).
@ ||Gr¢|| < 1 (Pommerenke 75, Kilhnau 71).

Survey paper: S & Staubach, 2021.
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Some results in the Riemann sphere

Grunsky literature sample

e The integral operator form of the Grunsky “matrix” (Bergman and
Schiffer 50)

e Grunsky operator properties and their relation to regularity of the
domain/mapping function (Gavin Jones 98, Shen 07)

e KYNS period map is given by Grunsky matrix (Takhtajan and Teo 06)

e Extension to LP (Baranov and Hedenmalm 08)
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What is the Grunsky operator?

Theorem (Radnell, S & Staubach 17, 20, S & Staubach 19)
IfT is a quasicircle then Py(D) f* Oy =1". So

f*021Doo(X2) = F*O211;Do(D)
= Graph Gr;. (mod constants)

Proof.

*021Dc(T2) = (Po(D) + Po(D) ) *0z11/Do(D)
= (Id + Gr;) Dy(D)

o {Z" + Gr¢(2")} is a basis for f*D.(X2).
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Some results in the Riemann sphere

Grunsky in pictures

Let h € D(Xp).

In general f*021D(X,) = graph Gry.
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Grunsky in pictures

Let h € D(Xp).
b1
O~
(-
$2

In general f*021D(X,) = graph Gry.
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Some results in the Riemann sphere

Grunsky in pictures

Let h € D(Xp).

021 h e Dha‘rm(zl)

In general f*021D(X,) = graph Gry.
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Some results in the Riemann sphere

Grunsky in pictures

Let h € D(Xp).

I:*021 he Dharm (]D)) @ Dharm (D) @ Dllarm (D)

In general f*021D(X,) = graph Gry.
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Some results in the Riemann sphere

Grunsky in general

e several quasicircles in the sphere Radnell, S & Staubach 20

e general Faber isomorphism and Grunsky operator for genus g > 0,
many quasicircles, Shirazi 20
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Big part of the picture: period mapping

e A chain of papers (Kirillov-Yuri’ev 86, Nag-Sullivan 95, Takhtajan and
Teo 06) shows: the Grunsky operator in the plane is an analogue for
the Teichmdller space of the disk of the period mapping for compact
surfaces.

Classically this period map lies in the Siegel disk

{Z nx nmatrices : Z! = Z,1d — ZZ > 0}

associated to the period mapping.

The period matrices generate a “polarization” (a certain Lagrangian
decomposition of a symplectic space).
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Some results in the Riemann sphere

The map
Teich(D) = QS(S')/Méb(S') — Gr;

is the “KYNS period map”, which has analogues with the classical
period map of compact surfaces.
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Some results in the Riemann sphere

The map
Teich(D) = QS(S')/Méb(S') — Gr;

is the “KYNS period map”, which has analogues with the classical
period map of compact surfaces.

One of our motivations: find a way to unify the KYNS period map
with the period map of compact surfaces.
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Schiffer operators

Schiffer comparison operators

Schiffer comparison operators
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Schiffer operators

Green’s function

Let R be a compact Riemann surface. Green’s function on R is
harmonic with two logarithmic singularities; at z and at q:
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Schiffer operators

Green’s function

Let R be a compact Riemann surface. Green’s function on R is
harmonic with two logarithmic singularities; at z and at q:
Definition
Green’s function on R (normalized at wp) is

@ g(w; z q)is harmonic in w on R\{z, q};

© for a local coordinate ¢ on an open set U containing z,
g(w; z,q) + log|p(w) — ¢(2)| is harmonic for w € U,

© for a local coordinate ¢ on an open set U containing g,
g(w; z,q) — log |p(w) — ¢(q)| is harmonic for w € U;

Q 9(wy;z,q) =0forall z,q, wp.
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Schiffer operators

Green’s function

Let R be a compact Riemann surface. Green’s function on R is
harmonic with two logarithmic singularities; at z and at q:

Definition
Green’s function on R (normalized at wp) is
@ g(w; z q)is harmonic in w on R\{z, q};

© for a local coordinate ¢ on an open set U containing z,
g(w; z,q) + log|p(w) — ¢(2)| is harmonic for w € U,

© for alocal coordinate ¢ on an open set U containing q,
g(w; z,q) — log |p(w) — ¢(q)| is harmonic for w € U;

Q 9(wy;z,q) =0forall z,q, wp.

Condition (4) is not essential; we consider only derivatives of g.
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Schiffer operators

The picture from now on

e [ consists of quasicircles (unless specified to be a general Jordan
curve)

e 3, is connected

¢ > 1 might not be connected.
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Schiffer operators

The Schiffer comparison operators: kernels

Bergman kernel:

1 _
K(z,w) = —Eazawg(W; z,q)
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Bergman kernel:

1 _
K(z,w) = —Eazawg(W; z,q)

Schiffer kernel:

1
L(z,w) = —Eazawg(w; z,q).
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Schiffer operators

The Schiffer comparison operators: kernels

Bergman kernel:

1
K(z,w) = —Eazawg(w; z,q)

Schiffer kernel:

1
L(z,w) = —Eazawg(w; z,q).

Important point:
e kernels depend on entire surface R
e .... but we will integrate only over ¥4 or ¥,
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Schiffer operators

Schiffer comparison operators

T(ZJ,Z1 U¥,): AX ) — A4 U X))

a(w) »—>// L(z, w) Aw a(w).

as a principal value integral. Also denote
Tjk . A(Zj) — .A(Zk)

am T(X, X UXs)aly,
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Schiffer operators

Schiffer comparison operators

T(ZJ,Z1 U¥,): AX ) — A4 U X))

a(w) »—>// L(z, w) Aw a(w).

as a principal value integral. Also denote

Tjk . A(Zj) — .A(Zk)
am T(X, X UXs)aly,

and

S;: A(%)) —

»—>// K(z,w) Aw a(w).
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Example

Let R =C, X4 is a simply-connected domain in the plane, ¥, its
complement in C.

g(w, 00 2,q) = log 1 — 2]
W —q
Then
T1kh V_V——// dAW ZE Xy
v, (w—2z

and K=0s0S; =0.
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A bit of history

e These operators arise in geometric function theory and are related to
the theory of conformal maps, Plemelj-Sokhotski jump formula,
Grunsky inequalities, Fredholm eigenvalues etc (e.g. Bergman and
Schiffer 1950; Schiffer 1981)

e Multiply-connected case, e.g. Schiffer 1957, Schiffer Springer 1965
e Case when outer domain is not the sphere, Schiffer 1950

e On Riemann surfaces, Schiffer and Spencer 1954
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Some isomorphisms

Theorem (Napalkov and Yulmukhametov, 01)
Let R be the Riemann sphere, Y1, ¥» simply connected, I a Jordan

curve. Then Ty, : A(X4) — A(X2) is an isomorphism if and only ifT is
a quasicircle.

remark:
« the Faber operator on forms is just Iy = Tyo(f~1)*

« the Grunsky operator on forms is Gr; = f*Ty¢(f~1)x.
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Schiffer operators

Isomorphisms continued

Let Rt : A(R) — A(Xk) denote restriction.
Let A¢(X) denote exact one-forms in the Bergman space.

Theorem (S& Staubach 20, Shirazi 20, S & Staubach, 2021)
If X5 is connected, then

S B
Tip: [R1A(R)} — Ao(Zn)

is an isomorphism.
Furthermore || T14|| < 1.
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Schiffer operators

A Faber isomorphism for one-forms

Let AS¢(%,) be those L? harmonic one-forms with zero periods on the
boundary curves.

Theorem

If ¥» is connected, and X1 consists of n disjoint simply connected
domains bounded by quasicircles, then

0 : AT ® A(R) — A°(5,)
(7, 7) = —T127+Ro7

is a bounded isomorphism.

Remark Using this, one can give a general Grunsky operator unifying
the Kirillov-Yuriev-Nag-Sullivan period mapping with the classical
period mapping for compact surfaces [S Staubach 21].

Eric Schippers (Manitoba) Scattering MSRI 2022 43/49



Schiffer operators

Index theorems for conformally invariant operators

S & Staubach 2021: If X4, ¥, connected, of genus gy and go,
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Scattering

Scattering

Overfare of one-forms in quasicircles
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Scattering

Exact overfare of forms
Overfare of exact harmonic one-forms is defined by
0%, := dOyd .

The boundary values of a harmonic one-form do not uniquely specify
the one-form. We use “catalyzing forms” in Ap,-m(R) to specify the
cohomology.
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Scattering

Exact overfare of forms

Overfare of exact harmonic one-forms is defined by
0%, := dOxd .

The boundary values of a harmonic one-form do not uniquely specify
the one-form. We use “catalyzing forms” in Apa:m(R) to specify the
cohomology.

Definition
Let X5 be connected, Let 1o € Aparm(X2).

Assume ¢ € Anarm(R) is such that up — ¢ is exact.
Then the overfare of u, with respect to the catalyzing form ( is

p1 = 05 (2 — Ra) + RyC.

Remark: ;1 and up have the same boundary values in a conformally
invariant H—'/2 space.
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Scattering

The scattering matrix, genus g # 0

Let ( = +7 € Anam(R) be a catalyzing form.
Let uy = oy + B4 € A be the overfare of iy with respect to this form.

Theorem (S & Staubach, 2021)
Assume ¥, is connected, and genus of R is non-zero, we have

B ~Ti1 -T2t Ry o
Bo | = —Ti2 —T22 Ro ag | . (1)
13 S1 S; O n

and this scattering matrix is unitary.
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The scattering matrix, genus g =0

Theorem (S & Staubach, 2021)
Assuming ¥, is connected, and R is the sphere we have

B _ —T11 —Taf > ( ay )
(52) <—T1,2 ~Top ag )’ @

and the matrix is unitary.

Remark The unitarity amounts to adjoint identities, which are
reformulations of norm identities of Bergman and Schiffer 50. The
resulting fact that || T11]| < 1 is Bergman-Schiffer's proof of the Grunsky
inequalities.
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Thanks!

Thanks!
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