
$ŏʿƚɯǞŏȘ ȘȩȘɔŏɟŏȒƚɾɟǞż ȒȩƇƚȀɯ ǀȩɟ ɾɟƚŏɾȒƚȘɾ
ƚǀǀƚżɾ ǕƚɾƚɟȩǃƚȘƚǞɾʿࠊ ȒȩƇƚȀ ɔŏɟŏȒƚɾƚɟǞˌŏɾǞȩȘࠋ
ɔɟǞȩɟ żǕȩǞżƚࠋ ŏȘƇ ɔȩɯɾƚɟǞȩɟ ɯʕȒȒŏɟǞˌŏɾǞȩȘ

�ŏɟƚƇ ëࠒ �ʕɟɟŏʿ ࠸ ÷Ǖƚ ĆȘǞʲƚɟɯǞɾʿ ȩǀ ÷ƚʾŏɯ ŏɾ �ʕɯɾǞȘࠒ
�ŏɟżǕ ࠋޟޠ ޡޡޟޡ



�ȩɾǞʲŏɾǞȩȘ

$ŏʿƚɯǞŏȘ ȘȩȘɔŏɟŏȒƚɾɟǞż ȒȩƇƚȀǞȘǃ Ǟɯ ŏȘ ƚǀǀƚżɾǞʲƚ ɾȩȩȀ ǀȩɟ ǞȘǀƚɟɟǞȘǃ
ǕƚɾƚɟȩǃƚȘȩʕɯ żŏʕɯŏȀ ƚǀǀƚżɾɯࠒ

$ŏʿƚɯ ƚɯɾǞȒŏɾƚɯ ǀɟȩȒ ɾǕƚɯƚ ȒȩƇƚȀɯ żŏȘ Ǖŏʲƚ ƚʾżƚȀȀƚȘɾ ǀɟƚɛʕƚȘɾǞɯɾ
ɔɟȩɔƚɟɾǞƚɯ ࠸ Șȩ ȘƚƚƇ ɾȩ ƇɟǞȘǺ ɾǕƚ �ȩȩȀ࠺�ǞƇࠒ

ëȩȒƚ ǞȘɯǞǃǕɾɯ ŏųȩʕɾ ȒȩƇƚȀ ŏȘƇ ɔɟǞȩɟ ɯɔƚżǞ˙żŏɾǞȩȘ ŏɔɔȀʿ ɾȩ ˚ƚʾǞųȀƚ
ƚɯɾǞȒŏɾǞȩȘ ȩǀ ƚǀǀƚżɾ ǕƚɾƚɟȩǃƚȘƚǞɾʿ Ȓȩɟƚ ǃƚȘƚɟŏȀȀʿ

ޠ



ÚʕɾɾǞȘǃ $�Ú ɾȩ ʶȩɟǺ ǀȩɟ ǞȘǀƚɟƚȘżƚ ŏųȩʕɾ ƚǀǀƚżɾ ǕƚɾƚɟȩǃƚȘƚǞɾʿ

÷Ǖɟƚƚ żȩȘɯǞƇƚɟŏɾǞȩȘɯࠊ

ࠇ �ȩƇƚȀ ɔŏɟŏȒƚɾƚɟǞˌŏɾǞȩȘࠊ ĦǕƚȘ ʿȩʕ żŏȘࠋ ǞɯȩȀŏɾƚ ʿȩʕɟ ƚɯɾǞȒŏȘƇ
ŏɯ ŏ ɔŏɟŏȒƚɾƚɟ

ࠇ ÚɟǞȩɟ ɯɔƚżǞ˙żŏɾǞȩȘࠊ ÚɟǞȩɟɯ ŏɟƚ ǞȒɔȩɟɾŏȘɾ ǀȩɟ ƚȘżȩƇǞȘǃ ųƚȀǞƚǀɯ
ųʕɾ ŏȀɯȩ ǀȩɟ ŏɔɔȀʿǞȘǃ ɟƚǃʕȀŏɟǞˌŏɾǞȩȘࠒ áƚǃʕȀŏɟǞˌŏɾǞȩȘ ɾǕŏɾ ǞǃȘȩɟƚɯ
ɯƚȀƚżɾǞȩȘ żŏȘ ųƚ ƇǞɯŏɯɾƚɟȩʕɯࠒ

ࠇ ÚȩɯɾƚɟǞȩɟ ɯʕȒȒŏɟǞˌŏɾǞȩȘࠊ ࡉëȩȀʲǞȘǃࡈ ɾǕƚ $ŏʿƚɯǞŏȘ ŏȘŏȀȩǃʕƚ ȩǀ
ɾǕƚ ɔȩɯɾ࠺ɯƚȀƚżɾǞȩȘ ǞȘǀƚɟƚȘżƚ ɔɟȩųȀƚȒࠋ ǀȩżʕɯǞȘǃ ȩȘ ɯɾŏųȀƚ
ƚɯɾǞȒŏȘƇɯࠋ ŏȘƇ ǃǞʲǞȘǃ ŏżɾǞȩȘŏųȀƚ ǞȘɯǞǃǕɾɯ ǀɟȩȒ żȩȒɔȀƚʾ ȒȩƇƚȀɯࠒ

ޡ



ëȩȒƚ ǃƚȘƚɟǞż ǞƇƚȘɾǞǀʿǞȘǃ ŏɯɯʕȒɔɾǞȩȘɯ

ãɺɛȧȗǂ ǝǂȗȧɛŏųǝǿǝɺʻࠊ

ĥǝ(ޟ), ĥǝ(ޠ) ⊥⊥ ıǝ | ĭǝ = ʾǝ,

Óȧɫǝɺǝʮǝɺʻࠊ
ޟ < Úɟ(ıǝ = ޠ | ĭǝ = ʾǝ) < ޠ

ǀȩɟ ŏȀȀ ǝࠒ ÷ǕƚȘ
Ó(ĥ(ˈ) | ʾ) = Ó(ĥ | ı = ˈ, ʾ)

ࠋ

ŏȘƇ ɾǕƚ żȩȘƇǞɾǞȩȘŏȀ ŏʲƚɟŏǃƚ ɾɟƚŏɾȒƚȘɾ ƚǀǀƚżɾ ࠯C÷�+࠮ Ǟɯ

τ(ʾǝ) : = 1(ĥǝ(ޠ)− ĥǝ(ޟ) | ʾǝ)
= 1(ĥǝ | ʾǝ, ıǝ = −(ޠ 1(ĥǝ | ʾǝ, ıǝ = .(ޟ

ޢ



�ȩƇƚȀ ÚŏɟŏȒƚɾƚɟǞˌŏɾǞȩȘ



ÚŏɟŏȒƚɾƚɟǞˌǞȘǃ �ȩȘɔŏɟŏȒƚɾɟǞż �ȩƇƚȀɯ ȩǀ +ŏʕɯŏȀ Cǀǀƚżɾɯ

_ȩɟǃƚɾ żȩȘǀȩʕȘƇǞȘǃ ŏȘƇ żȩʲŏɟǞŏɾƚɯ ŏȘƇ żȩȘɯǞƇƚɟ ƚɯɾǞȒŏɾǞȘǃ ŏʲƚɟŏǃƚ
ɾɟƚŏɾȒƚȘɾ ƚǀǀƚżɾ ǀȩɟ ŏ ųǞȘŏɟʿ ɾɟƚŏɾȒƚȘɾ ǞȘ ŏ ɟŏȘƇȩȒǞˌƚƇ ɾɟǞŏȀࠒ

� ɯǞȒɔȀƚ ȒȩƇƚȀࠊ

(ĥǝ | ıǝ = (ޟ ǝǝƆ∼ �(µޟ,σޡ)

(ĥǝ | ıǝ = (ޠ ǝǝƆ∼ �(µޠ,σޡ)

ʶǕƚɟƚ ɾǕƚ ƚɯɾǞȒŏȘƇ ȩǀ ǞȘɾƚɟƚɯɾ Ǟɯ τ ≡ µޠ − µࠒޟ

vǀ µޟ, µޠ ∼ �(φǱ, δǱ) ǞȘƇƚɔƚȘƇƚȘɾȀʿ ɾǕƚȘ τ ∼ �(φޠ − φޟ, δޟ + δޠ)

°ǀɾƚȘ ʶƚ Ǖŏʲƚ ɯɾɟȩȘǃƚɟ ɔɟǞȩɟ ǞȘǀȩɟȒŏɾǞȩȘ ŏųȩʕɾ τ ɾǕŏȘ µޠ ȩɟ µޟ ࠸ ǞȘ
ɔŏɟɾǞżʕȀŏɟࠋ ʶƚ ƚʾɔƚżɾ Ǟɾ ɾȩ ųƚ ɯȒŏȀȀࠒ

ޣ



ÚŏɟŏȒƚɾƚɟǞˌǞȘǃ �ȩȘɔŏɟŏȒƚɾɟǞż �ȩƇƚȀɯ ȩǀ +ŏʕɯŏȀ Cǀǀƚżɾɯ

� Ȓȩɟƚ ȘŏɾʕɟŏȀ ɔŏɟŏȒƚɾƚɟǞˌŏɾǞȩȘࠊ

(ĥǝ | ıǝ = (ޟ ǝǝƆ∼ �(µ,σޡ)

(ĥǝ | ıǝ = (ޠ ǝǝƆ∼ �(µ+ τ,σޡ)

ʶǕƚɟƚ ɾǕƚ ƚɯɾǞȒŏȘƇ ȩǀ ǞȘɾƚɟƚɯɾ Ǟɯ ɯɾǞȀȀ τ ࠒ

�ȩʶ ʶƚ żŏȘ ƚʾɔɟƚɯɯ ɔɟǞȩɟ ųƚȀǞƚǀɯ ȩȘ τ ƇǞɟƚżɾȀʿ ŏȘƇ ǞȘƇƚɔƚȘƇƚȘɾ ȩǀ
ȘʕǞɯŏȘżƚ ɔŏɟŏȒƚɾƚɟɯࠒ

ޤ



ÚŏɟŏȒƚɾƚɟǞˌǞȘǃ �ȩȘɔŏɟŏȒƚɾɟǞż �ȩƇƚȀɯ ȩǀ +ŏʕɯŏȀ Cǀǀƚżɾɯ

mȩʶ Ƈȩƚɯ ɾǕǞɯ ɟƚȀŏɾƚ ɾȩ ȒȩƇƚȀɯ ǀȩɟ ǕƚɾƚɟȩǃƚȘƚȩʕɯ ɾɟƚŏɾȒƚȘɾ ƚǀǀƚżɾɯࠓ
+ȩȘɯǞƇƚɟ ࠯ȒȩɯɾȀʿ࠮ ɯƚɔŏɟŏɾƚ ȒȩƇƚȀɯ ǀȩɟ ɾɟƚŏɾȒƚȘɾ ŏɟȒɯࠊ

ʻǝ = ƿˈǝ(ʾǝ) + ϵǝ ϵǝ ∼ (ޡσ,ޟ)�

(ĥǝ | ıǝ = ,ޟ ʾǝ) ǝǝƆ∼ �(ƿޟ(ʾ),σޡ)

(ĥǝ | ıǝ = ,ޠ ʾǝ) ǝǝƆ∼ �(ƿޠ(ʾ),σޡ)

vȘƇƚɔƚȘƇƚȘɾ ɔɟǞȩɟɯ ȩȘ ƿޟ, ƿޠ → ɔɟǞȩɟ ȩȘ τ(ʾ) ≡ ƿޠ(ʾ)− ƿޟ(ʾ) Ǖŏɯ Ȁŏɟǃƚɟ
ʲŏɟǞŏȘżƚ ɾǕŏȘ ɔɟǞȩɟ ȩȘ ƿޟ ȩɟ ƿޠ

�ȩ ƇǞɟƚżɾ ɔɟǞȩɟ żȩȘɾɟȩȀ→ ɯǞȒɔȀƚ ƿޟ, ƿޠ żŏȘ żȩȒɔȩɯƚ ɾȩ żȩȒɔȀƚʾ τ ࠒǃࠒƚ࠮
�ʜȘˌƚȀ ƚɾ ŏȀ ࠒ࠯࠯ިޠޟޡ࠮

vȘ ŏƇƇǞɾǞȩȘࠋ ƚʲƚɟʿ ʲŏɟǞŏųȀƚ ǞȘ ʾ Ǟɯ ŏ ɔȩɾƚȘɾǞŏȀ ƚǀǀƚżɾ ȒȩƇǞ˙ƚɟࠒ

ޥ



ÚŏɟŏȒƚɾƚɟǞˌǞȘǃ �ȩȘɔŏɟŏȒƚɾɟǞż �ȩƇƚȀɯ ȩǀ +ŏʕɯŏȀ Cǀǀƚżɾɯ

ĦǕŏɾ ŏųȩʕɾ ɾǕƚ ǲʕɯɾࡈ ŏȘȩɾǕƚɟ żȩʲŏɟǞŏɾƚࡉ ɔŏɟŏȒƚɾƚɟǞˌŏɾǞȩȘࠓ

ʻǝ = ƿ(ʾǝ, ˈǝ) + ϵǝ ϵǝ ∼ (ޡσ,ޟ)�
(ĥǝ | ıǝ = ˈǝ, ʾǝ) ǝǝƆ∼ �(ƿ(ʾǝ, ˈǝ),σޡ)

÷ǕƚȘ ɾǕƚ ǕƚɾƚɟȩǃƚȘƚȩʕɯ ɾɟƚŏɾȒƚȘɾ ƚǀǀƚżɾɯ ŏɟƚ ǃǞʲƚȘ ųʿ

τ(ʾ) ≡ ƿ(ʾ, −(ޠ ƿ(ʾ, (ޟ

ŏȘƇ ʶƚ ɯɾǞȀȀ ࠯ǃƚȘƚɟŏȀȀʿ࠮ Ǖŏʲƚ Șȩ ƇǞɟƚżɾ ɔɟǞȩɟ żȩȘɾɟȩȀࠎ

ަ



ÚŏɟŏȒƚɾƚɟǞˌǞȘǃ �ȩȘɔŏɟŏȒƚɾɟǞż �ȩƇƚȀɯ ȩǀ +ŏʕɯŏȀ Cǀǀƚżɾɯ

_ȩɟ ųǞȘŏɟʿ ɾɟƚŏɾȒƚȘɾɯࠋ ɯƚɾ ƿ(ʾǝ, ˈǝ) = µ(ʾǝ) + τ(ʶǝ)ˈǝࠋ ʶǕƚɟƚ ʶ Ǟɯ
࠯ɔȩɯɯǞųȀʿ࠮ ŏ ɯʕųɯƚɾ ȩǀ ʾࠊ

ʻǝ = µ(ʾǝ) + τ(ʶǝ)ˈǝ + ϵǝ, ϵǝ ∼ (ޡσ,ޟ)�

(ĥǝ | ıǝ = ˈǝ)
ǝǝƆ∼ �(µ(ʾǝ) + τ(ʶǝ)ˈǝ,σޡ)

÷Ǖƚ ǕƚɾƚɟȩǃƚȘƚȩʕɯ ɾɟƚŏɾȒƚȘɾ ƚǀǀƚżɾɯ ŏɟƚ ǃǞʲƚȘ ųʿ τ(ʶ) ɯȩ ʶƚ Ǖŏʲƚ
ƇǞɟƚżɾ ɔɟǞȩɟ żȩȘɾɟȩȀࠎ

vȘ mŏǕȘ ƚɾࠒ ŏȀࠒ ࠋ࠯ޟޡޟޡ࠮ ʶƚ ʕɯƚ ǞȘƇƚɔƚȘƇƚȘɾ $�á÷ ɔɟǞȩɟɯ ȩȘ µ ŏȘƇ τ

ŏʿƚɯǞŏȘ$ࡈ࠮ żŏʕɯŏȀ ǀȩɟƚɯɾɯࠒ࠯ࡉ

ާ



ÚɟǞȩɟ ëƚȀƚżɾǞȩȘ



÷ʶƚŏǺǞȘǃ ɔɟǞȩɟɯ ȩȘ τ

ëƚʲƚɟŏȀ ŏƇǲʕɯɾȒƚȘɾɯ ɾȩ ɾǕƚ $�á÷ ɔɟǞȩɟ ȩȘ τ ǞȘ ࠊ_+$

ࠇ mǞǃǕƚɟ ɔɟȩųŏųǞȀǞɾʿ ȩȘ ɯȒŏȀȀƚɟ τ ɾɟƚƚɯ ɾǕŏȘ࠮ $�á÷ ƇƚǀŏʕȀɾɯ࠯

ࠇ mǞǃǕƚɟ ɔɟȩųŏųǞȀǞɾʿ ȩȘ ࡉɯɾʕȒɔɯࡈ ŏȀȀ࠮ ɯɾʕȒɔɯ ࢏ ǕȩȒȩǃƚȘƚȩʕɯ
ƚǀǀƚżɾɯ࠯

ࠇ ,ޟ)+� ʮ) mʿɔƚɟɔɟǞȩɟ ȩȘ ɾǕƚ ɯżŏȀƚ ȩǀ Ȁƚŏǀ ɔŏɟŏȒƚɾƚɟɯ ǞȘ τ

°ɾǕƚɟ ȘȩȘɔŏɟŏȒƚɾɟǞż ɔɟǞȩɟɯ ǀȩɟ τ Ǖŏʲƚ ɯǞȒǞȀŏɟ ࡉǺȘȩųɯࡈ ࠋɯżŏȀƚ࠮
ɯȒȩȩɾǕȘƚɯɯࠋ ɯɔŏɟɯǞɾ ʿࠋ ƚɾż࠯ࠒ

_ȩɟ ȩųɯƚɟʲŏɾǞȩȘŏȀ Ƈŏɾŏࠋ ʶƚ ȘƚƚƇ ɾȩ ŏƇǲʕɯɾ ɾǕƚ ɔɟǞȩɟ ȩȘ µ(ʾ) ŏɯ ʶƚȀȀࠋ
ɾȩ ŏʲȩǞƇ ɛƙǂʑǿŏɛǝˈŏɺǝȧȗ ǝȗƆʑżƙƆ żȧȗƿȧʑȗƆǝȗǂ mŏǕȘ࠮ ƚɾ ŏȀ ࠋޥޠޟޡ࠮ ࠯࠯ޟޡޟޡ

ި



áƚǃʕȀŏɟǞˌŏɾǞȩȘ żŏȘ ǞȘƇʕżƚ żȩȘǀȩʕȘƇǞȘǃ ࠯ųǞŏɯ࠮

�ƚɾࡋɯ ɟƚɾʕɟȘ ɾȩ ŏ ȀǞȘƚŏɟ ȒȩƇƚȀ ʶǞɾǕ ǕȩȒȩǃƚȘƚȩʕɯ ƚǀǀƚżɾɯࠊ

ʻǝ = ƿ(ʾǝ, ˈǝ) + εǝ

= τˈǝ + βɺʾǝ + εǝ

ŏȘƇ ɯʕɔɔȩɯƚ ʺǝ Ǟɯ ǕǞǃǕ ƇǞȒƚȘɯǞȩȘŏȀࠒ

�ɯɯʕȒƚ β ∼ (sޠ−λ,ޟ)� ɟǞƇǃƚ࠮ ɔɟǞȩɟ࠯ ŏȘƇ ɑ(τ) ∝ ޠ

ĦǕŏɾ ƚǀǀƚżɾ Ƈȩƚɯ ɾǕƚ ɔɟǞȩɟ ࠯ɟƚǃʕȀŏɟǞˌŏɾǞȩȘ࠮ Ǖŏʲƚ ȩȘ ƚɯɾǞȒŏɾǞȘǃ τ
ʕɯǞȘǃ ɾǕƚ ɔȩɯɾƚɟǞȩɟ ȒƚŏȘࠓ

ޟޠ



áƚǃʕȀŏɟǞˌŏɾǞȩȘ żŏȘ ǞȘƇʕżƚ żȩȘǀȩʕȘƇǞȘǃ ࠯ųǞŏɯ࠮

÷Ǖƚ ųǞŏɯ ȩǀ τ̃ = A(τ | ĥ, ˈ, ʾ) Ǟɯ

ųǞŏɯ(τ̃) = λδ̂ɺ[λv+ ĭɺ(v− Úˈ)ĭ]−ޠβ ࠯ޠ࠮

ʶǕƚɟƚ δ̂Ǳ = ɾǕƚ °�ë ƚɯɾǞȒŏɾƚ ȩǀ ʺǝǱ = δǱˈǝ + ϵǝǱࠒ �ȀɾƚɟȘŏɾǞʲƚȀʿࠊ

ųǞŏɯ(τ̃) = λ[xɺ(x − x̃λ)]−ޠγ̃ɺλβ ࠯ޡ࠮

ʶǕƚɟƚ γ̃λ = [λv+ ĭɺĭ]−ޠĭɺx ŏȘƇ x̃λ = ĭγ̃λ

vȘ ǃƚȘƚɟŏȀࠋ Ǟǀ ˈ ŏȘƇ ʾ ŏɟƚ żȩɟɟƚȀŏɾƚƇ ɾǕƚ ųǞŏɯ Ǟɯ ȘȩȘˌƚɟȩ ŏȘƇ ƇƚɔƚȘƇɯ
ȩȘ ɾǕƚ ȘʕǞɯŏȘżƚ ɔŏɟŏȒƚɾƚɟࠎ

ޠޠ



ëȩȀʕɾǞȩȘࠊ 4ȩȘࡋɾ ɔƚȘŏȀǞˌƚ ʲŏɟǞŏɾǞȩȘ ǞȘ ƿ(ʾ, ˈ) ŏȀȩȘǃ A(ı | ʾ)

CʾɔŏȘƇ ɾǕƚ ȒȩƇƚȀ ɾȩ ǞȘżȀʕƇƚ ˆ̍ǝ ŏ࠮ ǀʕȘżɾǞȩȘ ȩǀ ˈ ŏȘƇ ĭ࠯ ɾǕŏɾ ƚɯɾǞȒŏɾƚɯ
A(ı | ʾ)ࠊ

ʻǝ = ƿ(ʾǝ, ˈǝ) + εǝ

= τˈǝ + φ ˆ̍ǝ + βɺʾǝ + εǝ

�ƚƚɔ β ∼ (sޠ−λ,ޟ)� ɟǞƇǃƚ࠮ ɔɟǞȩɟ࠯ ʶǞɾǕ ɑ(τ,φ) ∝ ࠋޠ ɯȩ ɾǕŏɾ ʲŏɟǞŏɾǞȩȘ ǞȘ
ɾǕƚ ƇǞɟƚżɾǞȩȘ ȩǀ ˆ̍ǝ Ǟɯ ʕȘɟƚǃʕȀŏɟǞˌƚƇ

ųǞŏɯ(τ̃) = λδ̂ɺ[λv+ ĭɺ(v− Úˈ)ĭ]−ޠβ ࠯ޢ࠮

ʶǕƚɟƚ δ̂Ǳ = ɾǕƚ °�ë ƚɯɾǞȒŏɾƚ ȩǀ ʺǝǱ = αǱˆ̍ + δǱˈǝ + ϵǝǱ ≈࠮ ࠒ࠯ޟ

ޡޠ



ëȩȀʕɾǞȩȘࠊ 4ȩȘࡋɾ ɔƚȘŏȀǞˌƚ ʲŏɟǞŏɾǞȩȘ ǞȘ ƿ(ʾ, ˈ) ŏȀȩȘǃ A(ı | ʾ)

CʾɔŏȘƇ ɾǕƚ ȒȩƇƚȀ ɾȩ ǞȘżȀʕƇƚ ˆ̍ǝ ŏ࠮ ǀʕȘżɾǞȩȘ ȩǀ ˈ ŏȘƇ ĭ࠯ ɾǕŏɾ ƚɯɾǞȒŏɾƚɯ
A(ı | ʾ)ࠊ

ʻǝ = ƿ(ʾǝ, ˈǝ) + εǝ

= τˈǝ + φ ˆ̍ǝ + βɺʾǝ + εǝ

�ƚƚɔ β ∼ (sޠ−λ,ޟ)� ɟǞƇǃƚ࠮ ɔɟǞȩɟ࠯ ʶǞɾǕ ɑ(τ,φ) ∝ ࠋޠ ɯȩ ɾǕŏɾ ʲŏɟǞŏɾǞȩȘ ǞȘ
ɾǕƚ ƇǞɟƚżɾǞȩȘ ȩǀ ˆ̍ǝ Ǟɯ ʕȘɟƚǃʕȀŏɟǞˌƚƇ

ųǞŏɯ(τ̃) = λδ̂ɺ[λv+ ĭɺ(v− Úˈ)ĭ]−ޠβ ࠯ޣ࠮

ʶǕƚɟƚ δ̂Ǳ = ɾǕƚ °�ë ƚɯɾǞȒŏɾƚ ȩǀ ʺǝǱ = αǱˆ̍ǝ + δǱˈǝ + ϵǝǱ ≈࠮ ࠒ࠯ޟ

ޢޠ



áƚǃʕȀŏɟǞˌŏɾǞȩȘ ǞȘƇʕżƚƇ żȩȘǀȩʕȘƇǞȘǃ Ǟɯ ŏ ǃƚȘƚɟŏȀ ɔǕƚȘȩȒƚȘȩȘ

÷Ǖƚɟƚ Ǟɯ ȘȩɾǕǞȘǃ ɯɔƚżǞŏȀ ŏųȩʕɾ ɾǕƚ ɟǞƇǃƚ ɔɟǞȩɟ ȩɟ ɾǕƚ ȀǞȘƚŏɟ ȒȩƇƚȀ ࠸
áv+ Ǟɯ ƚŏɯʿ ɾȩ ɔɟȩƇʕżƚ ʶǞɾǕ ȘȩȘȀǞȘƚŏɟ ȒȩƇƚȀɯ ŏȘƇ ȘȩȘȀǞȘƚŏɟ Ƈŏɾŏ
ǃƚȘƚɟŏɾǞȘǃ ɔɟȩżƚɯɯƚɯࠒ mŏǕȘ࠮ ƚɾ ŏȀ ࠯࠯ޟޡޟޡ࠮

vȘ ƚɯɯƚȘżƚࠊ ëǞȘżƚ ı Ǟɯ ŏ ɔɟȩʾʿ ǀȩɟ A(ı | ʾ)ࠋ Ǟǀ ɾǕƚ ɔɟǞȩɟ ȩȘ ƿ(ʾ, ˈ)
ɯɾɟȩȘǃȀʿ ɔƚȘŏȀǞˌƚɯ ʲŏɟǞŏɾǞȩȘ ǞȘ ɾǕƚ ࡉƇǞɟƚżɾǞȩȘࡉ ȩǀ A(ı | ʾ) ŏȘƇ࠮ Șȩɾ ı࠯
ɾǕƚ ɔɟǞȩɟ ƚȘżȩʕɟŏǃƚɯ ȒǞɯŏɾɾɟǞųʕɾǞȘǃ ɾǕŏɾ ʲŏɟǞŏɾǞȩȘ ǞȘ ƿ ɾȩ ıࠒ

÷ǕǞɯ Ǟɯ Șȩɾ ŏ $ŏʿƚɯ ɔɟȩųȀƚȒࠗ Ǟɾࡋɯ ŏ ǃƚȘƚɟǞż ɟƚǃʕȀŏɟǞˌŏɾǞȩȘ ɔɟȩųȀƚȒࠒ

ޣޠ



mȩʶ ɾȩ ŏʲȩǞƇ ɔƚȘŏȀǞˌǞȘǃ ʲŏɟǞŏɾǞȩȘ ǞȘ ƿ(ʾ, ˈ) ŏȀȩȘǃ A(ı | ʾ)

vȘżȀʕƇǞȘǃ ˆ̍ǝ ŏɯ ŏȘ ƚʾɾɟŏ żȩȩɟƇǞȘŏɾƚ࠘ǀƚŏɾʕɟƚ ż࠘ȩʲŏɟǞŏɾƚ Ǟɯ ȩǀɾƚȘ ƚȘȩʕǃǕ
ɾȩ ȒǞɾǞǃŏɾƚ ɟƚǃʕȀŏɟǞˌŏɾǞȩȘ ǞȘƇʕżƚƇ żȩȘǀȩʕȘƇǞȘǃࠒ

4ƚɔƚȘƇǞȘǃ ȩȘ ɾǕƚ ȒȩƇƚȀࠋ ɾǕƚɟƚ Ȓŏʿ ųƚ ƚŏɯǞƚɟ࠘Ȓȩɟƚ ƚǀ˙żǞƚȘɾ ʶŏʿɯ ɾȩ
ŏżżȩȒɔȀǞɯǕ ɾǕǞɯ ࠒǃࠒƚ࠮ ɟƚɯǞƇʕŏȀǞˌŏɾǞȩȘࠒ࠯

vȘ mŏǕȘ ƚɾ ŏȀ ࠯ޟޡޟޡ࠮ ʶƚ ƚʲŏȀʕŏɾƚ $�á÷ ɔɟǞȩɟɯ ȩȘ ƿ(ʾ, ˈ) ʶǞɾǕ ŏȘƇ
ʶǞɾǕȩʕɾ ˆ̍ ŏȘƇ ࠊ_+$

ʻǝ = µ(ʾǝ, ˆ̍ǝ) + τ(ʶǝ)ˈǝ + ϵǝ, ϵǝ ∼ (ޡσ,ޟ)�

÷Ǖƚ Ȁŏɾɾƚɟ ɾʶȩ ŏɟƚ ȩǀɾƚȘ ȑʑżǔ ųƚɾɾƚɟ ŏȘƇ ɟŏɟƚȀʿ ʶȩɟɯƚࠋ ƚɯɔƚżǞŏȀȀʿ
ʶǕƚȘ ɯƚȀƚżɾǞȩȘ ǞȘɾȩ ɾɟƚŏɾȒƚȘɾ Ǟɯ ųŏɯƚƇ ȩȘ ƚʾɔƚżɾƚƇ ȩʕɾżȩȒƚɯ ʕȘƇƚɟ
żȩȘɾɟȩȀ ɾŏɟǃƚɾƚƇࡉ࠮ ɯƚȀƚżɾǞȩȘࠒ࠯ࡉ

ޤޠ



ÚȩɯɾƚɟǞȩɟ ëʕȒȒŏɟǞˌŏɾǞȩȘ



ÚȩɯɾƚɟǞȩɟ ɯʕȒȒŏɟǞƚɯࠋ ȩɟࠊ v ˙ɾ ɾǕǞɯ ȒȩƇƚȀࠋ Șȩʶ ʶǕŏɾࠓ

CʾŏȒǞȘƚ ɾǕƚ ࡉųƚɯɾࡈ ǞȘ࠮ ŏ ʕɯƚɟ࠺Ƈƚ˙ȘƚƇ ɯƚȘɯƚ࠯ ɯǞȒɔȀƚ ŏɔɔɟȩʾǞȒŏɾǞȩȘ
ɾȩ ŏ ࡉɾɟʕƚࡈ ǂ(ʾ) ĦȩȩƇʿ࠮ ƚɾ ŏȀ ࠯࠯ޟޡޟޡ࠮
bǞʲƚȘ ɯŏȒɔȀƚɯ ȩǀ ŏ ǀʕȘżɾǞȩȘ ǂ(ʾ)ࠋ

ࠒޠ +ȩȘɯǞƇƚɟ ŏ żȀŏɯɯ ȩǀ ɯǞȒɔȀƚ࠘ǞȘɾƚɟɔɟƚɾŏųȀƚ ŏɔɔɟȩʾǞȒŏɾǞȩȘɯ Γ ɾȩ ǂ
ࠒޡ �ŏǺƚ ǞȘǀƚɟƚȘżƚ ȩȘ

γ = argmin
γ̃∈Γ

Ɔ(ǂ, γ̃, ĭ̃) + ɑ(γ̃)

ǀȩɟ ŏȘ ŏɔɔɟȩɔɟǞŏɾƚ ƇǞɯɾŏȘżƚ ǀʕȘżɾǞȩȘ Ɔ ŏȘƇ ࠯ȩɔɾǞȩȘŏȀ࠮ żȩȒɔȀƚʾǞɾʿ
ɔƚȘŏȀɾʿ ɑ(γ)

bƚɾ Ɔɛŏʲɫ ȩǀ γ ųʿ ɯȩȀʲǞȘǃ ɾǕƚ ȩɔɾǞȒǞˌŏɾǞȩȘ ǀȩɟ ƚŏżǕ Ƈɟŏʶ ȩǀ ǂࠒ bƚɾ
ɔȩǞȘɾ ƚɯɾǞȒŏɾƚɯ ųʿ ɯȩȀʲǞȘǃ

γ̂ = argmin
γ̃∈Γ

Aǂ[Ɔ(ǂ, γ̃, ĭ̃) + ɑ(γ̃) | ĥ, ʾ]
ޥޠ



ÚȩɯɾƚɟǞȩɟ ɯʕȒȒŏɟǞƚɯࠋ ȩɟࠊ v ˙ɾ ɾǕǞɯ ȒȩƇƚȀࠋ Șȩʶ ʶǕŏɾࠓ

ÚȩɯɾƚɟǞȩɟ ɯʕȒȒŏɟǞƚɯࠊ

ࠒޠ �ɟƚ Ȓȩɟƚ ǞȘɾƚɟɔɟƚɾŏųȀƚ ɯʕųǃɟȩʕɔ࠮ ŏȘŏȀʿɯǞɯࠋ
ȀǞȘƚŏɟ࠘ŏƇƇǞɾǞʲƚ࠘ɯɔŏɟɯƚ ŏɔɔɟȩʾǞȒŏɾǞȩȘɯ࠯ ŏȘƇ żŏȘ ųƚ ɾŏɟǃƚɾƚƇ ɾȩ
ɯżǞƚȘɾǞ˙ż ɛʕƚɯɾǞȩȘɯ

ࠒޡ °ųʲǞŏɾƚ ɾǕƚ ࡉȘƚƚƇࡈ ɾȩ ˙ɾ ȒʕȀɾǞɔȀƚ ȒȩƇƚȀɯ ǀȩɟ ƇǞǀǀƚɟƚȘɾ ɛʕƚɯɾǞȩȘɯ
ŏʿƚɯǞŏȘɯ$࠮ ȘƚƚƇ ɾȩ ɾǕǞȘǺ ŏųȩʕɾ ɔȩɯɾ࠺ɯƚȀƚżɾǞȩȘ Ǟɯɯʕƚɯ ɾȩȩ࠯ ࠸
ȒʕȀɾǞɔȀƚ ɯʕȒȒŏɟǞƚɯ ʕɯƚ ɾǕƚ Ƈŏɾŏ ȧȗżƙ ɾȩ ǃȩ ɔɟǞȩɟ→ ɔȩɯɾƚɟǞȩɟ

ࠒޢ �ɟƚ ȩǀɾƚȘ Ȓȩɟƚ ɯɾŏųȀƚ żȩŏɟɯƚ࠮ ɯʕųǃɟȩʕɔ ƚǀǀƚżɾɯ ʲɯࠒ
ǞȘƇǞʲǞƇʕŏȀǞˌƚƇ ƚɯɾǞȒŏɾƚɯ࠯

ࠒޣ +ȩȒƚ ʶǞɾǕ ࠯ŏʿƚɯ$࠮ ʲŏȀǞƇ ƚɯɾǞȒŏɾƚɯ ȩǀ ʕȘżƚɟɾŏǞȘɾʿ

ަޠ
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Achievement 
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> 0.67 ≤ 0.67

≤ 0.53 > 0.53

Low Achieving 
Low Norm 

CATE = 0.010 
 n = 1208  

Mid Achieving 
Low Norm 

CATE = 0.045 
 n = 2045  

Achievement 

≤ 0.38 > 0.38

−0.05 0.00 0.05 0.10 0.15

0
5

10
15

20
25

−0.05 0.05 0.10 0.15 0.20

0
4

8

Diff in Subgroup ATE



�ƇƇǞɾǞʲƚ ɯʕȒȒŏɟǞƚɯ

Ħƚ żŏȘ ǃƚɾ ɔɔɟȩʾǞȒŏɾƚ ɔŏɟɾǞŏȀ ƚǀǀƚżɾ żʕɟʲƚɯ ʲǞŏ ŏƇƇǞɾǞʲƚ ɯʕȒȒŏɟǞƚɯࠊ

τ(ʶ) ≈ γޟ +
ɑ∑

Ǳ=ޠ
γǱ(ʲǱ)

ʶǞɾǕ ŏɔɔɟȩɔɟǞŏɾƚ ǀȩɟȒɯ ǀȩɟ γǱ ɔȀʕɯ ɯȒȩȩɾǕǞȘǃ ɔƚȘŏȀɾǞƚɯࠒ

Ħƚ żŏȘ ŏȀɯȩ ǃƚɾ ɔȩɯɾƚɟǞȩɟ ȩȘ ƇǞɯżɟƚɔŏȘżʿ ȒƚɾɟǞżɯࠋ ȀǞǺƚ ɔɯƚʕƇȩ࠺Úࠊޡ
*ȧɛޡ(γ(ʶǝ), τ(ʶǝ))

ާޠ
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°ɾǕƚɟ ŏɔɔȀǞżŏɾǞȩȘɯ ȩǀ ɔȩɯɾƚɟǞȩɟ ɯʕȒȒŏɟǞˌŏɾǞȩȘ

ࠇ vȘɾƚɟŏżɾǞȩȘ ƇƚɾƚżɾǞȩȘ ĦȩȩƇʿ࠮ ƚɾ ŏȀ ࠊ࠯࠯ޟޡޟޡ࠮ vǀ ŏȘ ŏƇƇǞɾǞʲƚ
ɯʕȒȒŏɟʿ Ǟɯ ɔȩȩɟ Ǖȩʶ Ƈȩ ʶƚ ɯƚŏɟżǕ ǀȩɟ ȒǞɯɯǞȘǃ ǞȘɾƚɟŏżɾǞȩȘɯࠓ

ࠇ ëƚȘɯǞɾǞʲǞɾʿ ɾȩ żȩȘɾɟȩȀ ǀʕȘżɾǞȩȘ ɯɔƚżǞ˙żŏɾǞȩȘ ĦȩȩƇʿ࠮ ƚɾ ŏȀ
ࠊ࠯࠯ųޟޡޟޡ࠮ mȩʶ Ƈȩ v ƚʾɔƚżɾ ɟƚȒȩʲǞȘǃ żȩȘǀȩʕȘƇƚɟɯ ȩɟ࠮
ȘȩȘȀǞȘƚŏɟ࠘ǞȘɾƚɟŏżɾǞȩȘ ɾƚɟȒɯ࠯ ɾȩ żǕŏȘǃƚ Ȓʿ ƚǀǀƚżɾ ƚɯɾǞȒŏɾƚࠓ

ࠇ ࠊࡉCʾɔȀŏȘŏɾǞȩȘɯࡈ �ǞȘƚŏɟ ɯʕȒȒŏɟǞƚɯ ǞȘ ȘƚǞǃǕųȩɟǕȩȩƇɯ ȩǀ ʾǝ ࢏ �v�C
ʶǞɾǕ ʕȘżƚɟɾŏǞȘɾʿ
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÷ǕŏȘǺ ʿȩʕࠎ

ǲŏɟƚƇࠒȒʕɟɟŏʿईȒżżȩȒųɯࠒʕɾƚʾŏɯࠒƚƇʕ

Ǖɾɾɔɯ࠘࠘ࠊǲŏɟƚƇɯȒʕɟɟŏ ʿࠒǃǞɾǕʕųࠒǞȩ
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